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Abstract

The fair allocation of scarce resources is a central problem in mathematics, computer science,
operations research, and economics. While much of the fair-division literature assumes that individuals
have underlying cardinal preferences, eliciting exact numerical values is often cognitively burdensome
and prone to inaccuracies. A growing body of work in fair division addresses this challenge by assuming
access only to ordinal preferences. However, the restricted expressiveness of ordinal preferences makes
it challenging to quantify and optimize cardinal fairness objectives such as envy.

In this paper, we explore the broad landscape of fair division of indivisible items given inaccurate
cardinal preferences, with a focus on minimizing envy. We consider various settings based on whether
the true preferences of the agents are stochastic or worst-case, and whether the inaccuracies, modeled
as additive noise, are stochastic or worst-case. When the true preferences are stochastic, we show
that envy-free allocations can be computed with high probability; this is achieved both in the setting
with stochastic and worst-case noise. This generalizes a notable result in stochastic fair division,
which establishes a similar guarantee, albeit in the absence of any noise. When the true preferences
are worst-case, and the noise is bounded, we analyze the maximum envy achieved by the well-known
Round-Robin algorithm. This bound is shown to be tight for deterministic algorithms, and applications
of this bound involving known results from statistical estimation are provided. Lastly, we consider a
setting with worst-case preferences and noise, where the true preferences for each item are revealed
upon its allocation. Here, we give an efficient online algorithm that guarantees logarithmic maximum
envy with high probability, for bounded noise. This result builds upon and generalizes a known result
from algorithmic discrepancy to a setting with noisy input data. The broad range of tools used in our
results highlights the theoretical relevance of this natural fair division problem.

1 Introduction

Fair division studies the fundamental problem of fairly allocating resources to agents with heterogeneous
preferences over these resources. Mathematical formulations date back to Steinhaus (1948) and Dubins
and Spanier (1961), though some of the field’s core questions (and even key algorithms) can be traced
back to the Bible and ancient Greece. Most of the existing literature assumes that agents’ preferences are
represented by valuation functions, which the agents report to the designer, or the designer can access
through exact valuation queries.

While we have vastly deepened our understanding of when fairness is — and when it is not —
attainable under these models, when taking this approach to practice, an especially unappealing aspect
is that participants must report ezact numerical values to the algorithm. Motivated by the reality that
eliciting cardinal valuations is prone to inaccuracies as well as cognitively burdensome for the participants,
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a growing body of work studies the problem of a designer that only has access to ordinal information.
This idea originates from the seminal work of Procaccia and Rosenschein (2006) that defines the concept
of distortion: the worst-case loss with respect to some aggregate cardinal objective (e.g., utilitarian social
welfare) due to limited expressiveness; see Anshelevich et al. (2021) for a survey.

Most works in this area take a worst-case approach; after the algorithm has made its decisions, the
underlying cardinal valuations are chosen adversarially (but, of course, consistently with the ordinal
information available to the algorithm). This approach gives robust, albeit pessimistic guarantees. While
we agree on the assumption that participants being able to submit precise numerical values is unrealistic
in practice, we also seek a model which takes into account the fact that participants can provide useful,
but perhaps imperfect, cardinal signals.

Hence, in this paper, we consider a middle ground between the “perfectly accurate cardinal” and “fully
ordinal” models. We initiate the study of fair division given access to inaccurate cardinal preferences.
Our goal is to design algorithms that minimize the maximum envy between agents (with respect to true
preferences), using only inaccurate preferences as input. We investigate various formal realizations of this
general fair division problem, such as different ways to model inaccurate cardinal preferences as well as
different assumptions about agents’ true preferences.

1.1 Our Contributions

We introduce the problem of fair division with imperfect information. There are n agents with additive
preferences, and m indivisible goods/items. Given noisy estimates 0;; of the true values v} 5, for each
agent ¢ and item j as input, our goal is to allocate the items in a way that minimizes the envy, with respect
to the true values v ;. We model inaccuracies as additive noise on the true values. Our results are broadly
divided into two categories depending on whether the true values of the agents are stochastic or worst-case.

Stochastic true valuations. These results focus on scenarios in which the true valuations v}, are
stochastic. We consider two subsettings, depending on whether the added noise is stochastic or worst-

case. In both cases, we establish the existence of envy-free allocations, with high probability.

e First, we consider the case of stochastic true valuations and stochastic noise, i.e., v;; ~ D, 1;; ~ D,
where we get to observe inaccurate/noisy values 0; ; = v 5 Mg here D, D’ are two unknown, fixed,
real-valued distributions. In Theorem 2, we show that the simple procedure of maximizing welfare with
respect to the observed values produces envy-free allocations with high probability. This generalizes a
result of Dickerson et al. (2014) to the setting with inaccurate preferences.!
establish a strict statistical correlation inequality (Theorem 1) that might be of independent interest.
We show that for any two real-valued, nondecreasing functions f, g and any real-valued random variable
X, we have E[f(X) - ¢(X)] > E[f(X)] - E[g(X)] if and only if Var(f(X)) > 0 and Var(g(X)) > 0. This
is used to establish the inequality E[v}; | i € argmaxycp,{ox;}] > E[v; | i ¢ argmaxyep, {0k, ;}]
(Lemma 2), which, in turn, allows us to argue that agents have higher true values (v;‘ j) for items they

are allocated (compared to the ones they are not allocated), where the allocation decisions are based

on the noisy values (9; ;). Note that the weaker inequality, E[v]; [ i € argmaxycp, {0k} > Elvf; | i ¢
arg maXpc ) {0 j}], follows directly from Chebyshev’s association inequality; unfortunately though, it
is insufficient for our result, which necessarily requires a strict inequality.

To prove our result, we

e For stochastic true valuations and worst-case noise, we consider a general setting where the value
vector for each item j is drawn i.i.d. from a bounded non-negative vector-valued distribution D over
[0,0]™; that is, agents’ valuations for a specific item are arbitrarily correlated, but values across items
are independent. We prove that, if D satisfies a mild technical condition (essentially that no two
agents are identical up to scaling) then as long as the noise is bounded by a constant, there exists

"Dickerson et al. (2014) show that envy-free allocations exist with high probability in a setting where 7; ; = 0 for all 4, 5.



an algorithm that, given noisy estimates, outputs an allocation that is envy-free with high probability
(Theorem 3). To prove Theorem 3, we establish the existence of strongly envy-free allocations, with
high probability, in the underlying noiseless setting, by adapting an existence result from the literature
on cake-cutting Barbanel (2005).

Worst-case true valuations. These results focus on scenarios where the underlying true valuations

vy ;s are fixed (i.e., worst-case).
I

e Our first set of results concerns the case of worst-case true valuations and worst-case noise, i.e., we
assume that the unknown true values v;; € [0,b] are fixed, and we have estimates 0;; that satisfy
0;,; — v ;| < € for some (possibly unknown) ¢ > 0. Here, we establish a tight bound (Theorems 5
and 6) on the best possible envy guarantee that can be achieved by any deterministic algorithm that
only has access to ¥; ;. In particular, we show that the standard Round-Robin algorithm? achieves an
optimal guarantee.

e We proceed to give two applications of our Round-Robin result.

In the first application (Application 1), we present an end-to-end framework where we use ordinal infor-
mation to estimate values, and then use the estimated values to make allocation decisions. Specifically,
we assume access to stochastic ordinal observations; we choose arguably the most popular discrete
choice model, the Bradley-Terry-Luce (BTL) model (sometimes referred to as the multinomial logit
model). In this model, the probability of an agent ranking one alternative higher than another is given
by the logistic function applied to the difference between the valuations of the two options Zermelo
(1929); Bradley and Terry (1952); Luce (1959); Plackett (1975); McFadden (1973). Given such ordinal
information, we first produce estimates ¥; ; for the true preferences. Then these estimates are plugged
into the Round-Robin algorithm to get an allocation with a bounded maximum envy. The fact that
Round-Robin outputs allocations that are balanced® in addition to being fair is a key property that
enables us to combine BTL and Round-Robin in an end-to-end framework.

The second application (Application 2) deals with stochastic noise with an unbiased error. Specifically,
we assume that 0; ; := Uzj +¢;,5, where ¢; j = 05 j - z; j where z; js are drawn i.i.d. from a non-negative
(possibly unknown) distribution D and o; js are drawn uniformly at random from the set {—1,1}. We
focus on small tail distributions D, and in particular, MHR distributions.* We show that, given 05,58,
allocations with at most a constant maximum envy can be computed efficiently. Towards this, we
employ known results about the order statistics of MHR distributions and a recent result concerning
the concentration of order statistics of MHR distributions. Application 2 is obtained by combining the
bound on the largest noise with our aforementioned Round-Robin result.

e Finally, after exploring various aspects of worst-case valuations and bounded noise (the tight Round-
Robin guarantee and its applications), we proceed to study a different, more permissive noise model.
In particular, we focus on a scenario where, just as before, we have to allocate items to agents based
on the noisy estimates ©; j; however, this time, once any item j is allocated, then the true valuation

corresponding to this item is revealed.® This immediate revelation of the true preference

*

vector v J

2The Round-Robin algorithm operates in rounds, where in each round, agents follow an order 1,2,...,n, and pick, from
the set of unallocated/available items, an item having the highest value. Here we assume that these picks are made based
on the noisy estimates 9; ;.

3An allocation A = (A1, As, ..., Ay) is called balanced if all agents get roughly equal number of items, i.e., |A;] —|A;] < 1
for all 4,5 € [n].

4A distribution D has monotone hazard rate (MHR) iff 1}28” is non-increasing, where F'(z) and f(z) are its cumulative
distribution function and probability density function, respectively.

®The revelation of information (preference) that governs the objective (envy), following a decision of the algorithm
(allocation of an item) is also a key theme in many well-studied problems like the online convex optimization (OCO), the
experts problem, etc.




gives more power to the algorithm designer. In this model, we show that there is a simple, online
algorithm that achieves a maximum envy bound of O (y/n(log * + me)) with probability at least
1 —0 (Theorem 7), where the noise is bounded by ¢, i.e., [v}; — 9 j| <. The algorithm achieving this
bound (Algorithm 1) is inspired by (and is a modified version of) an online discrepancy minimization
algorithm given by Alweiss et al. (2021).% Notably, if the noise satisfies the upper bound ¢ < % log 5+,
then we get an envy as well as a discrepancy bound of O (\/ﬁ -log %) that grows logarithmically
in m. This matches the result of Alweiss et al. (2021) in the noiseless setting, and is obtained by a
comparatively simpler induction-based analysis. To establish this result, we first bound discrepancy in
the online vector balancing problem (Theorem 8), and then bound multicolored discrepancy in an online
setting with noisy vectors (Theorem 9). A known reduction from envy minimization to multicolored
discrepancy minimization then gives us our final envy minimization result (Theorem 7).

1.2 Additional Related Work

Most literature on fair division assumes that agents’ preferences are captured by valuation functions. An
(often implicit) assumption in this literature is that the agents have the ability to report exact numerical
values to the designer. In practice, eliciting cardinal valuations is error-prone, as well as cognitively
burdensome. A growing body of work focuses on settings where access to only ordinal information is
available. A central notion is distortion Procaccia and Rosenschein (2006): the worst-case loss with
respect to some aggregate cardinal objective resulting from the access to limited ordinal information.
Bounds on distortion have been studied for problems, including fair division Amanatidis et al. (2016);
Halpern and Shah (2021), matching Anshelevich and Sekar (2016); Abramowitz and Anshelevich (2018);
Anshelevich and Zhu (2019); Ebadian and Shah (2025), voting Boutilier et al. (2012); Anshelevich et al.
(2018) and participatory budgeting Benade et al. (2021) (see Anshelevich et al. (2021) for a survey).

Closer in spirit to our setting are works that elicit ordinal feedback (often via pairwise comparisons)
while allowing the underlying cardinal valuations to be chosen adversarially, e.g., Benade et al. (2025);
Amanatidis et al. (2016); Halpern and Shah (2021); Ebadian et al. (2022); Amanatidis et al. (2022). Our
results for stochastic true valuations also relate to the well-studied area of stochastic fair division Dickerson
et al. (2014); Bai and Golz (2021); Benade et al. (2023). Finally, Bai et al. (2022) study a smoothed model,
where a worst-case utility profile is slightly perturbed at random. In Bai et al. (2022), the perturbed
profile constitutes agents’ true valuations; in contrast, we keep true valuations fixed and the perturbed
profile is the observed instance.

2 Preliminaries

We consider the problem of dividing a set of m indivisible items among a set of n > 2 agents. We will
represent the set of agents by [n] and the set of items by [m]. Each agent i € [n] has a valuation function
(U 2™l — R, which maps every subset of items S C [m] to v} (S), the agent’s value for S. In this paper,
we focus on the case of additive valuation functions. That is, each agent i € [n] has a value v]; € R for
each item j € [m], and the value of agent i for a subset of items S C [m] is v; (S) = >, 07 ;-

Allocations. An allocation A = (Ay, ..., A,) is an n-partition of [m], where A; denotes the set of items
allocated to agent i € [n]. That is, in any allocation A, all items are allocated, (J;c(,) Ai = [m], and each
item is allocated to only one agent, A; N A; = () for all distinct agents ¢,j € [n].
Fairness Notions. We are interested in finding allocations that are fair, i.e., each agent is satisfied
with the items they receive. Envy-freeness is the central fairness notion in fair division.

6 Alweiss et al. (2021) study the problem of online discrepancy minimization in the absence of any noise.



Definition 1 (Envy-freeness). An allocation A = (A, ..., A,) is envy-free (EF) if each agent prefers
their own bundle over the bundle of any other agent, i.e., for all agents i, j € [n|, we have v} (A;) > v} (A;).

Notably, envy-free allocations do not always exist when the items being allocated are indivisible.
Hence, our goal in such scenarios is to minimize the maximum envy between any pair of agents. For any
two agents 7, j € [n], the envy that agent ¢ has for agent j is defined as v} (A;) — v} (A4;). Our objective will
be to minimize the maximum envy, i.e., max;; vy (A;) —v;(A4;). In an envy-free allocation, the maximum
envy is non-positive.

Inaccurate Preference Model. Our paper focuses on the setting where we don’t get to observe the
true values v} ; of the agents. Instead, we assume that for each agent i € [n] and item j € [m], we only
have access to a noisy estimate ©; ; of the true values v .. Indeed, the envy between the agents is still

1/7] .
based on the true values v} i

3 Stochastic True Valuations

In this section, we focus on the setting where the true valuations of all the agents, {v} j }ij, are stochastic.
Section 3.1 describes our result for the case when the noise (9;; — v;;) is stochastic and Section 3.2
describes the result for worst-case, bounded noise.

3.1 Stochastic Values and Stochastic Noise

Let D and D’ be two real-valued distributions. We consider a model where for every agent i € [n], item
j € [m], we have vf; ~ D, n;; ~ D', and the algorithm gets to observe values 9;; = v}; + 7, ;. We
further assume that the distributions D and D’ are unknown to the algorithm. In this setting, we prove
that maximizing welfare with respect to the observed values — a simple and computationally efficient
algorithm — outputs an envy-free allocation, with high probability (Theorem 2).

Theorem 2, only requires D to be a continuous distribution with positive variance; D’ can be an
arbitrary (discrete or continuous) distribution. It is easy to see that positive variance for D is a necessary
requirement for envy-freeness. If D has a zero variance, for e.g., D takes the value 1 with probability 1
and m is not a multiple of n, then an envy-free allocation does not exist. Continuity of D is assumed for
the ease of exposition; in particular, to avoid tie-breaking in the algorithm.

To prove this result, we first develop a correlation inequality (Theorem 1) which is a refinement of
the well-known Chebyshev’s association inequality stated below in Lemma 1.

Lemma 1 (Chebyshev’s Association Inequality). Boucheron et al. (2013) Given any two real-valued,
nondecreasing functions f, g and a real-valued random variable X, E[f(X) - g(X)] > E[f(X)] - E[g(X)].

The following correlation inequality recovers Lemma 1 and additionally presents the necessary and
sufficient condition for a strict inequality to hold. Notably, a strict inequality is crucially needed for
the main theorem, Theorem 2. The result holds for arbitrary (discrete, absolutely continuous, singular
continuous) random variables; the proof appears in Appendix B.

Theorem 1. Given any two real-valued, nondecreasing functions f, g and a real-valued random variable
X, we have E[f(X) - g(X)] > E[f(X)] - E[g(X)] if and only if Var(f(X)) > 0 and Var(g(X)) > 0.

Theorem 1 is used to prove Lemma 2, which plays a central role in Theorem 2. At a high-level,
Lemma 2 shows that performing welfare maximization on inaccurate values is, in fact, effective in maxi-
mizing welfare with respect to the true valuations; this eventually leads to envy-freeness.

Lemma 2. Let D and D’ be two probability distributions. Furthermore, suppose X1,..., X, Y1,...,Y,
are independent random variables such that each X; ~ D and each Y; ~ D'. Then, we have:



1 EXy | Xhi+Y1 >max]' , X; + Y] > E[X; | Xi + Y] <max], X; +Y;] if D' has a positive variance.
2. E[Xy | X1 4+Y: >max} , X; + Y] >E[X; | X1 +Y) <max] , X; + Y] if D has a positive variance.

Proof. Define £~ to be the event [X; + Y7 > max] , X; + Y;], and £< to be the event [X; +Y; <
max] o X; +Y;].

(1) If D has a positive variance, then the random variables X; + Y; have a positive variance. Positive
variance implies that P(Es),P(€<) > 0, i.e., the conditional expectations E[X; | &S], E[X; | <] are well
defined. To prove (1), it suffices to show that

E[X1 | &) 2 E[Xq] = E[X; [ & ]P(E>) + E[X) | E<]P(€<),
or equivalently,
E[X;1s. ]

E[Xl ‘ 5>] = ]P’(€>)

> E[X].

This can be written as
E[Xi1e.] > E[XJE[Le, ).

Define h: R — R, h(z) = 2 and g : R? = {0,1}, g(z, 2) = 1{z > z}. Additionally, let random variable
Z = max]_, (X; + (Y; — Y1)); note that 1g. = 1[X; > Z]. Then, we want to show that

E[h(X1)g(X1, Z)] = E[M(X1)]E[g(X1, Z)].
To prove this, we condition on Z. Then, using the association inequality (Lemma 1) we have that
E[h(X1)g(X1, Z2) | Z] = E[M(X1) | Z|E[g(X1, Z) | Z] = E[A(X1)|E[g(X1, Z) | Z],

where we remove the conditioning in E[h(X1) | Z] due to independence. Then, taking expectations with

respect to Z gives us,
E[h(X1)9(X1, Z2)] = E[h(X1)]E[g(X1, Z)].

(2) Based on the previous part, in order to prove (2), we need to establish E[h(X;)g(X1,2)] >
E[X1]E[g(X1, Z)]. Similar to the above, we condition on a fixed value on Z. Theorem 1 implies that
conditioned on Z, the strict inequality

E[h(X1)g(X1, Z) | Z] > E[h(X1)]E[g(X1, Z) | Z], (1)

holds if and only if Var(h(X;)) = Var(X;) > 0 and Var(1{X; > Z}) = P[X; > Z|(1 — P[X; > Z]) > 0;
here, the former condition is true as per our assumption on D, and the latter condition is equivalent to
P[X; > Z] € (0,1). Hence, for a fixed value of Z, if P[X; > Z] € (0,1), then, and only then, we have
E[h(X1)9(X1,2Z) | Z] > E[h(X1)]E[g(X1,Z) | Z]. The final step of the proof will be to show that the
strict inequality persists after taking expectations with respect to Z. To argue this, we will show that
the probability

PZ[PXl [Xl > Z] S (0, 1)} >0,

i.e., with positive probability over selecting Z, we get a strict inequality conditioned on Z, thereby ensuring
that the final inequality E[h(X1)g(X1, Z)] > E[X1]E[g(X1, Z)] obtained after taking expectations with
respect to 7 is strict as well.
Let € be the event that ¥; > max] ,Y>. Since Y;s are iid drawn from D’, we have P[] = P[Y; >
max; , Y] > % > 0. Additionally, conditioned on &, we have Z < max} , X;. Hence,
Pz[le [Xl > Z] € (0, 1)] > IP)[E] 'Pz[le [Xl > Z] S (0, 1) ‘ g]

> PlE] - Py [Py, [ X1 > miégcxi] € (0,1) ] €]

= IP)[E] 'PXz,...,Xn [IP)X1 [Xl > I?;ézx Xl] € (03 1)]a



where we drop the conditioning in the second term because X;s and Y;s are independent and &£ only
depends on Y;s. Finally, note P[€] > 0, and the second term in the product above is also positive since
the variance of D is positive. This implies that Pz[Px,[X; > Z] € (0,1)] is positive and completes the
proof. O

We now state the main result of this section, Theorem 2; its proof is deferred to Appendix B.

Theorem 2. Let D and D' be two fized distributions such that D is continuous and has a positive variance
(D' could be arbitrary). Assume that vy~ D forallie [n], 7 € [m], and we observe the noisy estimates
i j = vf; +mi; where n;j for alli € [n], j € [m]. Then, running the welfare mazimization algorithm on
the observed noisy values {¥; ;};j, computes an envy-free allocation with probability at least 1 — O(1/m)
if m/logm € Q(n).

3.2 Stochastic Values and Worst-case Noise

We now consider a general setting where the value vector for each item j, v;-‘ = (vij, N j) is drawn
i.i.d. from a bounded vector-valued distribution D over [0,b]" for some bound b. This framework allows
the agents’ valuations for a specific item to be arbitrarily correlated (as the components of a single draw
from D). However, values across items are independent.

We show that if D satisfies a mild condition — essentially that no two agents are “identical” up
to scaling — and if the number of items m is sufficiently large, an efficient algorithm can use noisy
estimates to find an envy-free allocation with high probability. The condition is the following: Let
X = (X1,...,Xn) ~ D be a random vector. We require that Pr[X; = ¢- X;] = 0 for all ¢ # j and

constants ¢ € R.

Theorem 3. Let D be a bounded nonnegative distribution satisfying the non-identical condition. Assume
that v; ~ D, independently, for all items j. For each i € [n], 7 € [m], let ¥;; be a noisy estimate of v}
such that for some € > 0, we have max; ; |Uzj — 0; | < e. There is a constant cp depending only on D
and an algorithm such that if € < cp, given the noisy estimates v; ;j for each t,j, the algorithm outputs
an allocation A = (Ay, ..., Ay) such that A is envy-free with probability at least 1 — exp(—Qp(m)).

The algorithm uses linear programming to find a strongly envy-free fractional allocation with respect
to the noisy estimates ©. It then applies randomized rounding to this fractional allocation to obtain
the final integral allocation. The size of the linear program is polynomial in n and m, with coefficients
based on v. Thus, under the mild assumption that the estimates are polynomial in bit length (which
must be the case if they were produced by a polynomial time algorithm), the theorem’s algorithm runs
in polynomial time.

The proof of Theorem 3 (which appears in Appendix C) relies on establishing the existence of a
strongly envy-free allocation in the underlying noiseless setting, which we formalize in the following
lemma. This “strong” guarantee provides a buffer that is robust to the two sources of error: the bounded
noise € in the estimates and the error introduced by randomized rounding. This ensures that the final
allocation is envy-free with high probability. This existence result may be of independent interest.

Lemma 3. Let D be a distribution satisfying the above conditions. Assume that vj ~ D, independently,
for all items j. Then, there is a constant ¢ depending only on D such that with probability at least
1—exp(—Qp(m)), there exists an allocation A* such that, for all agents i, j € [n], v} (A}) > v} (A})+cpm.

The proof of Lemma 3 relies on the following theorem about the existence of strongly envy-free
allocations in cake cutting. Recall, given a o-algebra W over a set C, a function g : W — R>0 is a
non-atomic probability measure if (a) p;(A) > 0 for every A € W, (b) p;(0) = 0, (¢) given a countable
collection of pairwise disjoint elements of W, A1, A, ..., pi(U; A7) = D272 pi(A4;), (d) if pi(A) > 0, then
for some B C A with B € W, 0 < p;(B) < ni(A), and (e) pi(C) = 1.



Theorem 4 (Theorem 5.5 (b) of Barbanel (2005)). Fiz n non-atomic probability measures pi, ..., fin
over a set C with o-algebra W . Suppose that no two measures are identical. Then, there exists a partition
(P1,...,Py) of C such that p;(P;) > pi(Pj) for all i # j.

We are now ready to prove the lemma.

Proof of Lemma 3. Fix such a distribution D satisfying the conditions. Let X = (X1,...,X,) ~ D be a
random vector.

The key to this lemma is to represent D as n different valuations over the unit interval [0, 1] and to find
a strongly envy-free allocation of [0,1]. This allocation will correspond to a strongly envy-free randomized
allocation. By taking a sufficiently large number of samples, we can convert this into a strongly envy-free
integral allocation using concentration inequalities.

Recall that X; is bounded in [0, b] for some bound b.

By Lemma 4.22 of Kallenberg (1997), there exists a measurable function f : [0,1] — [0, b] such that
f(U) has distribution D when U ~ Unif[0, 1]. For each i, let f; denote the i-th coordinate function of f,
ie., fi:[0,1] — [0,0]. Define the following n set functions p1, ..., u, on the Borel sigma-algebra B([0, 1]):

wi(A) = /AfZ dX\, for all A € B([0,1]),

where A is the Lebesgue measure. Since E[|X;|] is finite, each f; is integrable, and p; is a measure on
[0,1]. It is nonnegative as f; is nonnegative. Since f; is the Radon-Nikodym derivative of p; with respect
to Lebesgue measure, each p; is absolutely continuous and hence nonatomic. We have that u;(0)) = 0,
and it satisfies countable additivity by properties of Lebesgue integration.

For each 4, let p)(A) = u;(A)/pi([0,1]) be its normalized measure. Note that this is well-defined, as
if 11;([0,1]) = 0, then p;(A) = 0 for all Borel A, which implies that f;(U) = 0 with probability 1. This
means that Pr[X; = 0- X;] = 1 for j # ¢, contradicting the assumption on D.

The Radon-Nikodym derivative of p; is fj(z) = fi(z)/u:([0,1]). If pi = p}, their derivatives must
be equal almost everywhere (see Theorem 3.8 of Folland (1999)), i.e., f; = f; almost everywhere. This
implies that f;(z) = c- fj(x) for ¢ = p;([0,1])/1;([0, 1]) almost everywhere on [0, 1], which again implies
that Pr[X; = ¢+ Xj] = 1, breaking our condition on D.

Using Theorem 4, there is a partition of [0, 1] among the agents By, ..., B,, such that u(B;) > p;(B;)
for i # j. Note that this immediately implies that p;(B;) > pi(B;) for all i # j as well.

Define:

e = min(ui(B;) — pi(Bj)),

i#]
which is positive since it is the minimum over a finite number of strictly positive values.
We now interpret uy, ..., iy, as valuation functions over [0, 1]. We observe:

E[f;(U)-1[U € Bi]] = /B} fid\ = pi(By),

and thus for any ¢ # j:
E[fi(U) - (AU € Bi] = 1[U € Bj])] = pi(Bi) — pi(B;) > e.

We now sample m i.i.d. draws X', ..., X™ ~ D and show that with high probability, we obtain a
strongly envy-free allocation. We can couple these draws with uniform draws by sampling U!,... , U™ ~
Unif[0, 1] i.i.d., and setting

X7 = f(UY).

We define an allocation A by:
A; ={k|U" € B;}.



Set ¢, = €/2, which so far depends only on the distribution D and not m. We will show that with
probability 1 — exp(—Qp(m)), we have:

vi(A;) —vi(Aj) > ep-m, Vi#j.
Fix i # j. Define:
Yi{; = XF.(1[k € 4] — 1[k € Aj]).

Observe that v;(A;) — v;(A;) = Yk We would like to show that for all i i, YE > ¢y -m. To
J k1,5 J k 1,5 D

do so, we bound the complement: Pr[Y-, Y} < ¢, - m]. Note that E[}S, Y] > m e = 2¢}, - m. Thus,

this is a deviation from the mean of > ¢, - m. Furthermore, each Ylkj € [-b,0], E[Yy] > ¢, the Yjs are

independent. We can therefore apply Hoeffding’s inequality to get:

Applying a union bound over all n(n — 1) pairs:

62

Pr(3i # j,vi(Ai) —vi(4;) <c-m] <n(n—1)exp (— m> € exp (—Qp(m)),

2b2
completing the proof. O

The purpose of the non-identical condition is now clearer. If two agents had the same values (up to
scaling), then it is impossible that both strongly prefer their own bundles.

4 Worst-Case True Valuations

*

The focus of this section will be on settings where the true preferences of the agents v} ; are fixed /worst-
case. In Section 4.1, we detail our analysis of the Round-Robin algorithm. Section 4.2 presents our two
applications of the Round-Robin bound. Finally, in Section 4.3, we describe our results on discrepancy
and envy minimization.

4.1 Worst-Case Values and Worst-case Noise

We start by showing that, given worst-case true valuations and (bounded) worst-case noise, we can find
an allocation with maximum envy at most m/n times the noise (Theorem 5); we prove that this is the
best bound possible by giving a matching lower bound (Theorem 6).

The guarantee of Theorem 5 is achieved by the simple Round-Robin process. Here, for each agent
i € [n], we assume the existence of a possibly unknown value §; > 0, which when added to the estimates
0;,, results in a value € close to v;j, ie., \v;"j — (0;,;+0;)| < e. The theorem holds for any values of §; > 0,
and, in particular, the natural choice of §; = 0 for all ¢ € [n]. The reason the envy bound in Theorem 5
is independent of §; is a consequence of the fact that round robin produces balanced allocations, ensuring
that every agent gets roughly the same number of items. While it is natural to assume that §; = 0 for all
i € [n], Theorem 5 is stated in terms of the additional parameters d;s as the balancedness property will
be used in an application we will present in Section 4.2.

Theorem 5 (Upper bound for worst-case noise). For every i € [n] and j € [m], let v; ; be the estimate

of true value v} ; € [0,b], such that max;;|v]; — ¥;; — 0;| < €, for some possibly unknown constants
e > 0,9 >0 for each agent i € [n]. Given v;; for each i,j, we can efficiently compute an allocation
A= (A1,..., Ay) such that, for every pair of agents i,i' € [n], we have v} (Ay) — v} (4;) < 2 [2] +b.
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Proof. Consider the allocation produced by the Round-Robin algorithm, when executed on the estimated
values 7; ;. Recall that the Round-Robin algorithm allocates items to agents over a sequence of rounds,
according to a fixed, arbitrary order. In each round, the next agent in the order picks an item that
maximizes her value (0;;, in our case), among the set of remaining items (ties can be broken in an
arbitrary manner). The allocation A produced by Round-Robin satisfies envy-freeness up to one item
(EF1) with respect to the noisy values. That is, for any pair of agents i,i" € [n] with 9;(4y) # 0, we
have 0;(4;) > 0;(Ay \ {g}) for some g € A;. Furthermore, the allocation A produced by Round-Robin
is balanced, i.e., all agents get roughly equal number of items, for each agent i € [n], |4;| is either [] or
).

! Given these facts, we will bound the envy of an agent i € [n] for agent i’ € [n] with respect to the
true (unknown) values as follows. If A; = (), then there is no envy since v} (A4y) — v (A;) = —vf(4;) <0.
Otherwise, if A; # 0, let g € Ay be an item such that 0;(A;) > 9;(Ay \ {g}). Additionally, note that the
inequality |v}; — ®;; — ;| < ¢ implies that (i) vi(A;) > 0;(A;) + 6| As| — e[4;| and (ii) v} (4w \ {g}) <
5:(A \ {9}) + 0|4\ {9} + el Ay \ {g}]. Using this we get,

vi (Air) — 07 (Ai)
<vf(Ay \{9}) —vi(4;)+b (vi; < b forall j € [m]
i(Av \ {g}) + 0l Ai \ {g}| + el Aw \ {g}] — vi (A:) + b (Via (i)

0i(Ay \ {g}) = :(A0)) + 6 (1A \ {g}] = |Ail) + £ (Al + |4 \ {g}) +b (Vi (id)
(A \ {g}) = 0(A) + & (1Al + 14 \{g}) +b (& = 0, |4l [ Au] € {| 2], [2]}
0:( A \ {9}) = (A1) +2¢ | ] + b (14il,1Ax] < [%2]

)

2 [%-‘ +b. (0:(Ai \ {g}) < 0i(Ai

ININCIA
NN >

IN

)
)
)
)
)
)

IN

This concludes the proof. ]

The next theorem shows that the envy bound achieved by Round-Robin is tight (up to an additive
term) for deterministic algorithms.

Theorem 6 (Lower bound for worst-case noise). For every i € [n] and j € [m], let ¥, ; be an estimate
of v ;, such that max; ; ‘U;:j —0; 4] < e, for some e > 0. No deterministic algorithm that takes 0; js as
mput, and outputs a complete allocation, can guarantee that the envy between any two agents is strictly
less than 2¢ 7+

Proof. Consider any deterministic algorithm, and let A = (A, ..., A,) be the allocation returned by this
algorithm when ©; ; = 1/2 for all i € [n] and j € [m]. Let p € argmax;cp,) |A;| and g € arg max;c )y |4l
be the agent with the largest and second largest number of items in A, respectively. We have that
|Ap| +|Ag| > 22, We will construct the true values v} + ;8 to maximize the envy of agent ¢ for agent p. In
particular, we set vy = 1/2+¢ forall j € A, and vy = 1/2—¢ for all j € A,. This implies that the envy
of agent ¢ for agent p, v;(A,) —v;(A,) = \A |(1/2+6) |A441(1/2—¢) = f-:(]A |+ Aq]) +1/2()Ap| — |Ag))-

Using the fact that \Ap\ > |Aq| and [Ap| + |Ag] > 22, we get vp(Ap) — vy (Ag) > 2e 7. O

4.2 Applications of Theorem 5
Estimating Preferences Via a BTL Query Model

We now describe a method for obtaining a reasonably accurate estimate of all agents’ preferences using
the Bradley-Terry-Luce (BTL) estimation model. In this model, each agent is asked pairwise comparison
queries of the form ”which item do you like more, k or £7” and it responds with a binary choice from
{k, ¢}. Following the BTL model, the set of queried item pairs for each agent is determined independently
by an Erdés-Rényi random graph with edge probability p, where each unordered pair {k, ¢} is included
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independently with probability p. For every queried pair, we collect K independent comparison responses
(i.e., K repeated queries per observed pair). A detailed formulation of the BTL model is provided in
Appendix A. Using the collected responses, we run a standard maximum-likelihood estimator for each
agent i € [n], to recover 6, € R™, an approximation of 07, which is a centered version of the true
preference vector of agent i. Let ©* = [05;...;0%]T and © = [f;;...;60,]T denote the concatenated true
and estimated preference matrices, then the following lemma provides a bound on the estimation error
of each 6;.

Lemma 4 (¢2 and (*-Error Bounds (Chen et al., 2022, Theorem 3.1)). Assume p > colm% for a
sufficiently large constant co > 0, and that K comparisons are collected per observed pair under an
Erdés-Rényi observation graph with parameter p. Let 6% € R™ satisfies [|0*[|oc < b and 01, = 0.
Then, there exists a polynomial-time estimator that computes 0 € R™ by asking (gl)pK average number

of pairwise comparisons and satisfies the following bounds

- 1 ~ logm
0— 0% <cop —— 0 — 0 |0o < Coo - ,
106> < e 16— 8"l < ey o2

with probability at least 1 — O(1/mT"), for some constants cz,coo > 0 only depending on b.

The estimated preferences obtained from Lemma 4 are given to the Round-Robin algorithm to com-
pute an allocation A = (Ay, As, ..., A,) with a bounded envy. The guarantees of the end-to-end appli-
cation combining the BTL model with Round-Robin are stated in Application 1.

Before stating Application 1, we note that the combination of BTL estimation with Round-Robin
is made possible only because of the balancedness property that Round-Robin exhibits. By design, the
BTL model is invariant to linear shifts.” Consequently, we cannot recover the average value of all the
items, for any agent using BTL. On the other hand, maximum envy between agents does depend on
this average value, and cannot be bounded without it. Using Round-Robin addresses this problem by
making envy between any pair of agents independent of the average value of all the items — this is a
direct consequence of the balancedness property, which ensures that agents get a roughly equal number
of items.®

Application 1 (Inference and Fair Division). Assume there are m indivisible items and n additive agents
withn < m, where v} ; € [0, 1] is the value of agent i for item j. Let V* € [0,1]"*™ be the valuation matriz
where V', = v} ;. If the users respond to BTL-based pairwise queries, then there is an algorithm that asks
(Tgn)pK average number of pairwise-comparison queries to each agent i € [n], and with probability at least
1 — O(1/mb), produces an allocation A = (A1,...,A,) in polynomial time that has bounded maximum
envy. Formally, the obtained allocation A satisfies

mlogm
zAz — zA = — |
Hllgng( ) —vi(4;) =0 (1/ 2K )

where K is the number of queries per-pair and p is the observation graph probability satisfying p =
0 (logm)
=)

Proof of Application 1. We begin by transforming the true valuation matrix V* € [0, 1]"*™ into a pref-
erence score matrix ©* via a centering operation. Specifically, for each agent ¢ € [n] and item j € [m],
we define

1 m
0l =0 —— > v (2)
=1

N m

"Formally, the pairwise comparison probability in BTL, stated in Equation (9), depends only on the difference in preference
values and not the mean.
8This independence is evident from the fact that the envy bound in Theorem 5 does not depend on the constants §;.

11



Centering ensures that ©*1,, = 0,. Furthermore, as v/ ;s lie in [0, 1], we have 0;; € (—1,1).
Next, for every row of ©*, that is each vector 0T, we invoke Lemma 4 on 6 with b = 1. Under the
conditions specified in that theorem, each invocation returns an estimate 6; satisfying

16: — 6 oo = O (,/mm) ,
mp

with probability at least 1 — O(1/m7). Therefore, by taking © = [01;...;0,]T, we have

- — logm
max 0, —07;|=0 < mpK> (3)

Through a union bound, we get that Equation (3) holds with probability at least 1 — O(n/m"), which is
at least 1 — O(1/m®) since n < m. Finally, we define the estimated valuation matrix as V := ©, and for
each agent i, we define §; = % Z;”Zl v} ; € [0, 1], which represents the mean valuation of agent i. Using
this along with Equation (2) and (3), for any ¢ € [n] and j € [m], we get that

. N 1 &, . . A N [logm
’Uid' — (/Ui,j - E lz;vi’j) = U’i,j - @l,j’ = ‘@Z,] - @Z,] = O ( mpK) .

This implies that, for each i € [n] and j € [m], an estimate 9;; that satisfies [v]; — 0;; — &i| =

;5 —vp; + i = O (N%) for the value of §; = L 577", vf; € [0,1]. Note that while 9; ; is known,

d; is unknown. Regardless, we can apply Theorem 5 to compute an allocation A = (A1, Ag,..., Ay) in
polynomial time that has bounded maximum envy with respect to the true values, i.e., max; j v (A;) —
vi(A)=0(-2)=0 < 77112(;%?) This concludes the proof. O

Worst-Case Values and Stochastic Noise

We consider the following simple model for stochastic noise: ©0;; = v;"j + €55, for g5 5 = 0i; - 2. We
assume that z; js are drawn i.i.d. from a non-negative distribution D, and o; js are drawn uniformly at
random from the set {—1,1}. That is, z; ; is the magnitude of the noise, and o; ; denotes whether the
noise underestimates or overestimates the value. The next theorem shows that, when D is not heavy
tailed, then we can efficiently compute an allocation with small envy (with respect to the true valuations).

Formally, our condition on D is that D has monotone hazard rate (MHR): 1}1(1;()@ is a non-increasing

function, where F'(z) and f(x) are its cumulative distribution function and probability density function,
respectively.

Application 2. For every i € [n] and j € [m], let z; ;s be i.i.d. draws from a non-negative MHR
distribution D such that E[D] < —L—~ and o; ;s be uniformly random draws from the set {—1,1}. Let

mlog(nm)’
Uiy = v;; +¢€ij, forei; = 0ij-zij. Gwen U5 for each i,j, we can efficiently compute an allocation
A = (Aq,...,Ay) such that, for every pair of agents i,i' € [n], we have v} (Ay) — v} (A;) < 10, with

probability at least 1 — —2L

(nm)375 *
Proof of Application 2. We use the following two lemmas about MHR distributions, where Dy.,, denotes
the distribution of the k-th lowest of n i.i.d. samples from D.

Lemma 5 (Babaioff et al. (2017); Lemma 5.3). For any non-negative MHR distribution D and m < n,

it holds that 5=l

> }ILITTS’ where Hy s the k-th harmonic number.

Lemma 6 (Azizzadenesheli et al. (2026); Lemma 3). For any non-negative MHR distribution D, and
n >4, Pr[Dpy < 2E[Dpn]] > 1 — =7
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Let emax = max; j |&; ;| be the magnitude of the largest noise in an instance. epax follows the same
distribution as Dpm:mm. Therefore, letting pimax = E[Dpmmm], by Lemma 6, Prlepmax < 2 fimax] > 1 —

W. However, by Lemma 5, timax = E[Dnmnm] < HpmE[D] < log(nm)E[D]. Therefore,
P 1 ED]] > !
temax < 2 log(nm) E[D]} 2 1 = 200v7s-

Let 8 = 2 log(nm) E[D] < %", and condition on the event that epna.x < 8. Then, applying Theorem 5
for §; = 0 for all agents i, we can find an allocation A = (A1, ..., A,) such that max;  v*(Ay) —v*(4;) <
268 [2] +1<10. O

4.3 Discrepancy Minimization with Inaccurate Inputs

This section focuses on a variant of the multicolored discrepancy minimization problem. Upper bounds on
multicolored discrepancy are derived, as it is known that these bounds directly translate to the problem
of envy minimization Alweiss et al. (2021); Halpern et al. (2025). We begin with a brief refresher on
discrepancy minimization.

In the vector balancing problem, given a set of vectors uy, ug, ..., u,, satisfying ||u;l|ec < 1, the goal
is to compute signs si,...,8, € {—1,1} to minimize the discrepancy, defined as || >°" s;uil|oo. The
multicolored discrepancy minimization problem is a generalization of the vector balancing problem in
which we have to assign one color, among a set of [k] = {1,2,...,k} colors, to each vector, to minimize
the multicolored discrepancy, i.e., max; jex || D yes, v — Evesj V||, Where for each ¢ € [k], Sy is the set
of vectors that are assigned the color /.

To see how envy minimization reduces to multicolored discrepancy minimization, consider the follow-
ing. If we let each agent i € [n] correspond to a color (i.e., we set k = n) and each item j € [m] correspond
to a vector vj = (v] ;,v5 ;,..., vy ;)/v/n (ensuring [|v} ]l < 1), then we get an instance of the multicolored
discrepancy minimization problem. Moreover, for any allocation A = (A41,..., A,), the maximum envy
max; je[n) Vi(Aj) —vi(A;) is always at most the multicolored discrepancy max; jep) | 2,es, v — ZUES]‘ V|loo
of the corresponding problem, where the set S; contains the vectors that correspond to the bundle of
items A; assigned to agent i. Hence, max; je[n) vi(A;) — vi(Ai) < max; jep | X opes, v — Zvesj V|0 and
any upper bound on multicolored discrepancy translates to an upper bound on maximum envy.

We study envy minimization for a model in which we get to observe the inaccurate preferences
(v; +m;) € R™ for each item j € [m]. We then have to allocate this item to an agent, and after
the allocation, the true preference vector v} is revealed to us. We will assume that v;; € [-1,1] and
ni,j € [—€, €] are both worst-case.’ In this model, we give an efficient online algorithm that computes
an allocation whose maximum envy is upper bounded by O (\/ﬁ(log s+ ms)) with probability at least
1—0.

Theorem 7. Let vi +m,v5+n2,...,05 +nm € R" be a sequence of items (valuation vectors) that arrive
one at a time, where v} ; € [=1,1],n;; € [—¢,¢] for all i € [m],j € [n]. When each item v} + n; arrives,
we need to allocate it to one of the n agents, after which the true valuation vector v} is revealed to us. In
this model, there is an efficient online algorithm that computes an allocation A = (A1, Aa, ..., A,) that

guarantees the following mazimum envy bound max; jef v (4;) — vi(4Ai) < 276\/5 log B”Tm + 6m+/ne, with
probability at least 1 — &, for C > 0 being a universal constant following Definition 2.

To prove Theorem 7, we first develop an online algorithm for vector balancing problem with noisy
input vectors (Section 4.3.1). Using this result, we obtain a bound for the corresponding multicolored
discrepancy problem (Section 4.3.2). Finally, via the reduction from envy minimization to multicolored
discrepancy minimization explained earlier, we directly obtain Theorem 7.

9This is without loss of generality, as the bounds we obtain can be scaled by a factor of bif v} ; € [—b, b] and n;,; € [—¢b, £b].
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4.3.1 Vector balancing with noisy input

We consider the following weighted vector-balancing problem with inaccurate vectors as input. Formally,
given a sequence of inaccurate vectors vy + m1,v5 + m2,...,v5, + N, as input, we want to find signs
81,82, -+, 8m € {p,p— 1} where p € [1/2,2/3] is a fixed parameter, to minimize || 3 s;v}[co. We show
that || >0 sivf[[ec < O (v/n(log ™* + me)) with probability at least 1 — ¢ is achieved by a modified
version of the online algorithm given by Alweiss et al. (2021), which achieves a similar logarithmic bound
on discrepancy, in the absence of noise. Our algorithm (Balance Under Noise) is stated as Algorithm 1.

ALGORITHM 1: BALANCE UNDER NOISE

Input : Parameter p € [1/2,2/3] and a sequence of vector vi + 11,03 + 02, ..., v, + 1N Where
]l oo < 1, |IMtlloc < € for all ¢ € [m)].

Output: Signs si1,82,...,8m € {p,p — 1}.

Initialize w; = 0 € R™ and s1, $2,...,8, = 0.
Define function r(x) := min{1, max{0,z}} for all z € R.
fort + 1,2,...,m do
Set ¢; i—glogMTm + ent
P, with probability r ((1 —p)— W) ,
Randomly sample s; ~ <:U vt )
p—1, with probability 1—r ((1 —p)— 47"> .
Set Wi41 < Wy + St’l}r
end
return signs si,S2,...,Sm.
Algorithm 1 maintains a running discrepancy vector, w; = Z;;Il sjv;‘. When a new inaccurate

vector vy + my arrives, it simply samples the sign s; from the following distribution: p with probability

r((1—p)— %&Hﬁ)) and p — 1 otherwise (Line 5). The function r(-) defined in Line 2, ensures that the
probability value is valid, i.e., lies between zero and one. Note that the probability is computed based
on the inaccurate vector v} + ;. Once the sign s; has been sampled, the true vector v; is revealed, and
w41 is updated (Line 6).

To establish the discrepancy bound, we will show that the high-dimensional random vector w; behaves
like a subgaussian.'® We begin by introducing relevant definitions and a useful lemma.

Definition 2 (Vershynin (2018)). FEvery o-subgaussian random vector X € R™ satisfies the following
bounds

1. Elexp({X,u)?/c?)] <2 for allu € S"! and"!

2. If E[X] = 0, then Elexp({X,0))] < exp(Co?||||3) for all 8 € R, where C > 0 is a universal

constant, independent of the random vector.

Lemma 7 (Hoeffding’s Lemma). Let X be any random variable that lies in the range [a,b]. Then, for
any constant A € R, we have Elexp(AX)] < exp(AE[X] + M)

We will now define an event that will play a crucial role in the analysis of Algorithm 1. Let Faily be
the event that during the start of iteration ¢, w; satisfies the following condition,

Faily .= 1[{wyg, vf + 1) > 4(1 — p)er] V L[(we, v + i) < —4dper] V 1| welloo > t/v/n] (4)

19Tn Lemma 8, we will show that w; satisfies the definition of subgaussianity, albeit with an additional multiplicative
factor.
"The set "' := {x € R" | ||lz||]2 = 1} denotes the unit sphere in n dimension.
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That is, Fail; is true if either ||w:|/~ is large or (1 —p) — {wuvi ) ¢ [0,1]. Note that if the latter

s

condition doesn’t hold, i.e., (1 —p) — % € [0,1], then we have r ((1 —p) — %) =(1-p)—

%ﬁjnt). We additionally define Fail{ be the complement event of Fail;. The following lemma proves a
concentration result for the random vector wy, showing that it satisfies the definition of subgaussianity

(Definition 2), with an extra multiplicative factor.

Lemma 8. For all t € [m], the random vector w; € R™ satisfies the following properties:

1. for all® € R", we have E  [exp({wy, 0)) | NfZFail§] < (1 — %)lit exp(02||0]|3) where 0 = ¢; =

S15.++9St—1
2—8 log Eme + ent.
2. P[Failf | NlZiFailf] > 1 — 2.
Proof. We will prove (1) and (2) property by induction on ¢. Since w; = 0, both (1) and (2) are trivially
satisfied for t = 1. Now assuming that (1) and (2) are true for w;, we now prove that both of these hold
for w41 as well; this will complete the inductive argument.
Proving property (1). For any 6§ € R" consider,

E [exp((wit1,0)) | Ny Fail(]

S15--+55t

= E _[exp((we + 5007, 0)) | Ny Failf] (i1 = we + 5¢07)

S81,4..445¢
= E [exp({wr,0)) - Eg,[exp(si(v7, 0)) | Moy Faily] | Moy Failf] (5)

S1ye-3St—1

To proceed further, we will now invoke Hoeffding’s lemma (Lemma 7) by setting X = s;, A = (v}, 0),
b=p, and a = p — 1. This gives us

oF 2 o o 2
Es, [exp(8t<’l)2k,9>) ’ ﬂzleaﬂ;] < exp ((U;‘,9>E[St] + < t79> (p . (p 1)) )

= exp <_<U:a0><wtvv;tk +7lt> + <U;fk79>2> 7
4Ct 8

(6)

where the final equality uses the fact that given the event Fail{, we have r ((1 —p)— w> =

(I-p)— W, and therefore, E[s] = —W (Line 5). Substituting Equation (6) in Equation (5)
gives us,

E [exp((wer1,0)) | Nj—y Failf]

S14ee0ySt
- _ *’ 0 , * + >|<7 9 2 »
< o ..I.Est,l exp({wy, 0)) - exp < (v ><Z;tt v + ) + <Ut8 ) ) ‘ 02:1 Fallg]
- vy, 0){we, vf + . vy, 0)>
7 (- 5250 ] (52
- * 0 * e
= E exp | ((wy, 0 — (i, O) (v +me) ‘ A, Fails | exp (v, 0)* -
S1y-e45 St—1 L 4Ct 8

Note that our inductive hypothesis, in particular property (1) for w; does not apply to Equation (7)
since the event being conditioned on is ﬂzleail‘lf and not ﬁ?;iFail}f. Nevertheless, using the inductive
hypothesis, we can prove the following useful claim whose proof appears in Appendix D.
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Claim 1. For all 8 € R", we have E  [exp({wy, 8)) | Nf_,Failf] < (1 — %)_ exp(a?||B|3).

S1yeesSt—1

By setting 8 =0 — %W in Claim 1 and substituting in Equation (7) we get

(1—‘5> E fexp((wii,6)) | NhyFail]

m 81,.-.,St
(v},0)°
) oo (1

<eXp< HH—W

o (o (10 S g CLED + (u00)Y o (150)

* 7 02 1 —0-2 <U*, 0> <77 ’ 9>
—exp(aI018) ex ((07.0)° (55 (1o 13 + Il + 2008 m)) = 52+ ) ) enp (ZZH2H0RE0 ),

To simplify the above expression, we will use the fact that (a,b) < ||al|2]|b|l2, [|vf]l2 < V7, 722 < ev/n <
V/n, along with 02 = ¢;. Substituting these gives us,

E [exp((wit1,6)) | Ny Failf]

81,055t
s\ " o 4n 1 1 —(vF,0)(ny, 0)
<(1-2 * LT I I ICELZAVGLIA N
< (1 m) exp(o20]3) - exp <<vt,e> (m - 8)) exp ( g
Note that for a small value of 6 the term 146—” =1/ (% log 5"m + 4et) is negligible in comparison to the
other terms. Hence, fgg -5 —i— < 0 and we get

|
~

exp(o?16]13) exp (W)

—t 9
enl|@
exp(o? 01 exo (712

exp (o7 +en)[0]13)

E [exp({wes1,6)) | Nb_yFails] < (1 _

8714455t

IN
7 N
—_
|

|
~

exp (o741 119113)

A
—
|
Sl 3| 3| 3>

I
7 N
—_
|
N— " N— 7 N~
|

where the last equality follows from the fact that O'tQ 1= % log 5"Tm +en(t+1). This establishes property
(1) for wiqq.

Under the assumption that § < 1/2; an immediate consequence of property (1), which we will use in
proving property (2) is that,

1)
SII'E.I‘jSt[eXP(<wt+1,9)) | ﬂélealle (1 m> exp Ut+1H9H2)
ot
<({1—-—
< (1-2) e (o)
< (1= 8)""exp (o7:4110113) (t <m)
< 2exp (Ut+1|‘9|| ) (8)

where the second inequality follows from the fact that (1 +2)* > 1+ za if z > —1,a > 1, and final
inequality follows from 6 < 1/2.
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Proving property (2). We will show that Pr[Failiyq | N)_;Fail§] < 6/m, which will directly prove
property (2) for iteration ¢ + 1.

Note that Fail;y1 happens only if in iteration ¢ + 1, (wii1,vf 1 +ne41) > 4(1 —p)esgr1 or (wiy1, vy +
Nt1) < —4pcir1 or ||wir1]|oo > ct41/+/n (Equation (4)). Since p € [1/2,2/3], we have 4p > 4(1 — p). We
will utilize this fact to simplify as follows,

Pr(Fail;41 | Nj_, Failf]

[
= Pr[{we1, vfsy + Ner1) > 41 = p)cest or (Wert, vy + 1) < —4peer or [wislloo > crpr /v | Ny Failf]
< Pr{|(wes1, 51+ ne1)| > 401 = p)er or [[wisalloo > crrr/v/n | My Failf] (4p > 4(1 —p))
=Pr H(wt+1, (vf41 + 0e1) /(4L = p)VR))| > e/ Vi or Jwest oo > crar/v/n | Moy Failf]

IN

> Prl[(wigr,u)| > cipr/v/n | N, Failf],
ues

where set S = {(v{} 1 +m41)/(4(1=p)\/n),e1,e2,...,ex} and ey, ..., e, are the basis unit vectors along the
axes. Note that Vu € S, we have [Julls < 3/2: foralli € [n], |le;|l2 = 1 and ||(v; 1 +ne41)/(4(1=p)v/n)|l2 <
2yn/(4(1 —p)v/n) < 2/(4(1 —2/3)) = 3/2, where the last inequality uses the fact that p < 2/3. We
proceed to further evaluate the above probability expression,

Pr[Failyy 1 | N_;Fail§]
< Pr[[(wirr,u)| > crpr /v | N Failf)

uesS
<3P {weu/ulk)® > /;1 i 1Fa1u] (lull2 < 3/2, Vu € 5)
ues -
(wesr,u/|lull2)? i€
:1;9131‘ U?+1/C > (3/2 ‘ ﬂé 1 Fall( (Ut2+1 = Ct+1, for C' < 1/8)
[ (wrnu/ ull2) < cenC >
= Pr |exp > exp ‘ N’_, Fail§
1% i ( 0311/C (3/2)? =
' <wt+1,u/||u\| . ci11C L
< Z E |exp T ‘ Nb_, Fail§ / exp 3/2)n (Markov’s inequality)
UES L tJrl

Now, we will make use of the following lemma, whose proof has been deferred to Appendix D.!2

Lemma 9. For a random vector w € R™, if there exists a A > 0 such that V6 € R™, Elexp ((w, 0))] <
2exp (CA?|0]13), where C < 1/8 is a fized constant, then Yu € S"~ !, we have Elexp ({w,u)?/A?)] < 3.

From Equation (8), we know that the random vector w4 satisfies the condition in Lemma 9 with
A2 = at2+1/C’. Hence, we get,

E

(wes1,u/|ull2)® ’ ¢
exp N, Fail§| < 3.
( Ut+1/0 !

2The proof of this lemma closely follows Vershynin (2018) Proposition 2.6.1, differing only in multiplicative constants.
We include the proof for completeness.
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Using the above bound, and plugging in ¢;4+1 = Z—g log Eme +en(t+1) in the running chain of inequalities,

. e S5nm  4Ce(t+1)
Pr[Failgy | Nf_;Fail§] < ;3/ exp <log 5 + 5 )
30

= 1 . S - 1
(n+1) Snmexp(4C(t + 1)e/9) (I5]=n+1)

4]
< -~ (4C(t+1)e/9) >0, n > 2)
This completes the proof. O

Lemma 8 directly leads to our main theorem about vector balancing.

Theorem 8. During the execution of Algorithm 1, the random vector wy = Zf;% siv; satisfies ||willoo <
% log Eme + ety/n, for all t € [m] with probability at least 1 — 0.

Proof. We will prove that with probability at least 1 — 4, the event U}’ Fail; doesn’t happen during
the execution of Algorithm 1, i.e., Equation (4) is never satisfied. The theorem then follows, since
Equation (4) not being satisfied means that the inequality ||w|loo < ¢;/v/n = % log 2% + £¢,/n holds
for all ¢.

Using chain rule of probability we have Pr[M2,Failf] = II]~, Pr[Fail{ | Ny<¢Failf]. From Lemma 8,
we know that Pr{Fail{ | Ny«;Failj] > 1 — ¢/m. Hence, we get Pr[Nj2;Fail{] = I}, Pr{Fail{ | Ny, Failj] >
(1 —=48/m)™ >1—4. This completes the proof. O

4.3.2 Multicolored discrepancy and Envy minimization.

We now generalize the result of Theorem 8 to the multicolored discrepancy problem (Theorem 9). The
idea is based on a known reduction that has been utilized in prior work Alweiss et al. (2021); Halpern
et al. (2025).

We begin by first describing the algorithm that achieves the multicolored discrepancy bound of The-
orem 9. Consider a complete and full binary tree 7 having exactly k leaves and root node 7.3 For each
internal node u of 7, we use nj and n; to denote the number of leaves in its left and right subtree,
respectively. We run a copy of Algorithm 1 at each internal node u of T by setting the parameter p to
pu = i/ (nft + 2.

When each vector v} + n; arrives, we pass it down along the tree from the root to one of the leaves;
v; + n; is then assigned a color equal to the index of the leaf it eventually arrives at. In particular, first
v; +n; is passed through the copy of Algorithm 1 running at the root r of 7. If v} + 7, is assigned a
sign of p, by Algorithm 1 running at r, then it is passed down to the next node in the right subtree, if
v} +1; is assigned a sign of pr — 1, then it is passed down to the next node in the left subtree. Supposed
the next node is u, then we again check whether v; + n; is assigned a sign of p,, p, — 1 at u, and pass
it down to the right, left subtree respectively. This continues till the vector v} +n; reaches a leaf node,
Le, it gets assigned a color equal to the index of the leaf node. When this happens, the true vector v}
is revealed. Using v;, the value of the vector w;? (superscript u identifies the node) used in Algorithm 1
is updated at each internal node through which v} + 7; passes; this update happens in Line 6. This
process of assigning vectors to leaves is repeated for all the vectors. This completes the description of the
multicolored discrepancy algorithm.

The guarantee of this algorithm is stated in Theorem 9, its proof appears in Appendix D. Notably,
while we run Algorithm 1 in every internal node of 7 having a depth of tree O(log k), the final multicolored
discrepancy bound we obtain is only a constant factor larger than Theorem 8.

13 A binary tree is full if every internal node has either 0 or 2 children. A binary tree is complete if all levels except possibly
the last one are completely filled.
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Theorem 9. Let k > 2 be an integer and vi +n1,v5 +n2,..., Uy, +1m € R™ be a sequence of vectors that
arrive one at a time, where ||v}]|co < 1, ||Nilloc <& <1 for all i € [m]. When each vector v} + n; arrives,

we need to assign it a color from {1,2,...,k} after which the vector v} is revealed to us. In this model,
there is an efficient algorithm that achieves a multicolored discrepancy bound of max; je I Zvesi v —

Zvesj Voo < 22‘(@ log w + 6et\/n, with probability at least 1 — &, where S, is the set of vectors that
are assigned the color a € [k] after all the vectors have arrived.

Finally, we obtain Theorem 7 by setting k¥ = n in Theorem 9 and recalling that any upper bound on
multicolored discrepancy is also an upper bound for the corresponding envy-minimization problem, as
highlighted at the start of Section 4.3.

Theorem 7. Let vi +n1,v5 +n2,..., 05 +nm € R™ be a sequence of items (valuation vectors) that arrive
one at a time, where v;; € [=1,1],m;; € [~¢,€] for all i € [m],j € [n]. When each item v} + m; arrives,
we need to allocate it to one of the n agents, after which the true valuation vector v} is revealed to us. In
this model, there is an efficient online algorithm that computes an allocation A = (A1, Aa, ..., A,) that

guarantees the following mazimum envy bound max; jei v (4;) — vi(4Ai) < 278@ log 5"Tm + 6m+/ne, with
probability at least 1 — &, for C > 0 being a universal constant following Definition 2.
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A Preliminaries for the BTL model

This appendix provides the formal setup for agents’ preference elicitation via the BTL model. The
material here expounds on the estimation procedure described in Section 4.2.

We consider a natural extension of the well-studied BTL model Bradley and Terry (1952); Plackett
(1975); Luce (1959), where each agent has a separate set of BTL preferences. Specifically, for n agents
and m items, the model assumes that each agent i € [n] has an associated (unknown) preference score
07 ; € [=b,b] for every item j € [m]. Under the BTL model, the probability of agent i preferring item j
over item k depends only on the difference in their latent scores and is given by:

eXP(ef,j)
exp(6; ;) + exp(6; ;)

P(agent i prefers item j over k) =

= ¥(0;; — 0ip), (9)

where () = 1/(1 + exp(—t)) denotes the sigmoid function.

We collect the preference scores as a matrix ©° € R™™ such that ©F; = 67;. Our goal is to
estimate the unknown preference matrix ©* from noisy pairwise comparison queries collected from the
agents. Since the preference probabilities in Eq. (9) are invariant to translation, we impose the following
identifiability constraint

©*1,, = 0,. (10)
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For each agent, comparisons are observed only on a subset of item pairs. This comparison structure is
modeled by an agent-specific undirected graph &;. Specifically, for each agent i € [n], an edge (j,k) € &
if and only if agent i provides a comparison between items j and k. We assume that the observation
graph of each agent is drawn independently from an Erdés-Rényi random graph model with parameter
.

We assume that for every agent i € [n| and for each pair (j,k) € & with k£ > j, we observe K
independent comparisons. Let y(Z D ¢ {0,1} denote the outcome of the [-th comparison between items j

and k by agent ¢, where y](. k) = 1 indicates a preference for item j over item k. Under the BTL model,

these outcomes are generated according to

S _ {1, with probability v (6} ; — 05,) a1
j - )

K 0, otherwise
For convenience, we set y,(;]l) =1- yj(lkl) for all (k > j) with (4, k) € &. We define the empirical preference
probabilities y](?,)c = % leil y](?,;l ). Given the observed empirical preference probabilities {y](.?,)e}m,k, our
goal is to estimate the latent preference matrix ©*.
For each agent i € [n], we estimate the agent’s parameters () by solving the following marginal
log-likelihood problem using only agent i’s preference data (cf. Chen et al. (2022)). This problem takes
the form

09 = argmin § —— > ') logw(0; — 01) + (1 — y)) log(1 — v(6; — 1)) p - (12)
0:0T1m=0 | P T ’

This convex optimization yields n vectors 6 R™, one for each agent. Stacking these vectors as rows
y g g
produces the initial matrix estimate 6 = {é(l)T; é(Q)T; e ;é(”)T € R™ ™ The estimation error bounds

for this estimator are quantified in Lemma, 4.

B Missing proofs from Section 3.1

Theorem 1. Given any two real-valued, nondecreasing functions f, g and a real-valued random variable
X, we have E[f(X) - g(X)] > E[f(X)] - E[g(X)] if and only if Var(f(X)) > 0 and Var(g(X)) > 0.

Proof. Note that if Var(g(X)) = 0 or Var(f(X)) = 0, then, almost surely, ¢(X) = E[g(X)] or f(X) =
E[f(X)] respectively. Both of these, in turn, imply the equality E[f(X) - ¢(X)] = E[f(X)] - Elg(X)].
Hence, the condition Var(f(X)) > 0 and Var(g(X)) > 0 is necessary.

To prove its sufficiency, we consider the difference E[f(X) - g(X)] — E[f(X)] - E[g(X)], which, can be
equivalently stated as E[f(X) - ¢g(X) — f(X) -E[g(X)]] = E[f(X) (9(X) — E[g(X)])]. In particular, we
will show that if Var(f(X)) > 0 and Var(g(X)) > 0, then E [f(X) (¢9(X) — E[g(X)])] > 0 as well. This
will complete the proof.

Define £~ and & to respectively denote the events g(X) > E[g(X)] and ¢g(X) < E[g(X)]. Since
Var(g(X)) > 0, both these events can happen, i.e., have a positive probability. To proceed, we will
use the observation that the random variable g(X) — E[g(X)] can be written as 1¢_(g(X) — E[g(X)]) —
Le_(E[g(X)] — ¢g(X)). Hence, we want to show that the difference stated below is positive,

E[f(X) (9(X) = E[g(X)])] = E[f(X) - Le. (9(X) — E[g(X)])] — E[f(X) - Le_ (E[g(X)] — g(X))].
Note that 0 = E[g(X) ~ E[g(X)]] = E[Le. (9(X) ~ Elg(X)])] - E[Le. (Elg(X)] — g(X))]]. Therefore, we
have E[lg. (9(X) — E[g(X)])] = E[Le_ (E[g(X)] — g(X))]]. The fact that Var(g(X)) > 0, further implies

that,
C = E[le, (9(X) — E[g(X)])] = E[Le_ (E[g(X)] — g(X))]] > 0.

22



To prove that E[f(X) - 1e. (9(X) — E[g(X)])] — E[f(X) - Le_ (E[g(X)] — g(X))] > 0, we will instead
prove that E[f(X) - 1¢. (¢(X) — E[g(X)])]/C —E[f(X) - L¢_(E[g(X)] — g(X))]/C > 0. Indeed, the latter
implies the former. Now, using the definition of C', we can write,

E[f(X) - Le. (9(X) — E[g(X)D]/C = E[f(X) - Le_ (E[g(X)] — 9(X))]/C
E[f(X) - Le. (9(X) = E[g(X)]D] _ E[f(X) - Le_ (E[g(X)] — 9(X))]
= :

N [
E[le. (9(X) — E[g(X)])] Ele. (E[g(X)] — g(X))]]

: . Elf(X)-1ey (9(X)—E[g(X)]] _ Elf(X)Le (Blg(X)]—g(X))]
In the above expression, define u := E[]lg>fg>(x)7E[g(X)D] nd ¢ = Ell._ (gﬂs[g(X)}fg(X))ﬂ to be

the left and right terms, respectively. Additionally, let z,, := inf{z : g(X) > E[g(X)]} and z; := sup{x :
9(X) < Elg(X)]}. The following two observations will be crucial for the subsequent proof, where we will
prove u > £.

(i) f(zy) > f(xp). Since g is nondecreasing, we have xy < x,, which, along with the fact that f is
nondecreasing implies that f(x,) > f(z¢).

(ii) w > f(xy) and f(xg) > €. Note that u, by definition, is a weighted mean (or a convex combination)
of f(X), for all values of X that satisfy g(X) > E[g(X)], i.e., all values of X that are at least x,,.
Hence, we have u > f(z,). Similarly, ¢ is a weighted mean of f(X) for values of X that satisfy
E[g(X)] > g(X), i.e., values that are at most x,. This gives us the inequality f(z,) > ¢.

Note that together (i) and (i) imply,

w2z flew) =2 flxg) 2 4, (13)

i.e., we get the weak inequality u > [. However, we want to show that u — ¢ > 0. To establish the
strict inequality, we will show that at least one of the following three strict inequalities must be true:
fzy) > f(xg), u> f(xy), or f(xg) > ¢. Either of these three strict inequalities along with Equation (13)
will imply that © — ¢ > 0 and will complete the proof.

Indeed, if we have f(xy) > f(x¢), then we're done. Henceforth, we focus on the case when f(z,) =
f(zg). Given that f(x,) = f(x¢) and Var(f(X)) > 0, it must be the case that Var(f(X) | &) > 0 or
Var(f(X) | £<) > 0 — this follows from the law of total variance.

We will show that this implies that either v > f(x,,) or f(x¢) > ¢. This will rely on the following crucial
property. The weighted mean u, of f(X), for values of X satisfying g(X) > E[g(X)], has the property

that each value of X = & (where g(£) > E[g(X)]) has a strictly positive weight of ]E[ﬂgg((”’?&%[_gg[(g)(]x)m in
>

the weighted mean. Hence, if we have Var(f(X) | £&s) > 0, then we must have u > f(z,). Similarly,
the weighted mean ¢, of f(X), for values of X satisfying g(X) < E[¢g(X)], is such that each X = Z with
E[g(X)]—g(2)
E[Le (E[g(X)]-9(X)
u > {: either f(xy,) > f(x¢) is true, else Var(f(X) | E<) > 0 or Var(f(X) | £&s) > 0, which implies that
either u > f(xy) or f(xy) > ¢. The equivalence is proved. O

E[g(z)] > ¢(Z) has a strictly positive weight of

) in the weighted mean ¢. Therefore

Theorem 2. Let D and D' be two fized distributions such that D is continuous and has a positive variance
(D' could be arbitrary). Assume that vi; ~D for alli € [n], j € [m], and we observe the noisy estimates
Uij = v} ; +ni,; where n;; for alli € [n], 7 € [m]. Then, running the welfare maximization algorithm on
the observed noisy values {v; j};j, computes an envy-free allocation with probability at least 1 — O(1/m)
if m/logm € Q(n).

Proof. To allocate the items to the agents, we run the social welfare maximization algorithm on the noisy
estimates, i.e., we allocate each item j € [m] to the agent i € argmax;cp,,{0;;} (tie-breaking randomly).
We observe that this algorithm satisfies the following two properties: ﬁrst for each item j € [m], we
have P(i € arg max;cp,1{9;;}) = 1/n, i.e., every agent has an equal, 1/n, chance of getting each item —
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this follows from the fact that ©; ; are continuous random variables, and are independent and identically
distributed.

Second, we have that E[v]; | i € argmaxycp, {0k} > E[v]; [ i ¢ arg maxycp,{0x,;}], i-e., agents have
a higher true value for an item they receive based on the observed noisy values. This is the most crucial
property of our analysis, and it follows from Lemma 2 since D is continuous and has a positive variance.
With these two properties, we will show that this algorithm results in envy-free allocations with high
probability if m/logm = Q(n).1

Define indicator random variables X; ; := 1[i € arg maxcp,){?x,;}], which are true if and only if agent
i received item j. Define B; o = ]1[2] 10, X5 < Z] 1 vi.j Xy ;] to be the event that agent i envies agent
¢ after the execution of the algorithm. We want to argue that the probability P(U;x¢B; ¢) is tiny. Towards
this, we begin by analyzing the P[B; (].

For all j € [m], define p; = E[v;; | i € argmaxyecpy{0x,;}] and pj = Elv;; | i ¢ argmaxyep, {0k}
Note that as items behave identically, we have pu1 = p2 = ... = py, and py = ph = ... = ul,, so we define
= p1 and g/ = pf. Furthermore, for fixed D and D', we know that p > p/ from part (2) of Lemma 2,
since D and D’ satisfy the required conditions.

Note that for the event B;, to happen, either the event Bie = 10T v Xy < <M>] or

n
Biz = ]1[27]-"21 v Xe; > T <%",>] must happen; indeed, if Bl-l’e and 61‘2,4 do not happen, then B; » cannot

happen. Hence, to show that B; , happens with small probability, we will show that Bl.l , and Bf , happen
with small probability.
Note that E[Z;”Zl i Xij] = mP(X;; = 1)E[v;; | i € argmaxycp,{ox;}] = 77 and E[Z;nzl v; j Xy ] =

m-P(X;=1) Elv;; | i € argmaxyep, {0k} = mT“, Using this, we can rewrite

o
ZUZ JX < E ZULJ‘XLJ] (1 — M)
=1

2p

and

m m o
P(BF) =P | Y viXe; >E[D vi;Xe,) <1 + uMu )

j=1 j=1

Define 6 = mln{“ 1} and note this is a fixed quantity, as p and p’ are fixed. Since Y 7" v; ; Xi
is a nonnegative random variable, we get that

m m R, m m
P(Bi) =P > vi;Xij <ED vi;Xij) <1 - M2M> =P > v Xij <ED vi;Xij) (1-0)

j=1 j=1 j=1 j=1
Additionally, the fact that g > p’ implies that

m m m m

_ !
P(B}) =P [ > viyXe; > B> vi;Xeyl <1 + MWM) <SP (D vigXe; >ED i Xe,] (1+0)

=1 j=1 =1 =1

Now, we can use the Chernoff bounds on the sum of independent-and-[0, 1]-bounded variables v; ; X; ;
and v; ; Xy ; to obtain the following upper bound on P(B; ),

14The subsequent argument will follow a similar analysis presented in Dickerson et al. (2014).
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P(B;¢) < P(Bf,UB)
<P(B{,) +P(B})) (union bound)
<exp | —E Zvi’in’j +exp | —E Zvi’le’j 3 (Chernoff bound)
J=1 j=1
2 / 2 / 2
= exp _%i +eXp _m,u 67 <2€Xp _mM i .
n 2 n 3 n 3

For m where m > 9”;,(:5%”1, we get P(B; ) < 2exp(—3logm) = 2/m?. Hence, via a union bound, we get

that the probability of the resulting allocation not being envy-free is P(U;.¢B;¢) < znirj € O(1/m). This
completes the proof. ]

C Missing proofs from Section 3.2

We now prove the full theorem, again restated here for convenience.

Theorem 3. Let D be a bounded nonnegative distribution satisfying the non-identical condition. Assume
that vi ~ D, independently, for all items j. For each i € [n], j € [m], let ¥; ; be a noisy estimate of v} ;
such that for some € > 0, we have max; ; |UZ]~ — 0; ;| < e. There is a constant cp depending only on D
and an algorithm such that if ¢ < cp, given the noisy estimates ¥; ; for each i, j, the algorithm outputs
an allocation A = (Ai, ..., An) such that A is envy-free with probability at least 1 — exp(—p(m)).

Proof of Theorem 3. Let A* = (Aj,...,A},) be the allocation that minimizes the maximum envy with
respect to the true values, max; je[,) v; (A})—v; (A}). By Lemma 3, this is at most —cf,-m with probability
1 — exp(—Qp(m)), where ¢, is defined in the lemma. Condition on this event.

Let A = (A1, ..., Ap) be the allocation that minimizes the maximum observed envy, max; je(n) 0i(A;)—
0;(A;). Since A* is a feasible allocation, 8 can be no larger than the observed envy gap of A*, which can
be at most ¢ - m larger than its true gap. Thus, < —c-m+¢e-m.

We will choose ¢p = /4, so e < /4. Plugging this in, we get that 5 < —(3/4) - dpym.

Now consider the following linear program that minimizes the maximum envy (with respect to ob-
served values) over all fractional allocations.

min o
m
o> Z@@jxi/:j — @mxm Vi € [n],i/ S [n],i’ 75 1
j=1
n
sz‘,j =1 Vj € [n]
i=1
x5 >0 Vi € [n],j € [m]

The integral allocation A is a feasible solution for this LP, therefore, the value of optimal solution of this
LP, z*, has maximum envy at most 3. Let u;; = Z;”Zl x’[,?jf;i,j. Let A = (Al, e ,/Nln) be the integral
allocation we get by allocating item j to agent i with probability =7 ;, and let p; ;7 = E[6;(A;)]. Note that
it — g < B < —(3/4)cpm. ) ) 3

The expected observed value from agent i for bundle A; is E[0;(A;)] = ;7. The value 0;(Ay) is the
sum of m independent random variables (one for each item), each bounded in the range [0, ?; ;] C [0, b+¢].
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Since € < ¢p, the range is [0,b + ¢p]. By Hoeffding’s inequality, for any § > 0:

: —242
(A — oo > 8] < — |-
Pr[0;(Air) — piir] > 0] < 2exp <m(b I CD)2)

Applying a union bound over all < n? pairs, the probability that any observed envy deviates from its
mean by more than ¢ is

i —44%1
Pr[Vi,i' : |0;(Ay) — piwr| < 6] > 1 —2exp <6mn(n)> '

We will choose § = m-c},/4. This ensures that except with probability exp(—Q(m)), 0;(Ay) —0:(A;) <
B+20<—m-cdp/4

Finally, note that v(Ay) — vf(A;) can deviate from the observed gap by at most m - & < m - ¢ /4.
This ensures that A is envy-free. A union bound over the two events yields the theorem. O

D Missing proofs from Section 4.3

Claim 1. For all 8 € R", we have E  [exp({wy, 8)) | Nf_,Failf] < (1 — —)7 exp(o?||B]13).

S1y-++58t—1

Proof. Using the law of total probability we get,

E [exp((w,8) | NZiFaily] = B [exp({ws, ) | Ny Failf] - P[Failf | N/!Failf]+

S1yee03St—1 S1;0e03St—1

E [exp({wy, B)) | Faily, N}_}Failf] - P[Fail; | N/_]Failf]

S1yeeySt—1
> B [exp((wn,8)) | Mo Fail] - P[Failf | {-4Failf]
S1y--5St—1
. J
> B fop(lwn ) | nimymit] (1- 1)
S1yeySt—1 m
where the final inequality follows from our induction hypothesis, i.e., P[Fail{ | ﬂz:Fail}f] >1- %. Hence,
we get B [exp((wg, B)) | Nb_ Fail§] < (1-— %)71 E [exp((ws, B)) | Ni_iFail§]. Substituting
S1;--+35t—1 S1y--58t—1
the bound E  [exp((wy, 8)) | NLZiFailf] < (1 - %)1_ exp(o?||B]13), from the induction hypothesis,
S1ye-3St—1
completes the proof. ]
Lemma 9. For a random vector w € R", if there exists a X > 0 such that V0 € R", [exp ((w,0))] <
2exp (CA?|0]13), where C < 1/8 is a fized constant, then Yu € S"~!, we have Elexp ({w,u)?/A?)] < 3.
Proof. Using the Taylor series expansion we have,
Elexp ((w,u)?/ )] =1 +Z z' )\21 (14)

To bound the series above, we will bound the moments E[(w, u)?/] for all even i > 1. Towards this note
that,
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= / Plexp ((w, au)) > exp(az'/?)] de (for any a > 0)
0
< / Elexp (<w’0‘@>)] dz (Markov’s inequality)
) explazl/®)
> exp (CA2a?
<2 p (O (Efexp ((w, au))] < 2exp (CA%a2))
o exp(az!/?)
=2 /Oo exp | — z/! dx (setting a = z/% /(20)\?))
—° )y P\ Taon BT
— 2/ (A4CNH) i -y exp (—y) dy (substituting y = fé%)
0

= 2i(4C\H)" - T(i) (15)

where the final equality follows from the definition of the well-known gamma function I'(z) := [~ 2 1e = dz.
Substituting the bound in Equation (15) into Equation (14), we get

E[exp((wu /)\2 1+Z z' )\21

2i(4C\?)" - T'(4)
< 1 + Z Z' )\21

<1+ 22(40)@‘ (T(i) = (i — 1))

i=1

o
<142 27'=3 (C < 1/8)
This completes the proof. O
Theorem 9. Let k > 2 be an integer and v +n1,v5+n2,. .., +1m € R be a sequence of vectors that
arrive one at a time, where ||v}]|co < 1, |nilloc <€ <1 for all i € [m]. When each vector v} + n; arrives,
we need to assign it a color from {1,2,... k} after which the vector v} is revealed to us. In this model,

there is an efficient algorithm that achieves a multicolored discrepancy bound of max; jeci || ZUGS v —

Zvesj Voo < 27‘fl og LK 5’"”]‘” + 6ety/n, with probability at least 1 — &, where S, is the set of vectors that
are assigned the color a 6 [k] after all the vectors have arrived.

Proof. Now we will show that this algorithm described in Section 4.3.2, achieves a multicolored discrep-
ancy bound of max; jepy | D _yes, v — EUGS], Voo < 27‘F log 42k | Get\/n with probability at least 1 — 6.
Here, for any node w, Su is the set of vectors that pass through node u during the execution of the
multicolored discrepancy algorithm. To assist with the analysis, for each node u, we define m, to be the
fraction of total leaves that are in the subtree rooted at u, i.e., the number of leaves in the subtree of u
divided by k. We now state a key claim.

Claim 2. With probability at least 1 — 6, for all nodes u of T, we have ||, cq. ¥ — Tu Y yeg, Voo <
(34 W og Ak 4 emy/n)
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Before proving this claim, we will show that it suffices to establish the desired multicolored discrepancy
bound. Given Claim 2, for all leaves i, j € [k], we will have

122l -l X ) - (-2 Xl

vES,

<HZv—mZ H —f—HZv—W]Z H (mj =m5 =1/k)
vES; vESy
(Clalgm ! <9\/> 4ngn + Sm\/ﬁ> = ZZg Og 4ngnk + 65m\/'7l

The above bound holds for all 4, j € [k] with probability at least 1 — 4, giving us the desired multicolored
discrepancy bound. As the final step, we prove Claim 2.

Proof of Claim 2. From Theorem 8, we know that for each internal node w in 7T, ||w [|co < 9[ log 4”mk +

ety/n with probability at least 1 — 6/k. Since T has exactly k leaves, it has k — 1 internal nodes.
Therefore, through a union bound, we get that with probability at least 1 — ¢, all internal nodes u will
have ||[w¥ ||co < % log 4”gnk + emy/n. Additionally, note that if u, and w, are respectively the left and

right children of u, then we have |[w}[loc = [IPu > opes, v — (1 —pu) Zvesue Voo < % log 4mmk 4 o\ /1.

We will prove the claim by induction, starting from the root node and going down the tree 7. For the
base case note that for the root node r, we have || >0 < v=7u Y cq Voo = | Dopes, V=12 es, Voo =0,
i.e., the bound is trivially satisfied. Now, assuming that this bound is satisfied for an internal node u, we
will show that it will be satisfied for both its left child w, and right child w,. We will prove the argument
only for the left child uy; the argument for the right child w, will follow similarly.

As per our induction hypothesis, we have ||} g v — Ty cq Voo < 3(% log 4”3"’“ + emy/n).
Additionally, the copy of Algorithm 1 running at a, guarantees us that ||wj,|lc = [[(1 = pu) Dy S, U

Puves,, Ul < 9[ log 4"mk + emy/n; this follows from Theorem 8. Using this we can bound,

1D v=mu ) vl

UESW vESy,
= ||(pu+1_pu) Z U — Ty, Z UHOO
UESW vESy,
= ||(pu +1—pu) Z UV — PuTy Z oo (Tuy = PuTu)
UESW UEST'
= ||pU(Z Ch Z v) + (1 — pu) Z U = PuTu Z V|00 (Xves, ¥ = 2ves, U~ 2ves, V)
vESy VESy, VESuy, vES,
= ||pU(Z U= Ty Z v) + (1= pu) Z U= Pu Z Voo
VESy vES, UESW VESy,
< pull Z U= Ty Z oo + [[(1 = pu) Z UV — Py Z |00
VESy vES, vESy, VESy,
< *H dv—m Y vt 11=pu) D v=pu Y vl (pa € 13, 3))
VESY vESy VESuy, VESy,
2 Q\f 4nmk \/ﬁ 4nm/~c
< 3 300g s =5 Femvi) + S log 5 S emyin

9v/n ,  4nmk
—3(@10g 5 ).
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This completes the induction step and therefore the proof.
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