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We study no-money mechanisms for allocating indivisible items to strategic agents with additive preferences

under a stochastic model. In this model, items’ values are drawn from an underlying distribution and mech-

anisms are evaluated with respect to this draw (e.g., in expectation, or with high probability). Motivated

by worst-case impossibilities which show that truthfulness severely restricts fairness and efficiency, we ask

whether truthful mechanisms continue to perform poorly on random instances.

We first focus on dominant-strategy incentive compatible (DSIC) mechanisms. For two agents, we obtain a

tight picture. Specifically, we show that there exists a distribution under which no DSIC mechanism achieves

an expected welfare approximation better than
2+
√
2

4
≈ 0.854, and we give a DSIC mechanism that matches

this bound for all distributions simultaneously. We further show that, for every distribution, there exists a

DSIC mechanism that is envy-free with high probability and obtains the same welfare. A key ingredient is

a new, tight connection between welfare guarantees of a family of DSIC, no-money mechanisms and i.i.d.

prophet inequalities. This connection allows us to generalize to 𝑛 agents; in particular, we obtain a DSIC

mechanism that achieves a ≈ 0.745 approximation to welfare, and another DSIC mechanism achieving a

1/2-approximation welfare that is envy-free with high probability.

We then turn to Bayesian incentive compatibility (BIC). Under i.i.d. valuations, we show that BIC comes at

essentially no cost: we design a prior-independent BIC mechanism that achieves a (1 − 𝜀)-approximation to

the optimal welfare, while being envy-free with high probability. Under independent but non-identical priors,

we obtain BIC mechanisms that are (1− 𝜀)-approximately Pareto efficient and envy-free with high probability.
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1 INTRODUCTION
We study the allocation of indivisible items among strategic agents with additive preferences in

the absence of monetary transfers. In this classic setting, the gold standard is mechanisms that

are simultaneously fair, economically efficient (e.g., Pareto optimal), and strategically robust (e.g.,

truthful reporting is a dominant strategy for every agent).

While the literature has uncovered a plethora of natural rules that are both fair and efficient, the

same cannot be said for combinations with strategic robustness. Impossibility results paint a bleak

picture. For instance, deterministic truthful mechanisms cannot guarantee envy-freeness up to one

good (EF1) [Amanatidis et al., 2017], a canonical fairness notion for indivisible goods [Lipton et al.,

2004]. This can be extended to EF
+𝑢
−𝑣 for any fixed choice of 𝑢 and 𝑣 [Bu and Tao, 2024].

1
Moreover,

the only mechanism that is both Pareto optimal and truthful is a serial dictatorship [Schummer,

1996], arguably the least fair mechanism imaginable. In short, mechanisms that are simultaneously

fair, efficient, and truthful do not exist. As a result, much of the fair division literature has largely

set aside issues of incentives and instead focused purely on fairness and efficiency.

However, a core tenet in economics is that agents are strategic. If agents can easily manipulate the

outcome, how can we trust the promised fairness guarantees of the resulting allocations? This, on

the surface, seems to create a fundamental dilemma for the field.

We posit that all hope may not be lost. A closer look at the aforementioned negative results reveals a

commonality: they all hold in the worst case, relying on carefully constructed pathological instances.

To understand the performance beyond the worst case, much of the recent fair division literature has

adopted distributional assumptions. For example, in asymptotic fair division it is well understood

that fairness guarantees that are unattainable in the worst case (e.g., envy-freeness) are often

achievable with high probability on random instances. What is far less understood is whether the

same phenomenon holds for incentives. Do truthful mechanisms — that can’t meaningfully balance

fairness and efficiency under worst-case analysis — perform just as poorly on random instances?

In this paper, we study truthful no-money mechanisms under stochastic valuations. Our main

question is whether such mechanisms can provide meaningful fairness and efficiency guarantees

with high probability. Put differently, is it possible that by going beyond worst-case analysis we

can actually achieve the fairness–efficiency–truthfulness trifecta on most fair division instances?

1.1 Our Contribution
A subtlety arises when considering incentives under stochastic valuations, which is that there is

no longer a single canonical notion of truthfulness. The definition depends on whether an agent

considers the consequences of their action ex-post or in expectation over the other agents’ values.

In this paper, we consider both Dominant Strategy Incentive Compatibility (DSIC) and Bayesian
Incentive Compatibility (BIC) to more deeply understand the trade-offs imposed by these constraints.

We begin by focusing on DSIC mechanisms. In our stochastic model, agents’ valuations are drawn

from a known distribution D, and the mechanism is evaluated with respect to the random draw of

valuations (e.g., in expectation or with high probability).

We start with the two-agent case. In this setting, we can leverage a known characterization of DSIC

no-money mechanisms and restrict attention to the class of picking–exchange mechanisms [Ama-

natidis et al., 2017]. We give a complete picture. First, we show that there exists a distribution D
1
An allocation satisfies EF

+𝑢
−𝑣 if no agent envies another agent after adding 𝑢 items to their bundle and removing 𝑣 items

from the other agent’s bundle.
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such that no DSIC mechanism can, in expectation, achieve an 𝛼-approximation to the optimal

welfare for any 𝛼 > 2+
√
2

4
≈ 0.854 (Theorem 3.1). Second, we show that there exists a mechanism

that achieves, in expectation, a
2+
√
2

4
-approximation to the optimal welfare, for all underlying

distributions simultaneously (Proposition 3.3). Furthermore, we identify a pair of mechanisms, such

that, given a distribution D, at least one of the two mechanisms will achieve a
2+
√
2

4
-approximation

to the optimal welfare, as well as be envy-free with high probability (Theorem 3.7).

A notable aspect of our positive results is that they reveal a tight and, to the best of our knowledge,

previously unnoticed connection to the rich literature on prophet inequalities. Concretely, in Propo-

sition 3.8 we show that the welfare approximation ratio of a natural class of picking-sequence
mechanisms (which are DSIC and do not use monetary transfers) coincides with the optimal guar-

antees in the i.i.d. prophet inequality problem. This correspondence explains the appearance of the

constant
2+
√
2

4
(which is the best possible ratio in a specific instance of the i.i.d. prophet inequality

problem) in the two-agent case, and furthermore provides a principled route for generalizing our

positive results to 𝑛 > 2 agents. Specifically, for 𝑛 > 2 agents, we prove that there exists a DSIC

mechanism that achieves an ≈ 0.745 approximation to welfare (Corollary 3.9) and that a simple

DSIC mechanism gives a 1/2 approximation to the optimal expected welfare, as well as is envy-free

with high probability (Theorem 3.10).

Finally, we turn to BIC mechanisms. Under i.i.d. stochastic valuations, it is known that it is possible

to simultaneously achieve optimal welfare and envy-freeness with high probability [Dickerson et al.,

2014]. We prove that BIC comes at essentially no cost (!); specifically, we give a BIC mechanism that

guarantees a (1 - 𝜀)-approximation to the optimal welfare and is envy-free with high probability

(Theorem 4.1). Our mechanism requires no knowledge of the underlying distribution (it just assumes

that an underlying distribution exists). This result can also be extended to independent but non-

identical distributions per agent. Under the same conditions as [Bai and Gölz, 2022] (see related

work), when the underlying distributions are known, we can get a mechanism that is BIC, (1 -

𝜀)-approximately Pareto efficient and envy-free with high probability.

1.2 Related Work
Incentives in Fair Division. Numerous impossibility results in fair division say that “fairness” and

“truthfulness” are incompatible for various fairness notions (where “truthfulness" is used as a

synonym to DSIC) [Amanatidis et al., 2017, 2016, Bu and Tao, 2024, Lipton et al., 2004, Markakis

and Psomas, 2011]. Furthermore, (Pareto) efficiency and truthfulness are known to imply dictator-

ships [Pápai, 2000, 2001, Schummer, 1996]. In fact, a truthful, non-bossy, and neutral mechanism

must be a serial-quota mechanism [Babaioff and Manaker Morag, 2025]. Therefore, much of the

work in truthful fair division attempts to achieve fairness, efficiency, and incentive compatibility by

restricting the family of instances considered, e.g., dichotomous valuations [Amanatidis et al., 2021,

Babaioff et al., 2021, Barman and Verma, 2022, Bu and Tao, 2024, Halpern et al., 2020], Leontief

valuations [Friedman et al., 2014, Ghodsi et al., 2011, Parkes et al., 2015], or a small number (e.g.,

𝑛 = 2) agents [Bu and Tao, 2024]. Some works use “money burning,” i.e., leave some resources

unallocated, to recover incentive compatibility in addition to fairness and efficiency [Abebe et al.,

2020, Cole et al., 2013, Friedman et al., 2019].

In all aforementioned works, “truthfulness” is a synonym for “dominant strategy incentive compati-

bility (DSIC).” Some recent works in fair division explore whether the aforementioned impossibility

results can be bypassed by relaxing DSIC to truthful in expectation [Mossel and Tamuz, 2010],

Bayesian incentive compatibility [Gkatzelis et al., 2024], not obviously manipulable [Ortega and
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Segal-Halevi, 2022, Psomas and Verma, 2022], or partial strategyproofness [Mennle and Seuken,

2021]. [Hartman et al., 2025] explores how manipulable different mechanisms are. Finally, another

recent, related line of work explores whether the Nash equilibria of non-truthful mechanisms (e.g.,

the round robin procedure) satisfy fairness guarantees [Amanatidis et al., 2024, 2023].

Asymptotic Fair Division. Dickerson et al. [2014] initiate the study of fair division under stochastic

preferences, and proved that the welfare maximizing allocation is envy-free with high probability

when the number of goods𝑚 ∈ Ω(𝑛 log𝑛) (where 𝑛 is the number of agents) and items’ values

are drawn i.i.d. from a fixed distribution with bounded PDF. Manurangsi and Suksompong [2021]

improve this result, and show that an envy-free allocation exists with high probability when

𝑚 ∈ Ω(𝑛 log𝑛/log log𝑛). Bai and Gölz [2022] study the existence of envy-free allocations for

the case of independent but non-identically distributed agents’ values. They show that under

mild restrictions on the distribution (in particular, the distribution PDF values are both lower and

upper bounded on the non-zero interval), envy-free and Pareto optimal allocations exist with high

probability. Furthermore, such an allocation is achieved by maximizing weighted welfare, where the

weights depend on the agents’ specific distributions. Benadè et al. [2024a] study independent agents

with non-additive stochastic valuations, and Benadè et al. [2024b] study non-independent agents

in an online setting. We note that all aforementioned works treat the distributions as constants;

Halpern et al. [2025] show that envy-free allocations exist with high probability even without this

assumption, and even in an online setting.

Closer to our work, and to the best of our knowledge the only other work that studies incentives in

the asymptotic regime, Garg et al. [2025] give a truthful in expectation mechanism that outputs

envy-free allocations with high probability, even in a model where agents’ valuations are correlated.

In contrast, in this work, we give DSIC mechanisms (a stronger notion of incentive compatibility)

that are envy-free with high probability, as well as approximately maximize welfare; alas, we

require agents to be independent.

We will also make use of some results from i.i.d. prophet inequalities. We will introduce the

necessary preliminaries and discuss related work when they are used in Section 3.3.

2 MODEL
A set of𝑚 indivisible itemsM = {1, 2, ...,𝑚} must be allocated among a set of 𝑛 agents N = [𝑛]
with additive preferences. An allocation 𝐴 = {𝐴1, 𝐴2, ..., 𝐴𝑛} partitions the𝑚 items inM among

the 𝑛 agents, where the set of items allocated to agent 𝑖 ∈ [𝑛] is 𝐴𝑖 (we refer to 𝐴𝑖 as agent 𝑖’s

allocation or bundle). Note that each item 𝑗 ∈ M must be assigned to exactly one agent inN . Each

agent 𝑖 ∈ N has a valuation vector 𝑣𝑖 ∈ R𝑚
≥0, where 𝑣𝑖, 𝑗 is agent 𝑖’s value for item 𝑗 . The utility of

agent 𝑖 for an allocation 𝐴 to be 𝑢𝑖 (𝐴) =
∑

𝑗∈𝐴𝑖
𝑣𝑖, 𝑗 .

We assume that agents’ values are drawn i.i.d. from a distribution D, i.e. 𝑣𝑖, 𝑗 ∼ D for all 𝑖 ∈ N and

𝑗 ∈ M. We make some minimal assumptions on D, namely, that it is nonnegative, bounded, has

nonzero variance, and continuous.
2
We call a distribution satisfying these conditions valid. Note

that none of our results will depend on the rescaling of D; thus, it is without loss of generality to

assume that D is supported on [0, 1].

While values 𝑣𝑖 are private and known only to agent 𝑖 , agent 𝑖 can strategically report their values

as a vector of bids 𝑏𝑖 , where 𝑏𝑖, 𝑗 represents agent 𝑖’s bid for item 𝑗 . Note that the agents are strategic

2
Strictly speaking, continuous distributions are not necessary for any of our results; we simply assume it for ease of

exposition. This ensures quantiles for item values are well-behaved. For discrete distributions, care must be taken to handle

tie-breaking.
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and therefore may misreport their bids, so 𝑏𝑖 is not necessarily equal to 𝑣𝑖 . A mechanism is a

function𝑀 (·) that maps a profile of bids b = (𝑏1, ..., 𝑏𝑛) to an allocation𝑀 (b).

A mechanism is incentive compatible if it is robust to strategic agents. In this paper, we focus on

two formalizations of incentive compatibility. First, a mechanism is dominant strategy incentive
compatible (DSIC) if truthfully bidding their private values is a dominant strategy for every agent.

Formally, a mechanism 𝑀 (·) is DSIC if, for every agent 𝑖 ∈ N , every possible bid 𝑏𝑖 , and every

possible bids of other agents 𝑏−𝑖 ,

𝑢𝑖 (𝑀 (𝑣𝑖 , 𝑏−𝑖 )) ≥ 𝑢𝑖 (𝑀 (𝑏𝑖 , 𝑏−𝑖 )) .
Second, a mechanism is Bayesian incentive compatible (BIC) if every agent truthfully bidding their

private values is a Bayesian Nash equilibrium. This means that no agent can achieve higher expected

utility by bidding anything other than their true valuations, where the expectation is taken over the

random values of all other agents. Formally, a mechanism𝑀 (·) is BIC if for every possible bid 𝑏𝑖 ,

E𝑣−𝑖∼D𝑛−1 [𝑢𝑖 (𝑀 (𝑣𝑖 , 𝑣−𝑖 ))] ≥ E𝑣−𝑖∼D𝑛−1 [𝑢𝑖 (𝑀 (𝑏𝑖 , 𝑣−𝑖 ))] .

An allocation 𝐴 is envy-free (EF) if, for every pair of agents 𝑖1, 𝑖2 ∈ N , agent 𝑖1 has a higher utility

for their own bundle than for agent 𝑖2’s bundle. Formally, for all 𝑖, 𝑗 ∈ N , 𝑢𝑖1 (𝐴𝑖1 ) ≥ 𝑢𝑖1 (𝐴𝑖2 ).

The social welfare of an allocation 𝐴 is the total utility across all agents, i.e. sw
u (𝐴) = ∑

𝑖∈N 𝑢𝑖 (𝐴).
We say a mechanism𝑀 achieves an 𝛼 approximation to welfare if

Eu [swu (𝑀 (v))] ≥ 𝛼 · Eu [max

𝐴
sw

u (𝐴)] .

We will say the mechanism achieves an 𝛼 − 𝑜 (1) approximation to welfare if the approximation

approaches 𝛼 as𝑚 grows large. Furthermore, we will say a mechanism is envy-free with high

probability if the probability it outputs an envy-free allocation approaches 1 as𝑚 grows large.

3 DSIC MECHANISMS
3.1 Two Agents
We begin by studying DSIC mechanisms for the case of 𝑛 = 2 agents. In the context of stochastic

values, one might hope that the relaxation from worst-case analysis would allow for mechanisms

that approximate the optimal welfare arbitrarily well. However, as we show next, this is not the

case; there is a constant ceiling on the welfare approximation achievable by any DSIC mechanism.

Theorem 3.1. When 𝑛 = 2, for all 𝜀 > 0, there exists a valid distribution D such that no DSIC
mechanism achieves a 2+

√
2

4
+ 𝜀 approximation to welfare.

The proof of this result builds on a structural characterization of DSIC mechanisms for two agents

established by Amanatidis et al. [2017]. At a high level, every DSIC mechanism for two agents can

be decomposed into two fundamental types of mechanisms: picking mechanisms and exchange
mechanisms. A picking mechanism is defined by a set of allowable subsets O ⊆ P(M) and a

designated agent 𝑖 . Given the reported bids, agent 𝑖 receives the subset 𝐴 ∈ O that maximizes their

perceived value, while the other agent receives the remainderM \𝐴. This is essentially a “menu”

approach where one agent chooses their favorite bundle from a restricted list.

An exchange mechanism, by contrast, relies on a fixed partition of itemsM into sets 𝑆 and𝑇 . We can

think of agent 1 as being “endowed" with 𝑆 and agent 2 with𝑇 . A trade is considered favorable for an

agent if they strictly prefer the other agent’s endowment to their own; it is considered unfavorable

if they strictly prefer their own endowment to the other agent’s. An exchange mechanism outputs
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(𝑇, 𝑆) if the trade is favorable for both agents and (𝑆,𝑇 ) if the trade is unfavorable for either. (In
the cases of indifference, the mechanism must still select and output one of (𝑆,𝑇 ) or (𝑇, 𝑆).)

Amanatidis et al. [2017] prove that all DSIC mechanisms for two agents are picking-exchange
mechanisms: the items are partitioned into subsetsM = 𝑀1 ⊔ · · · ⊔ 𝑀ℓ and each subset 𝑀𝑘 is

allocated according to a fixed picking or exchange mechanism. Our proof for Theorem 3.1 proceeds

by providing a single distribution for which neither of these building blocks can perfectly capture

the social welfare. The distribution we consider takes value 0 or 1 most of the time, and with small

probability takes a (very) high value 𝐻 . For this distribution, we then show that no picking or

exchange mechanism can achieve higher than a
2+
√
2

4
+ 𝜀 approximation to welfare.

Intuitively, a picking mechanism fails to achieve a high approximation to welfare because, in a

picking mechanism, the allocation of items is determined solely by agent 1. Agent 1 does not know

which items agent 2 has a high value for, and therefore, in expectation, agent 1 will pick some

items where they have value 1 for the item but agent 2 has value 𝐻 for the item. This leads to an

avoidable loss in expected social welfare for any picking mechanism, which we show is at least a

multiplicative factor of
2+
√
2

4
+ 𝜀.

Bounding the expected welfare of all exchange mechanisms requires a more involved argument.

Specifically, we bound the expected welfare contribution of all non-high-value items and all high-

value items separately. For the former, we observe that the exchange component (𝑆,𝑇 ) must output

either the allocation (𝑆,𝑇 ) or (𝑇, 𝑆); therefore, we can bound the contribution of all non-high-value

items by bounding the expected maximum welfare of all non-high-value items in (𝑆,𝑇 ) or (𝑇, 𝑆).
The bound for high-value items is technically more involved. To bound the expected welfare

contribution of all high-value items, we first condition on the total number of high-value items

and then bound the welfare contribution based on correctly and incorrectly assigned high-value

items. Finally, we can combine the expected welfare contribution of the low-value items and the

high-value items to show that any exchange mechanism is at best a
2+
√
2

4
+ 𝜀 approximation.

Proof of Theorem 3.1. Fix 𝜀 > 0. We define a family of distributions parameterized by positive

constants 𝑝 and 𝛿 . Taking 𝑝 and 𝛿 sufficiently small (in terms of 𝜀) will give the desired result.

To draw a value 𝑣 , we first sample a “base" value:

𝑣base =


1−𝑞
𝑝

with probability 𝑝

1 with probability 𝑞

0 with probability 1 − 𝑞 − 𝑝

where 𝑞 = 2 −
√
2 ≈ 0.59. To this base value, we add uniform noise scaled by 𝛿 , so we have

𝑣 = 𝑣base + Unif[0, 𝛿]. The noise term’s only purpose is to ensure that ties in agents’ valuations

for distinct subsets of goods occur with probability 0. We will refer to the above distribution (for

sampling a value 𝑣) as D throughout this proof.

The expected value of a single draw from D is:

E[𝑣] = 𝑝 · 1 − 𝑞
𝑝
+ 𝑞 · 1 + (1 − 𝑞 − 𝑝) · 0 + 𝛿

2

= (1 − 𝑞) + 𝑞 = 1 + 𝛿
2

. (1)

TheWelfare Benchmark. The expected optimal social welfare per item is the expected maximum

of two i.i.d. draws 𝑣1 and 𝑣2 from D. The probability that at least one draw is a “high value" (i.e.,
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𝑣base =
1−𝑞
𝑝
) is 1 − (1 − 𝑝)2 = 2𝑝 − 𝑝2 and the probability that at least one draw is 1 and no draw is

a high value is 𝑞2 + 2𝑞(1 − 𝑞 − 𝑝).

The expected value of the max of two draws 𝑣1 and 𝑣2 is therefore:

E[max(𝑣1, 𝑣2)] =
1 − 𝑞
𝑝

(
2𝑝 − 𝑝2

)
+ 1 · (𝑞2 + 2𝑞(1 − 𝑞 − 𝑝)) + 𝛿/2

= (1 − 𝑞) (2 − 𝑝) + 2𝑞 − 𝑞2 − 2𝑝𝑞 + 𝛿/2
= 2 − 𝑞2 − 𝑞𝑝 − 𝑝 + 𝛿/2

= 4

√
2 − 4 − 𝑞𝑝 − 𝑝 + 𝛿/2.

The rest of the proof will focus on showing that no DSIC mechanism can achieve expected welfare

greater than

√
2 +𝜓 (𝛿, 𝑝) per item, for some function 𝜓 that goes to zero as 𝛿 and 𝑝 go to zero.

Since we already showed that the maximum expected welfare is 4

√
2 − 4 − 𝑞𝑝 − 𝑝 + 𝛿/2 per item,

this establishes the desired approximation ratio upper bound of

√
2 +𝜓 (𝛿, 𝑝)

4

√
2 − 4 − 𝑞𝑝 − 𝑝 + 𝛿/2

≤
√
2

4

√
2 − 4

+ 𝜀 = 2 +
√
2

4

+ 𝜀, (2)

for sufficiently small 𝛿 and 𝑝 .

Mechanism Decomposition. From the results in [Amanatidis et al., 2017], any DSIC mechanism

for two agents partitions the set of items𝑀 into components and runs a distinct sub-mechanism

on each component: 𝑀 = 𝑃1 ⊔ 𝑃2 ⊔ 𝐸1 ⊔ · · · ⊔ 𝐸𝑘 . The first component is Picking Mechanisms
(for allocating subsets 𝑃1 and 𝑃2), where an agent is allocated their most preferred bundle from a

collection of subsets (subsets of 𝑃1 and 𝑃2, respectively), and the other agent receives the remaining

goods. Note that two picking mechanisms suffice; the first one, where agent 1 picks first, allocates

the subset 𝑃1, and the second one, where agent 2 picks first, allocates the subset 𝑃2. The second

component is Exchange Mechanisms (for allocating subsets 𝐸1, . . . , 𝐸𝑘 ), where items are endowed to

the agents, and traded if and only if both agents prefer the other’s bundle. We will prove that for

any component corresponding to a set of items 𝐶 from this partition (with |𝐶 | = 𝑠), the expected
welfare generated by these items is at most(√

2 +𝜓 (𝛿, 𝑝)
)
· |𝐶 | =

(√
2 +𝜓 (𝛿, 𝑝)

)
𝑠, (3)

for some function𝜓 (𝛿, 𝑝) that goes to zero as 𝛿 and 𝑝 go to zero.

Analysis of Picking Mechanisms.Without loss of generality, consider 𝑃1 with |𝑃1 | = 𝑠 . Although
the fraction of items that agent 1 picks can be arbitrary, the key property we will use is that the

allocation rule for 𝑃1 depends only on agent 1’s values. Condition on agent 1’s values (𝑣1, 𝑗 for

𝑗 ∈ 𝑃1) but assume we have not yet sampled agent 2’s values.

Suppose agent 1 is allocated a set 𝑆 ⊆ 𝑃1 and agent 2 gets 𝑃1 \ 𝑆 . Let 𝐻 = { 𝑗 ∈ 𝑃1 | 𝑣1, 𝑗 ≥ 1−𝑞
𝑝
} be

the set of items agent 1 has high (base) value for in 𝑃1, and let E𝐻 be the event that 𝐻 is the set of

items for which agent 1 has high (base) value for. For any 𝑗 ∈ 𝑃1, if 𝑗 ∈ 𝐻 and agent 1 is given item

𝑗 , then this item contributes at least
1−𝑞
𝑝
, and at most

1−𝑞
𝑝
+ 𝛿 , to the welfare. For any 𝑗 ∈ 𝑃1 such

that 𝑗 ∉ 𝐻 , if agent 1 is given item 𝑗 , then this item contributes at most 1 + 𝛿 to the welfare. For any
item 𝑗 ∈ 𝑃1, if we give item 𝑗 to agent 2, then the expected contribution of item 𝑗 to the welfare,
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conditioned on E𝐻 , is E[𝑣2, 𝑗 | E𝐻 ] = 1 + 𝛿
2
by Equation (1). Therefore, the conditional expected

welfare of the component 𝑃1 is at most

E[welfare of 𝑃1 | E𝐻 ] ≤ |𝐻 | ·
(
1 − 𝑞
𝑝
+ 𝛿

)
+ (|𝑃1 \ 𝐻 |) · (1 + 𝛿) ≤ 𝑠 + |𝐻 |

(
1 − 𝑞 − 𝑝

𝑝

)
+ 𝛿𝑠.

Taking an expectation over 𝐻 gives that the expected welfare of the component 𝑃1 is at most

E[Welfare of 𝑃1] = E [E[welfare of 𝑃1 | E𝐻 ]]

= E
[
𝑠 + |𝐻 |

(
1 − 𝑞 − 𝑝

𝑝

)
+ 𝛿𝑠

]
= 𝑠 +

(
1 − 𝑞 − 𝑝

𝑝

)
E[|𝐻 |] + 𝛿𝑠

= 𝑠 +
(
1 − 𝑞 − 𝑝

𝑝

)
𝑝𝑠 + 𝛿𝑠

= 𝑠 (2 − 𝑞 − 𝑝) + 𝛿𝑠

≤ (2 − 𝑞)𝑠 + 𝛿𝑠 =
√
2𝑠 + 𝛿𝑠 = (

√
2 + 𝛿)𝑠,

as desired, where we used that E[|𝐻 |] = 𝑝𝑠 . The analysis for 𝑃2 is identical by symmetry. Therefore,

we have shown Equation (3) for picking mechanisms.

Analysis of Exchange Mechanisms. Consider an exchange component 𝐸 where agent 1 is

endowed with ℓ items and agent 2 with 𝑘 items. Let 𝑠 = |𝐸 | = ℓ + 𝑘 . The following argument will

work for all 𝑠 ≥ 3. At the end of this proof, we separately handle the final nondegenerate case of

ℓ = 𝑘 = 1. (Note that it is without loss of generality that ℓ ≥ 1 and 𝑘 ≥ 1, as otherwise these items

are always allocated to a single agent and trade never occurs; this can therefore be represented as

part of the picking mechanism.)

We bound the welfare by analyzing the contributions from non-high-value and high-value items

separately, where a high-value item is an item with base value
1−𝑞
𝑝
.

Contribution from Non-High-Value Items. For any item, if an agent’s value for that item is not “high,”

then the item’s value is drawn from a Bern( 𝑞

1−𝑝 ) + Unif(0, 𝛿) distribution. Let𝑊 be the welfare of

non-high-value items in the endowed allocation. Let𝑊 ′ be the welfare of the non-high-value items

in the “flipped” allocation, where the ℓ items given to agent 1 are given to agent 2 instead, and

the 𝑘 items given to agent 2 are given to agent 1. We can decompose𝑊 as𝑊 =𝑊𝑏𝑎𝑠𝑒 + 𝑍 , where
𝑊𝑏𝑎𝑠𝑒 is the sum of the Bernoulli contributions, and 𝑍 is the sum of the noise terms from Unif(0, 𝛿).
Note that𝑊𝑏𝑎𝑠𝑒 follows a binomial distribution𝑊𝑏𝑎𝑠𝑒 ∼ Bin(𝑠, 𝑞

1−𝑝 , and the noise term is bounded

by 0 ≤ 𝑍 ≤ 𝑠𝛿 with probability 1. Similarly,𝑊 ′ =𝑊 ′
𝑏𝑎𝑠𝑒
+ 𝑍 ′ where𝑊 ′

𝑏𝑎𝑠𝑒
is an independent draw

from the same binomial distribution and 0 ≤ 𝑍 ′ ≤ 𝑠𝛿 .

The expectedwelfare of component𝐸 fromnon-high-values can be upper bounded byE[max(𝑊,𝑊 ′)].
Using the deterministic bound on the noise, we have:

E[max(𝑊,𝑊 ′)] ≤ E[max(𝑊𝑏𝑎𝑠𝑒 + 𝑠𝛿,𝑊 ′𝑏𝑎𝑠𝑒 + 𝑠𝛿)] = E[max(𝑊𝑏𝑎𝑠𝑒 ,𝑊
′
𝑏𝑎𝑠𝑒
)] + 𝑠𝛿 .

Since𝑊𝑏𝑎𝑠𝑒 and𝑊
′
𝑏𝑎𝑠𝑒

are independent and identically distributed from Bin

(
𝑠,

𝑞

1−𝑝

)
,
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we have:

E[max(𝑊𝑏𝑎𝑠𝑒 ,𝑊
′
𝑏𝑎𝑠𝑒
)] = E[𝑊𝑏𝑎𝑠𝑒 ] +

1

2

E[|𝑊𝑏𝑎𝑠𝑒 −𝑊 ′𝑏𝑎𝑠𝑒 |]

≤ E[𝑊𝑏𝑎𝑠𝑒 ] +
1

2

√︃
Var(𝑊𝑏𝑎𝑠𝑒 −𝑊 ′𝑏𝑎𝑠𝑒 )

= E[𝑊𝑏𝑎𝑠𝑒 ] +
√︂

Var(𝑊𝑏𝑎𝑠𝑒 )
2

.

where the second transition follows from Jensen’s inequality, and the third follows because the

variance of the sum of independent random variables is the sum of their variances. Substituting the

mean E[𝑊𝑏𝑎𝑠𝑒 ] = 𝑠 𝑞

1−𝑝 and variance Var(𝑊𝑏𝑎𝑠𝑒 ) = 𝑠 𝑞

1−𝑝 (1 −
𝑞

1−𝑝 ), and combining with the noise

error term 𝑠𝛿 , we obtain the upper bound:

𝑠𝑞 +
√︂
𝑠𝑞(1 − 𝑞)

2

+ 𝑠𝛿 .

Contribution from High-Value Items. Let ℎ be the total count of high-value draws in the endowed

and non-endowed items by both agents, i.e., ℎ = |{(𝑖, 𝑗) | 𝑣𝑖, 𝑗 ≥ 1−𝑞
𝑝
}|. Note that E[ℎ] = 2𝑠𝑝 . We

will show the following lemma, the proof of which can be found in Appendix C.

Lemma 3.2. Conditioned on any value of ℎ, the expected welfare of high-value items in this component
is at most

3

4

1 − 𝑞
𝑝

ℎ + 𝛿ℎ.

Using that E[ℎ] = 2𝑠𝑝 , this gives that the expected welfare contribution of high-value items is at

most

E
[
3

4

1 − 𝑞
𝑝

ℎ + 𝛿ℎ
]
=

(
3

4

1 − 𝑞
𝑝
+ 𝛿

)
(2𝑠𝑝) = 3

2

(1 − 𝑞)𝑠 + 2𝑝𝛿𝑠.

Combining the Bounds. The total expected welfare is bounded by the sum of the contributions from

non-high-value and high-value items, which from above is upper bounded by:(
𝑠𝑞 +

√︂
𝑠𝑞(1 − 𝑞)

2

+ 𝛿𝑠
)
+

(
3

2

(1 − 𝑞)𝑠 + 2𝑝𝛿𝑠
)
=

(
3 − 𝑞
2

)
𝑠 +

√︂
𝑠𝑞(1 − 𝑞)

2

+ 𝑠 ·𝜓 (𝛿, 𝑝),

where𝜓 goes to 0 as 𝛿 and 𝑝 go to 0. Our goal is to show that for 𝑠 ≥ 3, this is at most 𝑠 (
√
2+𝜓 (𝛿, 𝑝)).

In other words, we will show that:(
3 − 𝑞
2

)
𝑠 +

√︂
𝑠𝑞(1 − 𝑞)

2

≤
√
2𝑠 .

Rearranging and plugging in 𝑞 = 2 −
√
2, it suffices to show that√︄

𝑠 (3
√
2 − 4)
2

≤
(√

2 − 1
2

)
𝑠 .

Isolating 𝑠 (and using that 𝑠 > 0), we get that the above is equivalent to

2(3
√
2 − 4)

(
√
2 − 1)2

≤ 𝑠 .
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The LHS simplifies to 2

√
2 ≤ 2.83. Therefore, for any 𝑠 ≥ 3 > 2

√
2, the desired inequality holds,

implying that the total expected welfare of all items from this component is upper bounded by

𝑠 (
√
2 +𝜓 (𝛿, 𝑝)).

This completes the proof of Equation (3) for exchange components when 𝑠 ≥ 3.

Small Exchanges (𝑠 = 2). The only non-degenerate case left is a 1-for-1 trade (ℓ = 1, 𝑘 = 1).

Consider the expected value of agent 1 for the item they receive. Their expected value for their

endowed item is 1 + 𝛿/2 (by Equation (1)). Their expected gain from trade, if allowed by agent 2,

is E[max(𝑣1,2 − 𝑣1,1, 0)] = E[𝑣1,2−𝑣1,1 ]+E[ |𝑣1,2−𝑣1,1 | ]
2

=
E[ |𝑣1,2−𝑣1,1 | ]

2
. Note that agent 2 is willing to trade

with probability 1/2, independently of agent 1’s value. Thus, the expected welfare gain for agent 1

from trading is
E[ |𝑣1,2−𝑣1,1 | ]

4
. We can compute the expected absolute gap between two draws from

the distribution D as

E[|𝑣1,2 − 𝑣1,1 |] ≤ 2𝑝𝑞

(
1 − 𝑞
𝑝
− 1

)
+ 2𝑝 (1 − 𝑝 − 𝑞)

(
1 − 𝑞
𝑝

)
+ 2𝑞(1 − 𝑝 − 𝑞) · 1 + 𝛿

= 2 − 2𝑞2 − 2𝑝 − 2𝑝𝑞 + 𝛿
≤ 2(1 − 𝑞2) + 𝛿.

The expected welfare for agent 1’s item in this component is therefore upper bounded by

1 + 𝛿
2

+ 1

4

(2(1 − 𝑞2) + 𝛿) ≤ 3 − 𝑞2
2

+ 𝛿

=
3 − (2 −

√
2)2

2

+ 𝛿

=
4

√
2 − 3
2

+ 𝛿

=
√
2 + 2

√
2 − 3
2

+ 𝛿

≤
√
2 + 𝛿.

This shows that agent 1’s expected welfare from the exchange is at most

√
2 + 𝛿 . By symmetry, the

same holds for agent 2, yielding a

√
2 + 𝛿 per-item bound on the final expected welfare for this

component. This shows Equation (3) holds for exchange components when 𝑠 = 2.

Therefore, we have shown that Equation (3) holds for all 𝑠 and all exchange mechanisms and for all

picking mechanisms, and therefore it must hold for all components of any DSIC mechanism. This

completes the proof of Equation (2), and therefore the proof of Theorem 3.1. □

A Matching Bound. Strikingly, the upper bound of Theorem 3.1 is tight. We can match the ≈ 0.854

ratio using a remarkably simple class of rules we call Pick-𝑟 mechanisms. For 𝑟 ∈ [0, 1], a Pick-𝑟
mechanism for two agents grants agent 1 their ⌊𝑟𝑚⌋ most valuable items, leaving the rest for agent

2. This is simply a picking mechanism where the “menu" consists of all subsets of a fixed cardinality;

therefore, it is inherently DSIC.

Proposition 3.3. For two agents and any valid distributionD, the Pick-𝑟 mechanism, for 𝑟 = ( 2−
√
2

2
),

is DSIC and achieves a 2+
√
2

4
− 𝑜 (1) approximation to welfare.
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This establishes that simple picking mechanisms are, in a sense, the “optimal” DSIC mechanisms

for two agents under i.i.d. valuations.

The proof of Proposition 3.3 relies on the key observation that for a large number of items, a Pick-𝑟

mechanism for two agents is approximately equivalent to the first agent taking any items for which

its corresponding quantile (with respect to the underlying distribution) is at least 1 − 𝑟 . Therefore,
rather than considering each distribution separately, we can instead analyze a Pick-𝑟 mechanism

via the quantile of the value of the agent who is assigned the item. Concretely, consider any one

item. In the optimal allocation, the item is allocated to the agent with the highest value; therefore,

the corresponding quantile is the maximum of two Uniform [0, 1] random variables. To bound our

approximation ratio, we compare this with the equivalent quantile for a Pick-𝑟 mechanism.

The fact that Pick-𝑟 mechanisms are approximately equivalent to this quantile version will be useful

here, and especially when generalizing to 𝑛 > 2 agents. We first formalize this connection.

Definition 3.4 (Pick-r mechanisms). Given a vector r = (𝑟1, 𝑟2, . . . , 𝑟𝑛) such that (i) 𝑟𝑖 ≥ 0 for all

𝑖 , and (ii)

∑𝑛
𝑖=1 𝑟𝑖 = 1, let 𝑡𝑖 = ⌊𝑚 · ∑𝑖

𝑗=1 𝑟 𝑗 ⌋ − ⌊𝑚 ·
∑𝑖−1

𝑗=1 𝑟 𝑗 ⌋. The Pick-r mechanism is a quota
serial dictatorship [Pápai, 2000] where agent 1 selects their favorite 𝑡1 items, then agent 2 selects

their favorite 𝑡2 items from the remainder, and so on. (Note that this choice of 𝑡𝑖 ensures that

𝑡𝑖 ∈ {⌊𝑟𝑖𝑚⌋, ⌈𝑟𝑖𝑚⌉} and
∑

𝑖 𝑡𝑖 =𝑚.)

Definition 3.5 (QT-s mechanism). For a vector s = (𝑠1, . . . , 𝑠𝑛) with 𝑠𝑛 = 1, we define the quantile-

threshold-s (QT-s) mechanism as follows: For each item value 𝑣𝑖, 𝑗 , we determine its quantile

𝑞𝑖, 𝑗 ∈ [0, 1].3 The mechanism iterates through agents 1, . . . , 𝑛; item 𝑗 is allocated to the first agent 𝑖

such that 𝑞𝑖, 𝑗 ≥ 1 − 𝑠𝑖 .

We now show that these two mechanisms produce nearly identical allocations, and consequently,

have similar guarantees.

Lemma 3.6. Fix a vector r = (𝑟1, . . . , 𝑟𝑛) such that (i) 𝑟𝑖 ≥ 0 for all 𝑖 , and (ii)
∑

𝑖 𝑟𝑖 = 1, and let
s = (𝑠1, . . . , 𝑠𝑛) be such that

𝑠𝑖 =
𝑟𝑖

1 −∑𝑖−1
𝑘=1

𝑟𝑘
.

We have that

(1) With probability 1−𝑂 (𝑛/𝑚2), the allocations of Pick-r and QT-s differ on at most𝑂 (𝑛2
√︁
𝑚 log𝑚)

items.

Furthermore, fix a valid distribution D with CDF 𝐹 , and let 𝑋1, . . . , 𝑋𝑛 and 𝑋 all be i.i.d. draws from
D. Let 𝜏𝑖 = 1 − 𝑠𝑖 .

(2) Pick-r achieves an 𝛼 − 𝑜 (1) approximation to the optimal expected welfare, where

𝛼 =

∑𝑛
𝑖=1 𝑟𝑖 · E[𝑋 | 𝑋 ≥ 𝐹 −1 (𝜏𝑖 )]

E[max𝑖 𝑋𝑖 ]
.

(3) Pick-r is Envy-Free (EF) with high probability if for all agents 𝑖 and 𝑗 , if 𝑖 < 𝑗 ,

𝑟𝑖 E[𝑋 | 𝑋 ≥ 𝐹 −1 (𝜏𝑖 )] > 𝑟 𝑗 E[𝑋 | 𝑋 ≤ 𝐹 −1 (𝜏𝑖 )],
and if 𝑖 > 𝑗 ,

𝑟𝑖 E[𝑋 | 𝑋 ≥ 𝐹 −1 (𝜏𝑖 )] > 𝑟 𝑗 E[𝑋 ] .
3
Recall that we assumed that distributions are continuous, so this is well-defined.



Daniel Halpern, Alexandros Psomas, and Shirley Zhang 11

The proof of Lemma 3.6 can be found in Appendix D. Using Lemma 3.6, we are now ready to prove

Proposition 3.3.

Proof of Proposition 3.3 . We directly analyze the correspondingQTmechanism fromLemma 3.6.

Specifically, Pick-𝑟 , for 𝑟 = 2−
√
2

2
, behaves near-identically to QT-( 2−

√
2

2
, 1) (for a large number of

items). Let 𝜏1 = 1 − 2−
√
2

2
=
√
2

2
and 𝜏2 = 0. From part (2) of Lemma 3.6 we have that Pick-r achieves

an 𝛼 − 𝑜 (1) approximation to the optimal expected welfare, where

𝛼 =

∑𝑛
𝑖=1 𝑟𝑖 · E[𝑋 | 𝑋 ≥ 𝐹 −1 (𝜏𝑖 )]

E[max𝑖 𝑋𝑖 ]

=

2−
√
2

2
· E[𝑋 | 𝑋 ≥ 𝐹 −1 (

√
2

2
)] + (1 − 2−

√
2

2
) · E[𝑋 | 𝑋 ≥ 𝐹 −1 (0)]

E[max{𝑋1, 𝑋2}]

=

2−
√
2

2
· E[𝑋 | 𝑋 ≥ 𝐹 −1 (

√
2

2
)] +

√
2

2
· E[𝑋 ]

E[max{𝑋1, 𝑋2}]

=
𝑟 · E[𝑋 | 𝑋 ≥ 𝐹 −1 (1 − 𝑟 )] + (1 − 𝑟 ) · E[𝑋 ]

E[max{𝑋1, 𝑋2}]
For the numerator we have that 𝑟 · E[𝑋 | 𝑋 ≥ 𝐹 −1 (1 − 𝑟 )] = E[𝑋 · 1{𝑋 ≥ 𝐹 −1 (1 − 𝑟 )}] =∫
1

1−𝑟 𝐹
−1 (𝑥)𝑑𝑥 . We also have that E[𝑋 ] =

∫
1

0
𝐹 −1 (𝑥)𝑑𝑥 . Therefore, the numerator becomes∫

1

1−𝑟
𝐹 −1 (𝑥)𝑑𝑥 + (1 − 𝑟 )

∫
1

0

𝐹 −1 (𝑥)𝑑𝑥 =

∫
1

1−𝑟
𝐹 −1 (𝑥)𝑑𝑥 + (1 − 𝑟 )

(∫
1−𝑟

0

𝐹 −1 (𝑥)𝑑𝑥 +
∫

1

1−𝑟
𝐹 −1 (𝑥)𝑑𝑥

)
= (1 − 𝑟 )

∫
1−𝑟

0

𝐹 −1 (𝑥)𝑑𝑥 + (2 − 𝑟 )
∫

1

1−𝑟
𝐹 −1 (𝑥)𝑑𝑥

=

∫
1

0

𝑔(𝑥)𝐹 −1 (𝑥)𝑑𝑥,

where 𝑔(𝑥) = 1− 𝑟 for 𝑥 < 1− 𝑟 , and 𝑔(𝑥) = 2− 𝑟 for 𝑥 ≥ 1− 𝑟 . Similarly, the denominator is equal

to

∫
1

0
2𝑥𝐹 −1 (𝑥)𝑑𝑥 . Therefore, we have that

𝛼 =

∫
1

0
𝑔(𝑥)𝐹 −1 (𝑥)𝑑𝑥∫
1

0
2𝑥𝐹 −1 (𝑥)𝑑𝑥

.

We will prove that

∫
1

𝑡
𝑔(𝑥)𝑑𝑥 ≥ 2+

√
2

4
·
∫
1

𝑡
2𝑥𝑑𝑥 , for all 𝑡 ∈ [0, 1], which implies that 𝛼 ≥ 2+

√
2

4
(since

𝐹 −1 (𝑥) is a non-decreasing function), concluding the proof. We have that

∫
1

𝑡
2𝑥𝑑𝑥 = 1 − 𝑡2. For

𝑡 < 1 − 𝑟 ,
∫
1

𝑡
𝑔(𝑥)𝑑𝑥 =

∫
1−𝑟
𝑡

1 − 𝑟𝑑𝑥 +
∫
1

1−𝑟 2 − 𝑟𝑑𝑥 = (1 − 𝑟 ) (1 − 𝑟 − 𝑡) + (2 − 𝑟 )𝑟 = 1 − (1 − 𝑟 )𝑡 =
1 −

√
2

2
𝑡 =

2−
√
2𝑡

2
. It is easy to confirm that

2−
√
2𝑡

2
≥ 2+

√
2

4
(1 − 𝑡2). For 𝑡 ≥ 1 − 𝑟 ,

∫
1

𝑡
𝑔(𝑥)𝑑𝑥 =∫

1

𝑡
2 − 𝑟𝑑𝑥 = (2 − 𝑟 ) (1 − 𝑡) = 2+

√
2

2
(1 − 𝑡). It is easy to confirm that

2+
√
2

2
(1 − 𝑡) ≥ 2+

√
2

4
(1 − 𝑡2).

This concludes the proof. □

Incorporating Fairness. While Proposition 3.3 provides a welfare approximation, it says nothing

about fairness. Indeed, the parameter choice 𝑟 =
2−
√
2

2
≈ 0.29 implies that agent 2 receives over

70% of the items. Under distributions where items have similar values, agent 1 will inevitably be

envious. Furthermore, it is straightforward to show that varying 𝑟 in Pick-𝑟 mechanisms to balance

the allocation (and restore fairness) leads to suboptimal welfare guarantees.
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One might therefore suspect a necessary trade-off between fairness and efficiency among DSIC

mechanism. However, strikingly, we can incorporate envy-freeness at essentially no loss to the

worst-case welfare guarantee. The key insight is that we don’t need to restrict ourselves to a single

picking mechanism for all distributions; instead, we show that for any distribution, there exists a

choice of 𝑟 that simultaneously achieves both envy-freeness and optimal welfare guarantees.

Theorem 3.7. For two agents and any valid distribution D, there exists an 𝑟 for which the Pick-𝑟
mechanism is simultaneously DSIC, envy-free with high probability, and achieves a 2+

√
2

4
− 𝑜 (1)

approximation to welfare.

The proof of Theorem 3.7 builds on the result of Proposition 3.3, which showed that the Pick-𝑟

mechanism for 𝑟 = 2−
√
2

2
achieves the desired welfare approximation. The key idea for the proof

of Theorem 3.7 is separate all possible underlying distribution in to two categories. The first

category is the set of distributions for which the Pick-
2−
√
2

2
is envy-free with high probability. For

these distributions, Proposition 3.3 directly implies the desired result. The second category is the

set of distributions for which the Pick-
2−
√
2

2
mechanism is not envy-free with high probability.

Here, we show that for sufficiently small 𝜀 > 0, the Pick-(1/2 − 𝜀) mechanism achieves at least a

7/8−𝑜 (1) ≥ 2+
√
2

4
−𝑜 (1) approximation to welfare and is envy-free with high probability. Therefore,

in this case, the Pick-(1/2− 𝜀) satisfies the desired property. The proof of Theorem 3.7 can be found

in Appendix E.

3.2 Connection to Prophet Inequalities

For a reader that is well-versed in optimal stopping theory, the ratio
2+
√
2

4
≈ 0.854 from Propo-

sition 3.3 may look familiar. This is no coincidence. It turns out that there is a tight connection

between i.i.d. prophet inequalities and the approximation ratios of a class Pick-r (or, more specifi-

cally, QT-s mechanisms). To discuss this, we will need to formally introduce the concepts and give

a brief background of the area.

Preliminaries on I.I.D. Prophets Inequalities. In the i.i.d. prophet setting, a sequence of 𝑛 random

variables 𝑋1, . . . , 𝑋𝑛 are drawn i.i.d. from a fixed, known distribution D. An online algorithm

observes the realized values 𝑥1, . . . , 𝑥𝑛 sequentially. Upon observing 𝑥𝑖 , the algorithm must make

an irrevocable decision to either accept 𝑥𝑖 and stop, or reject 𝑥𝑖 and continue to step 𝑖 + 1. An
algorithm in this problem is characterized by a stopping time 𝜏 , a random variable taking values in

{1, . . . , 𝑛} such that the event {𝜏 = 𝑖} depends only on the history 𝑋1, . . . , 𝑋𝑖 . The objective is to

maximize the expected reward, E[𝑋𝜏 ]. The algorithm competes against a “prophet” who knows

the realizations of all random variables in advance and selects the maximum. We say an algorithm

achieves an 𝛼-approximation (or has a competitive ratio of 𝛼) if E[𝑋𝜏 ] ≥ 𝛼 · E[max𝑖 𝑋𝑖 ].

This problem was first studied by Hill and Kertz [1982] (while the non-i.i.d. version dates back

to Krengel and Sucheston [1978]), who derived a recursive formula for the optimal 𝛼 for any fixed

𝑛, denoted by 𝑎𝑛 . For 𝑛 = 2, this bound is
2+
√
2

4
≈ 0.854.4 They further demonstrated that for all 𝑛,

𝑎𝑛 ≥ 1− 1/𝑒 ≈ 0.632. Subsequently, [Kertz, 1986] proved that as 𝑛 →∞, 𝑎𝑛 converges to a constant

𝛽 ≈ 0.745. This constant is defined such that 1/𝛽 satisfies the integral equation:∫
1

0

1

𝑦 (1 − ln𝑦) + 𝛽 − 1 𝑑𝑦 = 1.

4
Hill and Kertz originally analyzed the ratio of the prophet to the gambler (1/𝛼 ). We adopt the modern convention of the

approximation ratio 𝛼 ≤ 1.
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While Kertz established 𝛽 as the asymptotic limit, he did not prove that the sequence of 𝑎𝑛s is

monotone, leaving open the possibility that the bound for finite 𝑛 could be strictly worse than 𝛽 .

This gap was closed by [Correa et al., 2017], who proved that 𝛽 ≈ 0.745 is a universal lower bound

for all 𝑛 ≥ 1.

We can now state the equivalence between i.i.d. prophet inequalities and DSIC mechanisms in

our setting. In particular, we will define the Quantile-threshold-prophet-s (QTP-s) algorithm for

the i.i.d. prophet inequality problem, which, upon observing value 𝑥𝑖 , it accepts it if and only if

𝑞𝑖 ≥ 1 − 𝑠𝑖 , where 𝑞𝑖 is the quantile of 𝑥𝑖 (i.e., 𝑞𝑖 = 𝐹 (𝑥𝑖 )). We then have the following.

Proposition 3.8. Fix a valid distribution D and a number of agents 𝑛. Fix 𝛼 ∈ [0, 1]. The following
statements hold.

(1) For any s, the QT-s algorithm (Definition 3.5) achieves an 𝛼-approximation to welfare iff the QTP-s
algorithm achieves an 𝛼-approximation to the reward of the prophet.

(2) There exists a prophet algorithm achieving an 𝛼-approximation iff there exists a vector r for which
Pick-r achieves an 𝛼-approximation.

Proof. For (1), fix an arbitrary s. Consider a single item 𝑗 with quantiles 𝑞𝑖, 𝑗 = 𝐹 (𝑣𝑖, 𝑗 ). By Defi-

nition 3.5, QT-s allocates 𝑗 to 𝜏 = min{𝑖 ∈ [𝑛] : 𝑞𝑖, 𝑗 ≥ 1 − 𝑠𝑖 }. The QTP-s stopping rule is exactly
the same, hence on every realization QT-s and QTP-s select the same index 𝜏 and obtain the same

realized value. Summing over items, the total welfare of QT-s equals the total reward of running

QTP-s independently on each item (with the same s), and therefore their expectations coincide.

Finally, the offline benchmark in our allocation setting is

∑
𝑗 max𝑖 𝑣𝑖, 𝑗 (each item assigned to the

agent with the highest value), which is exactly the prophet benchmark for these per-item instances.

For (2), first note that by Lemma 3.6, every Pick-r mechanism is equivalent to a QT-s mechanism

(with respect to the welfare approximation, up to a 𝑜 (1) difference), for some threshold vector s.
Second, by part (1) of this proposition, the welfare of a QT-s mechanism is identical to the reward

of a prophet algorithm QTP-s. Therefore, it suffices to show that the optimal prophet algorithm

must be a QTP-s algorithm.

Consider an arbitrary optimal prophet algorithm, and let 𝑧𝑖 be the marginal probability that the

algorithm stops at step 𝑖 . To maximize the expected reward

∑
𝑖 E[𝑋𝑖 |stop at i] · 𝑧𝑖 , for these (fixed)

marginal stopping probabilities, the optimal strategy at step 𝑖 (conditioned on reaching step 𝑖) must

be to accept when 𝑋𝑖 takes a large value. This implies a threshold strategy where we accept 𝑋𝑖

if and only if it exceeds a certain quantile 𝑠𝑖 , and specifically 𝑠𝑖 = 𝑧𝑖/𝑃𝑟 (reach 𝑖). This is a QTP-s
strategy, and it achieves the same welfare as the original algorithm. Therefore, applying part (1) of

this proposition and Lemma 3.6, we have a correspondence between optimal prophet algorithms

and Pick-r mechanisms. □

3.3 𝑛 > 2 Agents
We now turn to the case of𝑛 > 2 agents. By importing results from the i.i.d. prophet problem [Correa

et al., 2017], we can ensure that, for any distribution D and any number of agents 𝑛, there exists a

mechanism achieving a 𝛽 ≈ 0.745 approximation to welfare.

Corollary 3.9. For all𝑛 and distributionsD, there exists r = (𝑟1, . . . , 𝑟𝑛−1) such the Pick-rmechanism
achieves a 𝛽 − 𝑜 (1) ≈ 0.745 approximation to welfare. Furthermore, there exists a valid distribution D
such that no picking sequence can achieve a higher approximation to welfare.
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Proof. By Proposition 3.8, the welfare approximation of a Pick-r mechanism is equivalent to the

competitive ratio of an i.i.d. prophet inequality algorithm. Since 𝛽−𝑜 (1) ≈ 0.745 is the optimal bound

for the i.i.d. prophet inequality problem [Correa et al., 2017], the existence of the corresponding

Pick-r mechanism follows. □

Incorporating Fairness. The most natural approach to fairness in this framework is to equalize the

number of items agents pick, i.e., to use the Pick-(1/𝑛, . . . , 1/𝑛) mechanism. This corresponds to

a stopping rule studied in the prophet inequality literature [Arsenis and Kleinberg, 2022], albeit

under a different notion of fairness. For this mechanism, we can prove the following guarantee:

for all 𝑛, the Pick-(1/𝑛, . . . , 1/𝑛) mechanism is DSIC, envy-free in expectation, and achieves a 1/2
approximation to welfare. By slightly modifying the number of items allocated to each agent, we

are able to find a mechanism that can instead achieve envy-freeness with high probability.

Theorem 3.10. For all 𝑛 and all valid distributions D, for sufficiently small 𝜀, the Pick-r mechanism
with r = (1/𝑛 − 𝜀, · · · , 1/𝑛 − 𝜀, 1/𝑛 + (𝑛 − 1)𝜀) is envy-free with high probability and achieves a
1/2 − 𝑜 (1) approximation to welfare.

Proof of Theorem 3.10. To show the welfare approximation, we will apply part (2) of Lemma 3.6

to show that the welfare approximation is strictly greater than 1/2 for 𝜀 = 0. Since the welfare

approximation is continuous in 𝜀 (as the thresholds in the expected values are continuous), it will

remain greater than 1/2 for sufficiently small 𝜀 > 0.

Using the definition in Lemma 3.6, we have that 𝑠𝑖 =
1/𝑛

1−(𝑖−1)/𝑛 = 1

𝑛−𝑖+1 . Therefore, using part (2) of
Lemma 3.6, we have that the approximation ratio for 𝜀 = 0 is∑𝑛

𝑖=1
1

𝑛
· E[𝑋 | 𝑋 ≥ 𝐹 −1

(
1 − 1

𝑛+1−𝑖
)
]

E[max𝑖 𝑋𝑖 ]
=

∑𝑛
𝑖=1

1

𝑛
· E[𝑋 | 𝑋 ≥ 𝐹 −1

(
1 − 1

𝑖

)
]

E[max𝑖 𝑋𝑖 ]
.

Using the identity E[𝑌 ] =
∫ ∞
0

Pr[𝑌 > 𝑥] 𝑑𝑥 for nonnegative random variables, we can rewrite the

expectation terms. For a fixed integration variable 𝑥 , the conditional probability Pr[𝑋 > 𝑥 | 𝑋 ≥
𝐹 −1 (1 − 1/𝑖)] depends on whether 𝑥 is below or above the threshold 𝐹 −1 (1 − 1/𝑖).

• If 𝑥 ≤ 𝐹 −1 (1−1/𝑖), then the condition𝑋 > 𝑥 is always met given the condition𝑋 ≥ 𝐹 −1 (1−1/𝑖),
and thus, the probability is 1.

• If 𝑥 > 𝐹 −1 (1−1/𝑖), then Pr[𝑋 > 𝑥 | 𝑋 ≥ 𝐹 −1 (1−1/𝑖)] = Pr[𝑋>𝑥 ]
Pr[𝑋 ≥𝐹 −1 (1−1/𝑖 ) ] =

1−𝐹 (𝑥 )
1/𝑖 = 𝑖 (1−𝐹 (𝑥)).

Therefore, Pr[𝑋 > 𝑥 | 𝑋 ≥ 𝐹 −1 (1 − 1/𝑖)] = min{1, 𝑖 (1 − 𝐹 (𝑥))}. Summing over 𝑖 we have that∑𝑛
𝑖=1

1

𝑛
· E[𝑋 | 𝑋 ≥ 𝐹 −1

(
1 − 1

𝑖

)
] is equal to

𝑛∑︁
𝑖=1

1

𝑛

∫ ∞

𝑥=0

min{1, 𝑖 (1 − 𝐹 (𝑥))}𝑑𝑥 =

∫ ∞

𝑥=0

(
1

𝑛

𝑛∑︁
𝑖=1

min{1, 𝑖 (1 − 𝐹 (𝑥))}
)
𝑑𝑥 .

On the other hand, E[max𝑖 𝑋𝑖 ] =
∫ ∞
0
(1−𝐹 (𝑥)𝑛) 𝑑𝑥 . We will prove that

1

𝑛

∑𝑛
𝑖=1 min{1, 𝑖 (1−𝐹 (𝑥))} >

1

2
(1 − 𝐹 (𝑥)𝑛) for all 𝑥 ≥ 0.
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Case 1: 𝑥 > 𝐹 −1 (1 − 1/𝑛). In this case, 1 − 𝐹 (𝑥) < 1/𝑛, and therefore 𝑖 (1 − 𝐹 (𝑥)) < 1 for all 𝑖 ∈ [𝑛].
Therefore,

1

𝑛

𝑛∑︁
𝑖=1

min{1, 𝑖 (1 − 𝐹 (𝑥))} = 1 − 𝐹 (𝑥)
𝑛

𝑛∑︁
𝑖=1

𝑖 =
1 − 𝐹 (𝑥)

𝑛

𝑛(𝑛 + 1)
2

=
𝑛 + 1
2

(1 − 𝐹 (𝑥)) .

Using Bernoulli’s inequality, 𝐹 (𝑥)𝑛 = (1 − (1 − 𝐹 (𝑥)))𝑛 ≥ 1 − 𝑛(1 − 𝐹 (𝑥)). This implies that

1 − 𝐹 (𝑥)𝑛 ≤ 𝑛(1 − 𝐹 (𝑥)). So we overall have

1

𝑛

𝑛∑︁
𝑖=1

min{1, 𝑖 (1 − 𝐹 (𝑥))} = 𝑛 + 1
2

(1 − 𝐹 (𝑥)) > 𝑛

2

(1 − 𝐹 (𝑥)),

as desired.

Case 2: 𝑥 ≤ 𝐹 −1 (1 − 1/𝑛). Here we use the trivial bound 1 − 𝐹 (𝑥)𝑛 ≤ 1, so it suffices to show that

1

𝑛

∑𝑛
𝑖=1 min{1, 𝑖 (1 − 𝐹 (𝑥))} > 1/2. Since 𝑥 ≤ 𝐹 −1 (1 − 1/𝑛), 1 − 𝐹 (𝑥) ≥ 1/𝑛. Therefore,

1

𝑛

𝑛∑︁
𝑖=1

min{1, 𝑖 (1 − 𝐹 (𝑥))} ≥ 1

𝑛

𝑛∑︁
𝑖=1

min{1, 𝑖/𝑛} = 1

𝑛

𝑛(𝑛 + 1)
2𝑛

>
1

2

,

as desired.

Envy-Freeness: We now verify envy-freeness for the vector r = (1/𝑛 − 𝜀, . . . , 1/𝑛 − 𝜀, 1/𝑛 + (𝑛 − 1)𝜀).
Let 𝜏𝑖 be the value threshold for agent 𝑖 . For 𝑖 < 𝑛, 𝜏𝑖 ∈ (0, 1) because 𝑠𝑖 < 1. For agent 𝑛, 𝑠𝑛 = 1

(since they take everything remaining), so 𝜏𝑛 = 𝐹 −1 (0) = 0. There are three cases based on whether

or not one of the agents is agent 𝑛.

(1) Agents 𝑖, 𝑗 < 𝑛. Here, 𝑟𝑖 = 𝑟 𝑗 . Since 𝑋 is continuous and 𝜏𝑖 > 0, E[𝑋 | 𝑋 ≥ 𝐹 −1 (𝜏𝑖 )] > E[𝑋 ] ≥
E[𝑋 | 𝑋 < 𝐹 −1 (𝜏𝑖 )], so the inequality holds regardless of the order of 𝑖 and 𝑗 .

(2) Agent 𝑗 = 𝑛. Here 𝑟𝑖 = 1/𝑛 − 𝜀 and 𝑟 𝑗 = 1/𝑛 + (𝑛 − 1)𝜀. However, E[𝑋 | 𝑋 ≥ 𝐹 −1 (𝜏𝑖 )] > E[𝑋 |
𝑋 < 𝐹 −1 (𝜏𝑖 )]. Thus, for sufficiently small 𝜀, 𝑟𝑖 E[𝑋 | 𝑋 ≥ 𝐹 −1 (𝜏𝑖 )] > 𝑟 𝑗 E[𝑋 | 𝑋 < 𝐹 −1 (𝜏𝑖 )].

(3) Agent 𝑖 = 𝑛. Here 𝑟𝑖 = 1/𝑛 + (𝑛 − 1)𝜀. Furthermore, 𝜏𝑖 = 0, so E[𝑋 | 𝑋 ≥ 𝐹 −1 (𝜏𝑖 )] = E[𝑋 ].
Therefore, for all 𝜀 > 0, 𝑟𝑖 E[𝑋 | 𝑋 ≥ 𝐹 −1 (𝜏𝑖 )] > 𝑟 𝑗 E[𝑋 ].

Since all expected value conditions strictly hold, by Lemma 3.6 part (3), the mechanism is envy-free

with high probability. □

4 BIC MECHANISMS
In this section, we study Bayesian Incentive Compatible mechanisms. Consider the Ranking algo-

rithm, defined as Algorithm 1. The algorithm, at a high level, works as follows. We interpret the

agents’ bids as ordinal, i.e., we convert the cardinal (reported) values to a ranking over the items.

Then, we give each item to the agent who ranked it highest. We prove that this achieves strong

theoretical guarantees.

Specifically, the algorithm will compute the ranking 𝜎𝑖 based on the bids 𝑏𝑖 for each agent 𝑖 , where

item 𝑗 is ranked higher than item 𝑘 in 𝜎𝑖 if and only if 𝑏𝑖, 𝑗 ≥ 𝑏𝑖,𝑘 . The algorithm will then give each

item to the agent with the highest rank for that item (with consistent tie-breaking). Let rank(𝜎𝑖 , 𝑗)
be the rank of item 𝑗 in agent 𝑖’s list, with 1 being the top ranked item.

Theorem 4.1. For all valid distributions D, the ranking algorithm (Algorithm 1) is BIC, envy-free
with high probability, and achieves a 1 − 𝑜 (1) approximation to welfare.
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ALGORITHM 1: Ranking Algorithm
Input: Bids {𝑏𝑖, 𝑗 }𝑖∈N, 𝑗∈M for each agent, item pair

𝜎𝑖 ← Ranking of bids 𝑏𝑖 , breaking ties arbitrarily, ∀𝑖
𝐴𝑖 ← ∅, ∀𝑖
for 𝑗 ← 1 to𝑚 do

𝑟 ← min𝑖 rank(𝜎𝑖 , 𝑗)
𝑖∗ ← min𝑖: rank(𝜎𝑖 , 𝑗 )=𝑟 𝑖
𝐴𝑖∗ ← 𝐴𝑖∗ ∪ { 𝑗}

end

To prove the BIC property, we show that for each position 𝑗 , there is a fixed probability 𝑝 𝑗 that an

agent receives the item ranked in position 𝑗 . Furthermore, these probabilities are monotonically

decreasing in 𝑗 . Thus, to maximize their expected value for the items they receive, an agent should

report their true ranking, which is induced by truthfully reporting their values. Regarding fairness

and efficiency, the i.i.d. assumption implies that Algorithm 1 approximates welfare maximization,
i.e., the rule that gives each item to the agent with the highest value. Welfare maximization is

known to have strong fairness and efficiency guarantees in this setting [Dickerson et al., 2014].

Our proof shows that these guarantees extend to this approximate regime.

Consequently, Algorithm 1 achieves nearly all desired properties. The primary trade-off is the

1 − 𝑜 (1) approximation rather than exact optimality. However, it is straightforward to show that

any mechanism achieving a perfect welfare guarantee cannot be incentive compatible: optimal

welfare requires allocating every item to the agent with the highest value, creating an unavoidable

incentive for agents to exaggerate their bids.

Proof of Theorem 4.1. First, we prove the BIC property. Since item values are i.i.d. across agents,

the rankings 𝜎−𝑖 induced by other agents are, from 𝑖’s perspective, exchangeable across items: for

any fixed item, the relative ranks assigned to it by the other agents have the same distribution

as for any other item. Consequently, for each position 𝑡 ∈ [𝑚] there exists a number 𝑝𝑡 ∈ [0, 1]
such that, regardless of which item agent 𝑖 places in position 𝑡 , the probability that 𝑖 wins that

item equals 𝑝𝑡 . Moreover, these probabilities are monotone: 𝑝1 ≥ 𝑝2 ≥ · · · ≥ 𝑝𝑚 , since moving an

item higher in 𝜎𝑖 can only increase 𝑖’s probability of being the highest-ranked agent for that item

(tie-breaking is fixed and consistent). Therefore, given 𝜎𝑖 and true valuation 𝑣𝑖 , agent 𝑖’s expected

utility can be written as

E[𝑢𝑖 |𝜎𝑖 , 𝑣𝑖 ] =
𝑚∑︁
𝑡=1

𝑝𝑡𝑣𝑖,𝜋 (𝑡 ) ,

where 𝜋 (𝑡) is the item agent 𝑖 placed in position 𝑡 (according to bids 𝑏𝑖 ). Since (𝑝𝑡 )𝑚𝑡=1 is a fixed,
non-increasing sequence, the above expression is maximized by assigning larger values to smaller

positions. Thus, agent 𝑖 maximizes expected utility by submitting bids whose rankings order the

items by decreasing true value (i.e., the ranking induced by truthful bidding). This establishes BIC.

Next, we show that Algorithm 1 matches welfare maximization on up to 𝑂 (𝑛
√︁
𝑚 log𝑚) items with

probability 1 −𝑂 (𝑛/𝑚2).

To this end, let 𝐹𝑖 be 𝑖’s empirical distribution of values. Let E𝑖 be the event that sup𝑥 |𝐹𝑖 (𝑥)−𝐹 (𝑥) | ≤√︁
log𝑚/𝑚. By the DKW inequality [Massart, 1990],

Pr[E𝑖 ] ≥ 1 − 2 exp(−2𝑚(
√︁
log𝑚/𝑚)2) = 1 − 2 exp(−2 log𝑚) = 1 − 2/𝑚2.
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Conditioned on E𝑖 for all 𝑖 ∈ N , all empirical quantiles are within

√︁
log𝑚/𝑚 of their true quantiles.

Thus, as long as there is a quantile difference between agents of at least 2

√︁
log𝑚/𝑚, then the

higher-value agent will rank it higher. The difference between the highest quantile and second

highest quantile of 𝑛 i.i.d. draws follows a Beta(1, 𝑛) distribution. As the PDF of this distribution is

at most 𝑛, the probability that it takes a value smaller than 2

√︁
log𝑚/𝑚 is at most 2𝑛

√︁
log𝑚/𝑚 for

each item, and this is independent across items. The expected number of items that have a small

highest-to-second-highest-quantile difference (recall that only those items can be allocated to the

“wrong” agent) is therefore 2𝑛
√︁
𝑚 log𝑚. By Hoeffding’s inequality, the number of items that have a

small highest-to-second-highest-quantile difference is at most (2𝑛 + 1)
√︁
𝑚 log𝑚 with probability at

least 1− exp(−2(
√︁
𝑚 log𝑚)2/𝑚) = 1− 1/𝑚2

. Conditioned on this event along with all of E𝑖 (which
by a union bound occurs with probability 1 −𝑂 (𝑛/𝑚2)), Algorithm 1 and welfare maximization

differ on at most𝑂 (𝑛
√︁
𝑚 log𝑚) items. This implies a 1 − 𝑜 (1) welfare approximation. Furthermore,

by Dickerson et al. [2014], for the allocation 𝐴∗ chosen by the welfare maximization algorithm,

𝑣𝑖 (𝐴∗𝑖 ) − 𝑣𝑖 (𝐴∗𝑗 ) ∈ Ω(𝑚/𝑛) with high probability (recalling that values are in [0, 1] without loss of
generality). Thus, conditioned on this event as well, even moving𝑂 (𝑛

√︁
𝑚 log𝑚) items adversarially,

the allocation remains envy-free with high probability. □

Finally, we show that Algorithm 1 can be extended to a large class of independent but non-identical
distributions (e.g., different agents have different distributions) using similar tools to [Bai and Gölz,

2022] (who study the existence of envy-free and efficient allocations in the non-i.i.d. stochastic

setting). We expand on this in Appendix A.

5 DISCUSSION
In this work, we revisited the problem of truthful fair division through the lens of stochastic

valuations. We showed that moving beyond worst-case analysis allows us to bypass various

impossibility results. Nonetheless, there are a number of avenues for future work.

Tightness for 𝑛 > 2 Agents. While we provide a complete picture for the DSIC two-agent case,

the case for 𝑛 > 2 has some gaps. Our prophet inequality-based mechanisms achieve a ≈ 0.745-

approximation, but we do not know if this is tight. Proving impossibility results for 𝑛 > 2 is

significantly more challenging than for the two-agent case. For 𝑛 = 2, we leveraged the structural

characterization of Amanatidis et al. [2017] which restricts all DSIC mechanisms to "picking-

exchange" rules. No such characterization exists for 𝑛 > 2. In the general case, DSIC mechanisms

can be much more complex; for instance, the mechanism used to divide items between agents 1

and 2 could depend on the report of agent 3 in intricate ways. Without a structural foothold, ruling

out the existence of high-welfare DSIC mechanisms for more than two agents remains a difficult

theoretical hurdle.

Correlated Valuations. Our analysis relied heavily on the independence of item values. A natural

and important direction for future work is to extend these results to distributions where values

are correlated across agents (although still independent across items), for example, from Benadè

et al. [2024b]. One promising angle is to view the distribution of item values as a cake in the

classic cake-cutting problem. For two agents, this analogy can be used to show that a Pick-𝑟 style

mechanism for some ordering of the agents achieves envy-freeness with high probability. We

expand on this in Appendix B. However, considering Pareto optimality (a more natural notion of

efficiency when agents’ value magnitudes are different) or extending this to more agents seems to

require new techniques.
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Beyond additive valuations. Finally, it would be very compelling to extend these results to settings

beyond additive valuations. In many combinatorial allocation problems, agents exhibit substitutes

or complements (e.g., submodular or supermodular valuations). A major challenge here is modeling:

defining natural, analytically tractable distributions over complex valuation functions is non-

trivial. One recent example in this direction is the work of Benadè et al. [2024a], which studies the

existence of envy-free allocations under a beyond-additive stochastic model. However, incorporating

incentives in such non-additive stochastic settings remains an open problem.
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A NON-IDENTICAL DISTRIBUTIONS
In this section, we extend our results to the setting where agents’ valuations are independent but

not necessarily identically distributed. We adopt the model of Bai and Gölz [2022]. Instead of all

agents drawing values from the same distribution D, there are 𝑛 distributions D1, . . . ,D𝑛 , and

each agent 𝑖’s value for item 𝑗 is drawn independently as 𝑣𝑖, 𝑗 ∼ D𝑖 .

We assume (as Bai and Gölz did) that the distributions satisfy regularity conditions: The distributions

admit probability density functions (PDFs) 𝑓1, . . . , 𝑓𝑛 that satisfy

(1) Interval Support: For each 𝑖 , there exists an interval [𝑎𝑖 , 𝑏𝑖 ] ⊆ [0, 1] such that 𝑓𝑖 (𝑥) > 0 if and

only if 𝑥 ∈ [𝑎𝑖 , 𝑏𝑖 ].

(2) Bounded PDFs: There exist constants 𝑝, 𝑞 > 0 such that for all 𝑖 and all 𝑥 where 𝑓𝑖 (𝑥) > 0, we

have 𝑝 ≤ 𝑓𝑖 (𝑥) ≤ 𝑞.

In this setting, maximizing social welfare is no longer an appropriate notion of efficiency, as

agents’ values maybe an arbitrarily different scales. Instead, we focus on Pareto optimality (PO).
An allocation (𝐴1, . . . , 𝐴𝑛) is PO if the values (𝑢1 (𝐴1), . . . , 𝑢𝑛 (𝐴𝑛)) are not Pareto dominated, i.e.,
there is no allocation (𝐴′

1
, . . . , 𝐴′𝑛) such that 𝑢𝑖 (𝐴′𝑖 ) ≥ 𝑢𝑖 (𝐴𝑖 ) for all 𝑖 , with strict inequality for at

least one agent. We say an allocation is 𝛼-Pareto-Optimal (𝛼-PO) if (𝑢1 (𝐴1)/𝛼, . . . , 𝑢𝑛 (𝐴𝑛)/𝛼) is
not Pareto dominated.

Bai and Gölz show that under these regularity conditions, there exist weights 𝑤1, . . . ,𝑤𝑛 such

that maximizing weighted welfare, assigning item 𝑗 to an agent maximizing 𝑤𝑖 · 𝑣𝑖, 𝑗 , yields an
allocation that is PO and EF with high probability as𝑚 grows large. These weights are chosen such

that the probability that any specific agent 𝑖 has the highest weighted value for an item is exactly

1/𝑛. As in Dickerson et al. [2014], they in fact show that not only will the allocation be EF, but

𝑢𝑖 (𝐴𝑖 ) − 𝑢𝑖 (𝐴 𝑗 ) ∈ Ω(𝑚/𝑛) with high probability.

We show that under the same conditions as Bai and Gölz [2022], a weighted version of the ranking

algorithm is still BIC with high probability. Note that the algorithm will now depend on the

distributions D.

ALGORITHM 2: Weighted Ranking Algorithm for CDFs 𝐹1, . . . , 𝐹𝑛 .

Input: {𝑏𝑖 }
𝑤1, . . . ,𝑤𝑛 ←Weights for 𝐹1, . . . , 𝐹𝑛 from Bai and Gölz [2022].

𝜎𝑖 ← Ranking of bids 𝑏𝑖 , breaking ties arbitrarily ∀𝑖
𝐴𝑖 ← ∅ ∀𝑖
for 𝑗 ← 1 to𝑚 do

𝑣𝑖 𝑗 ← 𝐹−1 (1 − rank(𝜎𝑖 , 𝑗)/(𝑚 + 1))
𝑣 ← max𝑖 𝑤𝑖 · 𝑣𝑖 𝑗
𝑖∗ ← min𝑖:=𝑟 𝑖

𝐴𝑖∗ ← 𝐴𝑖∗ ∪ { 𝑗}
end

TheoremA.1. For all interval-support and PDF-bounded distributionsD1, . . . ,D𝑛 with CDFs 𝐹1, . . . , 𝐹𝑛 ,
Algorithm 2 is BIC, EF, and (1 − 𝜀)-PO with high probability.

Proof. We first establish the BIC property. The logic follows the same as Theorem 4.1. From

the perspective of agent 𝑖 , the values (and thus the rankings) of all other agents are drawn in-

dependently across items. Consequently, the distribution of the "competing" weighted virtual
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values—max𝑘≠𝑖 {𝑤𝑘𝐹
−1
𝑘
(𝑞𝑘,𝑗 )}—is identical for every item 𝑗 . This implies that for any rank position

𝑟 ∈ [𝑚], there exists a fixed probability 𝑝𝑟 that agent 𝑖 wins the item they place at rank 𝑟 . Crucially,

because the CDF 𝐹𝑖 is monotone non-decreasing, placing an item at a higher rank (smaller 𝑟 ) results

in a higher implied quantile 𝑞𝑖, 𝑗 , a higher virtual value 𝑣𝑖, 𝑗 , and strictly higher winning probability

𝑝𝑟 . Thus, 𝑝1 ≥ 𝑝2 ≥ · · · ≥ 𝑝𝑚 . To maximize expected utility

∑
𝑗 𝑣𝑖, 𝑗 · P(win 𝑗), agent 𝑖 must assign

higher probabilities to higher-valued items. Truthful reporting (ranking by value) is therefore a

dominant strategy in the induced game, establishing BIC.

Next, we address fairness and efficiency. We show that the allocation produced by Algorithm 2

differs from the ideal weighted-welfare maximization on only a vanishing fraction of items. The

proof is again similar to Theorem 4.1, except we need to handle the different values with slightly

more care.

First, we claim it is without loss of generality to assume all weights𝑤𝑖 = 1. Indeed, instead of working

directly with these distributions, we will consider the weighted distributions𝑤1D1, . . . ,𝑤𝑛D𝑛 . Note

that these will all be 𝑝′-𝑞′-PDF bounded for 𝑝′ = 𝑝/max𝑖 𝑤𝑖 and 𝑞
′𝑞/min𝑖 𝑤𝑖 . Our proof will hold

for these weighted distributions, and both of these lead to indistinguishable algorithms.

Let 𝐹𝑖 denote the empirical CDF of agent 𝑖’s values. By the DKW inequality, with probability

1 − 𝑂 (1/𝑚2), we have sup𝑥 |𝐹𝑖 (𝑥) − 𝐹𝑖 (𝑥) | ≤
√︁
(ln𝑚)/𝑚. Because the PDFs are bounded above

by 𝑞′, the error in the value space is also bounded. Specifically, for any quantile 𝑥 , the difference

between the true value and the value implied by the empirical rank is bounded by 𝑞′ ·𝑂 (
√︁
(ln𝑚)/𝑚).

Consider an item 𝑗 . Algorithm 2 assigns 𝑗 to the agent with the highest virtual value. An error

occurs only if the agent with the highest true value, say 𝑖∗, loses to some agent 𝑘 because of the

ranking error. This requires the true values 𝑣𝑖∗, 𝑗 and 𝑣𝑘,𝑗 to be within 𝑂 (
√︁
(ln𝑚)/𝑚) of each other.

Since the difference of two independent random variables with bounded PDFs also has a bounded

PDF, the probability that |𝑣𝑖∗, 𝑗 − 𝑣𝑘,𝑗 | ≤ 𝜖 is𝑂 (𝜖). Substituting our error bound, the probability that

a specific item is allocated “incorrectly" (compared to exact weighted-welfare maximization) is

𝑂 (
√︁
(ln𝑚)/𝑚). Summing over all items and applying Hoeffding’s inequality, the total number of

mismatched items is 𝑂 (
√
𝑚 ln𝑚) with high probability. As established by Dickerson et al. [2014]

and Bai and Gölz [2022], the ideal weighted allocation is robust to adversarial changes of 𝑜 (𝑚)
items. Thus, Algorithm 2 retains the properties of Envy-Freeness and (1 − 𝜖)-Pareto Optimality

with high probability. □

B A CAKE-CUTTING APPROACH TO CORRELATED VALUES
In this section, we consider the setting where item values are drawn from a correlated distributionD.

That is, the valuation vectors (𝑣𝑖,1, . . . , 𝑣𝑖,𝑛) ∼ D are correlated across agents, though we maintain

the assumption that values are independent and identically distributed across items. This matches

the model of, e.g., Benadè et al. [2024b].

We focus on the case of 𝑛 = 2 agents. We show that under a mild assumption on the correlation

structure of D—specifically, that the agents’ quantile rankings are not perfectly dependent—there

exists a Pick-𝑟 mechanism that yields an allocation that is Envy-Free with high probability.

Correlation Assumption. We assume that for any agent 𝑖 and any quantile threshold 𝑞 ∈ (0, 1),
the set of items agent 𝑖 ranks above the 𝑞-th quantile is not identical to the set of items agent 𝑗

ranks above the 𝑞-th quantile with probability 1. Formally, if 𝐹𝑖 is the marginal CDF for agent 𝑖 , we

assume that for any 𝑞 where the upper tail has non-zero probability, P(𝐹 𝑗 (𝑣 𝑗 ) ≥ 𝑞 | 𝐹𝑖 (𝑣𝑖 ) ≥ 𝑞) < 1.



Daniel Halpern, Alexandros Psomas, and Shirley Zhang 22

Two agents. Without loss of generality, normalize the distribution D such that E[𝑣𝑖, 𝑗 ] = 1 for all

agents 𝑖 . We define a critical quantile threshold 𝜏𝑖 ∈ [0, 1] for each agent 𝑖 . This threshold represents

the quantile cutoff required for the agent to achieve exactly half of their total expected value.

Formally, 𝜏𝑖 satisfies:

E𝑣∼𝐹𝑖 [𝑣 · I(𝐹𝑖 (𝑣) ≥ 𝜏𝑖 )] =
1

2

E[𝑣] = 1

2

.

Let 𝑖 be an agent such that 𝜏𝑖 ≥ 𝜏 𝑗 for 𝑗 ≠ 𝑖 . We run the Pick-𝑟 mechanism with agent 𝑖 picking first,

setting 𝑟 to be the fraction of items with mass (1−𝜏𝑖 ) +𝜀 for sufficiently small 𝜀. The key observation

is that agent 𝑖 will value the items they receive at strictly more than half of their total value (and

will therefore not envy 𝑗 ). Furthermore, because 𝜏𝑖 ≥ 𝜏 𝑗 and valuations are not perfectly correlated,

agent 𝑗 ’s expected value for agent 𝑖’s bundle is strictly less than 1/2. Hence, for sufficiently large

𝑚, concentration inequalities ensure that these expected preferences translate to an EF allocation

with high probability. Furthermore, for two agents, envy-freeness implies a 1/2-approximation to

maximum welfare (as all agents are receiving at least 1/2 of their maximum possible utility).

Extensions to 𝑛 > 2 agents and cake cutting. For 𝑛 > 2 agents, the problem becomes significantly

more challenging. Our procedure for 𝑛 = 2 can be viewed as a discrete analogue of the Dubins-

Spanier Moving-Knife procedure [Dubins and Spanier, 1961], where a knife moves across “quantile

space” rather than across the physical cake. Under mild correlation assumptions, this approach can

be generalized to guarantee a proportional allocation using a DSIC mechanism for any number of

agents. In standard cake-cutting, contiguous envy-free allocations always exist for any𝑛 [Stromquist,

1980]. It remains an open question whether this result extends to quantile-contiguous allocations,
where there is an ordering of the agents 𝜎 (1), . . . , 𝜎 (𝑛), where each agent 𝜎 (𝑖) receives the portion
of the cake with highest density among the remaining pieces of 𝜎 (𝑖), . . . , 𝜎 (𝑛). The existence of
such an allocation would ensure that there is a DSIC algorithm for 𝑛 agents that is EF with high

probability, even with correlated valuations. Furthermore, it is unclear how to combine these

properties with efficiency.

C PROOF OF LEMMA 3.2
Proof of Lemma 3.2. We will proceed by casework on ℎ.

For ℎ = 1, a single high-value draw exists for one agent-item pair, (𝑖, 𝑗). To realize this value in the

final allocation, agent 𝑖 must receive item 𝑗 . We will show that with probability at least 1/4 (over
the choice of (𝑖, 𝑗) and other item values), agent 𝑖 does not receive item 𝑗 .

For intuition, we first show why this is the case for an equal-sized trade, where ℓ = 𝑘 . Suppose

without loss of generality that 𝑖 = 1. With probability 1/2, 𝑗 is not endowed to 𝑖 . From agent 2’s

perspective, all items are worth either 0 or 1, and due to the equally sized bundle, they will prefer

agent 1’s bundle only with probability 1/2. Thus, with probability 1/4, the high-value item is not

endowed to 1 and agent 2 is not willing to trade, which means that with probability 1/4 agent 𝑖
does not receive item 𝑗 , which proves Lemma 3.2 for the case when ℓ = 𝑘 and 𝑖 = 1.

Next, we extend this to unbalanced trades with ℓ ≠ 𝑘 but still with 𝑖 = 1. Let 𝜏 be the probability

that, if we sample values for bundles of size ℓ and 𝑘 from Bern(𝑞) +Unif[0, 𝛿], the ℓ-bundle is more

valuable than the 𝑘-bundle. Since ties occur with probability 0, this means that the 𝑘-bundle is

more valuable with probability 1 − 𝜏 . Without loss of generality, assume ℓ ≥ 𝑘 , which implies that

𝜏 ≥ 1/2.

Note that if agent 1 has the high value, then agent 2 will be willing to trade with probability 1 − 𝜏 ;
conversely, if agent 2 has the high value, then agent 1 will be willing to trade with probability 𝜏 .
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There are two events of interest: (i) Agent 2 has high value, it is in agent 1’s bundle, and agent 1 is

not willing to trade and (ii) Agent 1 has the high value, it is in agent 2’s bundle, and agent 2 is not

willing to trade. The first occurs with probability ℓ/(2𝑠) · 𝜏 and the second occurs with probability

𝑘/(2𝑠) · (1 − 𝜏). These are disjoint events, so the probability that at least one occurs is

ℓ/(2𝑠) · 𝜏 + 𝑘/(2𝑠) · (1 − 𝜏) = ℓ𝜏 + 𝑘 (1 − 𝜏)
2𝑠

≥ ℓ/2 + 𝑘/2
2𝑠

= 1/4,

where the inequality holds because 𝜏 ≥ 1/2 and ℓ ≥ 𝑘 .

Thus, the single high-value item 𝑖 is not received by agent 𝑗 with probability at least 1/4. Therefore,
the expected welfare contribution of this single item is at most (1− 1/4)

(
1−𝑞
𝑝
+ 𝛿

)
≤ 3

4
·ℎ · 1−𝑞

𝑝
+𝛿ℎ.

We will now show theℎ > 1 case. Fix anyℎ > 1. Let 𝑟 be the number of high-value items in endowed

bundles, and ℎ − 𝑟 be the remaining number in non-endowed bundles. The welfare contribution

from high-value items in this case is bounded by

max(𝑟, ℎ − 𝑟 ) · 1 − 𝑞
𝑝
+ 𝛿ℎ =

(
ℎ

2

+ |𝑟 − ℎ
2

|
)
1 − 𝑞
𝑝
+ 𝛿ℎ. (4)

Therefore, to bound the expected welfare contribution from high-value items in this case, we will

bound E[|𝑟 − ℎ
2
|] ≤ ℎ

4
.

The distribution of 𝑟 is a hypergeometric with parameters 𝑁 = 2𝑠, 𝐾 = 𝑠, 𝑛 = ℎ. Indeed, we are

sampling ℎ pairs (𝑖, 𝑗) without replacement, and exactly half are in endowed bundles. However,

for our purposes, it turns out that this distribution is convex dominated by a 𝑟 ′ ∼ Bin(ℎ, 1/2)
distribution. Since |𝑟 − ℎ

2
| is convex in 𝑟 , E𝑟∼HypGeo(2𝑠,𝑠,ℎ) [|𝑟 − ℎ

2
|] ≤ E𝑟 ′∼Bin(ℎ,1/2) [|𝑟 ′ − ℎ

2
|] (see

Theorem 3.A.39 of [Shaked and Shanthikumar, 2007]). We will instead upper bound the binomial

version.

For any ℎ ≥ 4, by Jensen’s inequality:

E[|𝑟 ′ − ℎ/2|] ≤
√︁
E[(𝑟 ′ − ℎ/2)2] =

√︁
Var(𝑟 ′) =

√︁
ℎ/4 =

√
ℎ/2 ≤ ℎ/4.

For ℎ = 2: E[|𝑟 ′ − 1|] = 1

4
|0 − 1| + 1

2
|1 − 1| + 1

4
|2 − 1| = 2/4.

For ℎ = 3: E[|𝑟 ′ − 3/2|] = 1

8
|0 − 3/2| + 3

8
|1 − 3/2| + 3

8
|2 − 3/2| + 1

8
|3 − 3/2| = 3/4.

Thus, for all ℎ > 1 we have that

E[|𝑟 − ℎ/2|] ≤ E[|𝑟 ′ − ℎ/2|] ≤ ℎ/4.
Therefore, by Equation (4), we can conclude that the expected welfare contributed for high-value

items is bounded by

E
[(
ℎ

2

+ |𝑟 − ℎ
2

|
)
1 − 𝑞
𝑝
+ 𝛿ℎ

]
≤

(
ℎ

2

+ E[|𝑟 − ℎ
2

|]
)
1 − 𝑞
𝑝
+ 𝛿ℎ

≤
(
ℎ

2

+ E[|𝑟 ′ − ℎ
2

|]
)
1 − 𝑞
𝑝
+ 𝛿ℎ

≤
(
ℎ

2

+ ℎ
4

)
1 − 𝑞
𝑝
+ 𝛿ℎ

=
3ℎ

4

1 − 𝑞
𝑝
+ 𝛿ℎ

as desired to complete the proof of Lemma 3.2. □
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D PROOF OF LEMMA 3.6
Proof of Lemma 3.6. First, observe that in QT-s, the probability that agent 𝑖 receives a specific

item is exactly 𝑟𝑖 . This follows by strong induction: the probability the item reaches agent 𝑖 is

1 − ∑𝑖−1
𝑘=1

𝑟𝑘 , and conditioned on reaching 𝑖 , it is taken with probability 𝑠𝑖 . The product of these

terms is 𝑟𝑖 .

We begin with (1). Let (𝐴1, . . . , 𝐴𝑛) denote the allocation of Pick-r and (𝐴′
1
, . . . , 𝐴′𝑛) denote the

allocation of QT-s.

By the above argument, we have that |𝐴′𝑖 | follows a binomial distribution with expectation E[|𝐴′𝑖 |] =
𝑟𝑖𝑚. Let 𝐶 =

√︁
𝑚 log(𝑚) + 1 ∈ 𝑂 (

√︁
𝑚 log(𝑚)). Applying Hoeffding’s inequality, Pr[| |𝐴′𝑖 | − 𝑟𝑖 ·𝑚 | >

𝐶 −1] ≤ 2 exp(−2(
√︁
𝑚 log𝑚)2/𝑚) = 2/𝑚2

. Furthermore, | |𝐴𝑖 | −𝑟𝑖 ·𝑚 | ≤ 1. Combining these, under

the Hoeffding event (| |𝐴′𝑖 | − 𝑟𝑖 ·𝑚 | > 𝐶 − 1), we have that | |𝐴′𝑖 | − |𝐴𝑖 | | ≤ 𝐶 . By a union bound over

𝑛 agents, this holds for all agents with probability at least 1 −𝑂 (𝑛/𝑚2). We will condition on the

event that | |𝐴𝑖 | − |𝐴′𝑖 | | ≤ 𝐶 , for all 𝑖 , for the remainder of the proof.

Fix arbitrary quantiles 𝑞𝑖, 𝑗 such that the event holds, and condition on the probability 1 event that

they are all distinct.

Fix an agent 𝑖 . Let𝑈𝑖 and𝑈
′
𝑖 be the set of available items for agent 𝑖 in Pick-r and QT-s respectively

(where𝑈𝑖 =M\
⋃𝑖−1

𝑘=1
𝐴𝑖 and𝑈

′
𝑖 =M\⋃𝑖−1

𝑘=1
𝐴′𝑖 ). Let 𝑑𝑖 = |𝑈𝑖Δ𝑈

′
𝑖 | be the number of items available

in one mechanism but not the other. We define 𝑈 ∗𝑖 = 𝑈𝑖 ∩𝑈 ′𝑖 as the set of items available in both

mechanisms.

Both mechanisms are greedy with respect to the same values (quantiles). Therefore, when choosing

from the common set𝑈 ∗𝑖 :

• Pick-r selects the top 𝑦𝑖 =: |𝐴𝑖 ∩𝑈 ∗𝑖 | items from𝑈 ∗𝑖 .

• QT-s selects the top 𝑦′𝑖 =: |𝐴′𝑖 ∩𝑈 ∗𝑖 | items from𝑈 ∗𝑖 .

Since both select the best items from the same set, the selected subsets are nested. Specifically,

if 𝑦𝑖 ≤ 𝑦′𝑖 , then (𝐴𝑖 ∩ 𝑈 ∗𝑖 ) ⊆ (𝐴′𝑖 ∩ 𝑈 ∗𝑖 ), and vice versa. The number of disagreements on these

common items is exactly the difference in count:

| (𝐴𝑖 ∩𝑈 ∗𝑖 )Δ(𝐴′𝑖 ∩𝑈 ∗𝑖 ) | = |𝑦𝑖 − 𝑦′𝑖 |.

We now bound the total allocation disagreement |𝐴𝑖Δ𝐴
′
𝑖 |. Let 𝑥𝑖 = |𝐴𝑖 \𝑈 ∗𝑖 | be the items agent 𝑖

took from𝑈𝑖 \𝑈 ′𝑖 (items only available in Pick-r). Let 𝑥 ′𝑖 = |𝐴′𝑖 \𝑈 ∗𝑖 | be the items agent 𝑖 took from

𝑈 ′𝑖 \𝑈𝑖 (items only available in QT-s). Note that 𝑥𝑖 ≤ |𝑈𝑖 \𝑈 ′𝑖 | and 𝑥 ′𝑖 ≤ |𝑈 ′𝑖 \𝑈𝑖 |, so 𝑥𝑖 + 𝑥 ′𝑖 ≤ 𝑑𝑖 .

The total number of items where allocations 𝐴𝑖 and 𝐴
′
𝑖 disagree is the sum of disagreements from

the disjoint sets and the common set:

|𝐴𝑖Δ𝐴
′
𝑖 | = 𝑥𝑖 + 𝑥 ′𝑖 + |𝑦𝑖 − 𝑦′𝑖 |.

We bound |𝑦𝑖 −𝑦′𝑖 | using the bundle size constraint. We know |𝐴𝑖 | = 𝑥𝑖 +𝑦𝑖 and |𝐴′𝑖 | = 𝑥 ′𝑖 +𝑦′𝑖 . From
our conditioning, we established | |𝐴𝑖 | − |𝐴′𝑖 | | ≤ 𝐶 . Substituting the sums:

| (𝑥𝑖 + 𝑦𝑖 ) − (𝑥 ′𝑖 + 𝑦′𝑖 ) | ≤ 𝐶 =⇒ |𝑦𝑖 − 𝑦′𝑖 | ≤ 𝐶 + |𝑥𝑖 − 𝑥 ′𝑖 |.
Substituting this back into the disagreement equation:

|𝐴𝑖Δ𝐴
′
𝑖 | = 𝑥𝑖 + 𝑥 ′𝑖 + |𝑦𝑖 − 𝑦′𝑖 | ≤ 𝑥𝑖 + 𝑥 ′𝑖 +𝐶 + |𝑥𝑖 − 𝑥 ′𝑖 |.
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Since 𝑥𝑖 , 𝑥
′
𝑖 ≥ 0, we have |𝑥𝑖 − 𝑥 ′𝑖 | ≤ 𝑥𝑖 + 𝑥 ′𝑖 . Thus:

|𝐴𝑖Δ𝐴
′
𝑖 | ≤ 2(𝑥𝑖 + 𝑥 ′𝑖 ) +𝐶 ≤ 2𝑑𝑖 +𝐶.

Furthermore, from these values, we can derive 𝑑𝑖+1 (the disagreement passed to the next agent),

which will allow use to define a recurrence. The set of available items updates as𝑈𝑖+1 = 𝑈𝑖 \𝐴𝑖 and

𝑈 ′𝑖+1 = 𝑈
′
𝑖 \𝐴′𝑖 . An item is in the symmetric difference𝑈𝑖+1Δ𝑈 ′𝑖+1 if it was already a disagreement in

𝑑𝑖 and was not picked, or if it was in the common set𝑈 ∗𝑖 and was picked by exactly one mechanism

(creating a new disagreement).

𝑑𝑖+1 = (𝑑𝑖 − (𝑥𝑖 + 𝑥 ′𝑖 ))︸             ︷︷             ︸
Unpicked input disagreements

+ |𝑦𝑖 − 𝑦′𝑖 |︸   ︷︷   ︸
New disagreements from𝑈 ∗

𝑖

.

Substituting |𝑦𝑖 − 𝑦′𝑖 | ≤ 𝐶 + |𝑥𝑖 − 𝑥 ′𝑖 |:
𝑑𝑖+1 ≤ 𝑑𝑖 − (𝑥𝑖 + 𝑥 ′𝑖 ) +𝐶 + |𝑥𝑖 − 𝑥 ′𝑖 |.

Using |𝑥𝑖 − 𝑥 ′𝑖 | ≤ 𝑥𝑖 + 𝑥 ′𝑖 , the terms cancel to satisfy:

𝑑𝑖+1 ≤ 𝑑𝑖 +𝐶.
Since 𝑑1 = 0 (both start with all items), it follows by induction that 𝑑𝑖 ≤ (𝑖 − 1)𝐶 .

Plugging this in above, we have that |𝐴𝑖Δ𝐴
′
𝑖 | ≤ (2𝑖 − 1)𝐶 . Summing over all 𝑛 agents:

𝑛∑︁
𝑖=1

|𝐴𝑖Δ𝐴
′
𝑖 | ≤

𝑛∑︁
𝑖=1

(2𝑖 − 1)𝐶 = 𝑛2𝐶.

Substituting 𝐶 = 𝑂 (
√︁
𝑚 log𝑚), the total number of disagreement items is 𝑂 (𝑛2

√︁
𝑚 log𝑚).

We now turn to (2). Consider the expected welfare of QT-s. Recall that we showed that each

agent 𝑖 receives each item with probability 𝑟𝑖 . These allocation decisions are made independently.

Conditioned on item 𝑗 being allocated to agent 𝑖 , the value 𝑣𝑖 𝑗 is guaranteed to be at least 𝐹
−1 (1−𝑠𝑖 ).

Thus, the expected welfare contribution of a single item is:

𝑤avg =

𝑛∑︁
𝑖=1

𝑟𝑖 · E[𝑋 | 𝑋 ≥ 𝐹 −1 (𝜏𝑖 )] .

By linearity of expectation, the total expected welfare of QT-s is𝑚 ·𝑤avg = 𝛼 ·𝑚 · E[max𝑖 𝑋𝑖 ] (by
using the equality 𝛼 = (∑𝑛

𝑖=1 𝑟𝑖 · E[𝑋 | 𝑋 ≥ 𝐹 −1 (𝜏𝑖 )])/E[max𝑖 𝑋𝑖 ]).

Now, consider Pick-r. Conditioned on the event that the allocations differ by at most𝑂 (𝑛2
√︁
𝑚 log𝑚)

items, the difference in welfare can be at most 𝑂 (𝑛2
√︁
𝑚 log𝑚). Furthermore, in the remaining case

(that occurs with𝑂 (𝑛/𝑚2) probability), the welfare difference is at most𝑚. Hence, the contribution

to the expected welfare is at most𝑚 ·𝑂 (𝑛/𝑚2) = 𝑂 (𝑛/𝑚).

Dividing by the expected maximum welfare of𝑚 · E[max𝑖 𝑋𝑖 ], we get an approximation of

𝛼 ·𝑚 · E[max𝑖 𝑋𝑖 ] −𝑂 (𝑛2
√︁
𝑚 log𝑚) −𝑂 (𝑛/𝑚)

𝑚 · E[max𝑖 𝑋𝑖 ]
= 𝛼 − 𝑜 (1).

Finally, we prove (3). We must show that for any pair of agents 𝑖, 𝑗 , the probability that agent 𝑖

envies agent 𝑗 approaches 0 as𝑚 →∞.

We first analyze the valuations in QT-s. Since valuations are independent across items, we calculate

the expected value agent 𝑖 assigns to a single random item allocated to 𝑖 versus one allocated to 𝑗 .
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• Value for Own Bundle (𝐴𝑖 ): In QT-s, agent 𝑖 receives an item with probability 𝑟𝑖 . Conditioned on

receipt, the item’s value is at least 𝜏𝑖 . Thus, the expected total value is:

E[𝑣𝑖 (𝐴𝑖 )] =𝑚 · 𝑟𝑖 · E[𝑋 | 𝑋 ≥ 𝜏𝑖 ] .

• Value for Other Bundle (𝐴 𝑗 ) when 𝑖 < 𝑗 : Since 𝑖 precedes 𝑗 in the priority sequence, 𝑗 can only

receive an item if 𝑖 has already rejected it (implying 𝑣𝑖,𝑘 < 𝜏𝑖 ) and 𝑗 subsequently accepts it.

Since valuations are independent across agents, the event that 𝑗 accepts the item provides no

information about 𝑖’s value other than the fact that 𝑖 rejected it. Therefore, 𝑖’s expected value

for an item in 𝑗 ’s bundle is conditioned only on 𝑋 < 𝜏𝑖 :

E[𝑣𝑖 (𝐴 𝑗 )] =𝑚 · 𝑟 𝑗 · E[𝑋 | 𝑋 < 𝜏𝑖 ] .

• Value for Other Bundle (𝐴 𝑗 ) when 𝑖 > 𝑗 : Here, 𝑗 considers items before 𝑖 . If 𝑗 selects an item, it is

removed before 𝑖 sees it. Since 𝑖’s valuation is independent of 𝑗 ’s, the event that 𝑗 picked the

item is independent of 𝑖’s specific value for it. Thus, 𝑖’s expected value for items in 𝐴 𝑗 follows

the unconditional distribution:

E[𝑣𝑖 (𝐴 𝑗 )] =𝑚 · 𝑟 𝑗 · E[𝑋 ] .

The conditions given in the lemma statement correspond exactly to the requirement that agent 𝑖

strictly prefers their expected bundle to agent 𝑗 ’s. Let Δ𝑖 𝑗 = E[𝑣𝑖 (𝐴𝑖 )] − E[𝑣𝑖 (𝐴 𝑗 )]. In both cases,

the strict inequality implies that Δ𝑖 𝑗 = 𝑐 ·𝑚 for some constant 𝑐 > 0.

In QT-s, both 𝑣𝑖 (𝐴𝑖 ) and 𝑣𝑖 (𝐴 𝑗 ) are sums of independent random variables bounded in [0, 1]. By
Hoeffding’s inequality, the realized difference 𝑣𝑖 (𝐴𝑖 ) − 𝑣𝑖 (𝐴 𝑗 ) concentrates around its expectation

Δ𝑖 𝑗 with deviations bounded by 𝑂 (
√︁
𝑚 log𝑚) with high probability.

Finally, we transfer this result to the Pick-r mechanism. From Part (1), we know that with high

probability, the allocations of Pick-r and QT-s differ on at most 𝐾 = 𝑂 (𝑛2
√︁
𝑚 log𝑚) items. Since

values are bounded by 1, this difference affects the total valuation by at most 𝐾 . Thus, for the Pick-r
mechanism:

𝑣𝑖 (𝐴𝑖 ) − 𝑣𝑖 (𝐴 𝑗 ) ≥ 𝑐 ·𝑚︸︷︷︸
Expected Gap

− 𝑂 (
√︁
𝑚 log𝑚)︸          ︷︷          ︸

Concentration Noise

−𝑂 (𝑛2
√︁
𝑚 log𝑚)︸             ︷︷             ︸

Coupling Noise

.

For sufficiently large 𝑚, the linear term 𝑐 ·𝑚 dominates the sub-linear noise terms. Therefore,

𝑣𝑖 (𝐴𝑖 ) > 𝑣𝑖 (𝐴 𝑗 ) holds with probability approaching 1. □

E PROOF OF THEOREM 3.7
Proof of Theorem 3.7. For the rest of this proof, let 𝑟 = 2−

√
2

2
. Fix any distribution D.

By Part 3 of Lemma 3.6, the Pick-𝑟 mechanism is envy-free with high probability if

𝑟 · E𝑋∼D [𝑋 | 𝐹D (𝑋 ) ≥ 1 − 𝑟 ] > (1 − 𝑟 ) · E𝑋∼D [𝑋 | 𝐹D (𝑋 ) < 1 − 𝑟 ],

Note that because 𝑟 < 0.5, the other condition from Part 3 of Lemma 3.6 holds immediately.

By Proposition 3.3, if the above equation holds then we have that Pick-( 2−
√
2

2
) is both envy-free

with high probability and a
2+
√
2

4
− 𝑜 (1) approximation to welfare, proving the desired result in this

case.
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Now suppose that

𝑟 E𝑋∼D [𝑋 | 𝐹D (𝑋 ) ≥ 1 − 𝑟 ] ≤ (1 − 𝑟 ) E𝑋∼D [𝑋 | 𝐹D (𝑋 ) < 1 − 𝑟 ] .

We will show (later in the proof) that the above equation implies that Pick-( 1
2
− 1

𝑚0.25 ) must be a

7/8−𝑜 (1) ≥ 2+
√
2

4
−𝑜 (1) approximation to optimal social welfare. Furthermore, for sufficiently large

𝑚 and any distribution D with non-0 variance, the Pick-( 1
2
− 1

𝑚0.25 ) mechanism is envy-free with

high probability by Hoeffding’s Inequality. This is because agent 2 is allocated an extra 2𝑚0.75±𝑜 (1)
items and therefore prefers their bundle with high probability by Hoeffding’s inequality. Agent

1 is getting 2𝑚0.75 ± 𝑜 (1) fewer items than agent 2, but we can still show that they are envy-free

with high probability as follows. The non-zero variance of D means that there must be some

constant 𝜀 > 0 such that in expectation, agent 1 values their ( 1
2
− 1

𝑚0.25 )𝑚 chosen items 𝜀𝑚 more in

expectation than agent 1 values the items they leave for agent 2. Again by Hoeffding’s Inequality,

with high probability, this means that agent 1 strictly prefers their bundle even if agent 2 receives

2𝑚0.75
more items (because 𝜀𝑚 > 𝑂 (𝑚0.75) for sufficiently large𝑚). This means that with high

probability, both agents do not envy each other, so Pick-( 1
2
− 1

𝑚0.25 ) is EF with high probability, thus

completing the proof of the main theorem in this case as well.

The rest of the proof will be spent showing that

𝑟 E𝑋∼D [𝑋 | 𝐹D (𝑋 ) ≥ 1 − 𝑟 ] ≤ (1 − 𝑟 ) E𝑋∼D [𝑋 | 𝐹D (𝑋 ) < 1 − 𝑟 ] .

implies that Pick-( 1
2
− 1

𝑚0.25 ) must be a 7/8 − 𝑜 (1) approximation to optimal social welfare

Rewriting the expectations as integrals gives

𝑟

∫ ∞

0

Pr(𝑋 > 𝑠 | 𝐹D (𝑋 ) ≥ 1 − 𝑟 )𝑑𝑠 ≤ (1 − 𝑟 )
∫ ∞

0

Pr(𝑋 > 𝑠 | 𝐹D (𝑋 ) < 1 − 𝑟 )𝑑𝑠,

which simplifies to∫ ∞

0

min (𝑟, 1 − 𝐹D (𝑠)) 𝑑𝑠 ≤
∫ ∞

0

max (0, 1 − 𝑟 − 𝐹D (𝑠)) 𝑑𝑠.

Finally, subtracting the RHS gives∫ ∞

0

(𝑟 − |𝐹D (𝑠) − (1 − 𝑟 ) |) 𝑑𝑠 ≤ 0. (5)

Define 𝐴 as the LHS of this equation, i.e.

𝐴 :=

∫ ∞

0

(𝑟 − |𝐹D (𝑠) − (1 − 𝑟 ) |) 𝑑𝑠.

Let 𝑄𝐴𝐿𝐺 be the Pick-( 1
2
− 1

𝑚0.25 ) mechanism and 𝑄𝑂𝑃𝑇 be the welfare-maximizing mechanism. To

prove that Pick-( 1
2
− 1

𝑚0.25 ) is a 7/8 − 𝑜 (1) approximation to optimal social welfare, it suffices to

show that ∫ ∞

0

Pr(𝑄𝐴𝐿𝐺 > 𝐹D (𝑠))𝑑𝑠 ≥
(
7

8

− 𝑜 (1)
) ∫ ∞

0

Pr(𝑄𝑂𝑃𝑇 > 𝐹D (𝑠))𝑑𝑠.

Because 𝐴 ≤ 0, to show the above equation it is sufficient to show that∫ ∞

0

Pr(𝑄𝐴𝐿𝐺 > 𝐹D (𝑠)) +
𝐴

4

≥
(
7

8

− 𝑜 (1)
) ∫ ∞

0

Pr(𝑄𝑂𝑃𝑇 > 𝐹D (𝑠))𝑑𝑠.
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Also, as in Proposition 3.3, to show the above equation, it is sufficient to show that for all 𝑡 ∈ [0, 1],

Pr(𝑄𝐴𝐿𝐺 > 𝑡) + 𝑟 − |𝑡 − (1 − 𝑟 ) |
4

≥
(
7

8

− 𝑜 (1)
)
(1 − 𝑡2). (6)

By the same logic as in Proposition 3.3 ,

Pr(𝑄𝐴𝐿𝐺 > 𝑡) =
{
1/2 + (1 − 𝑡)/2 ± 𝑜 (1) if 𝑡 < 1/2,
1 − 𝑡 + (1 − 𝑡)/2 ± 𝑜 (1) if 𝑡 ≥ 1/2.

Therefore,

Pr(𝑄𝐴𝐿𝐺 > 𝑡) + 𝑟 − |𝑡 − (1 − 𝑟 ) |
4

=



3 + 2𝑟 − 𝑡
4

± 𝑜 (1), 0 ≤ 𝑡 < 1

2

,

5 + 2𝑟 − 5𝑡
4

± 𝑜 (1), 1

2

≤ 𝑡 < 1 − 𝑟,
7 − 7𝑡
4

± 𝑜 (1), 1 − 𝑟 ≤ 𝑡 ≤ 1.

(7)

Define

𝑆 (𝑡) =



3 + 2𝑟 − 𝑡
4

, 0 ≤ 𝑡 < 1

2

,

5 + 2𝑟 − 5𝑡
4

,
1

2

≤ 𝑡 < 1 − 𝑟,
7 − 7𝑡
4

, 1 − 𝑟 ≤ 𝑡 ≤ 1.

Wewill spend the rest of the proof showing that 𝑆 (𝑡) ≥ 7

8
(1−𝑡2) for all 𝑡 ∈ [0, 1], which togetherwith

Equation (7) will imply Equation (6), thereby completing the proof. Define 𝐷 (𝑇 ) = 𝑆 (𝑇 ) − 7

8
(1− 𝑡2).

On each piece, 𝑆 (𝑡) is affine, so 𝐷 (𝑡) is a convex quadratic. This means to show that 𝐷 (𝑇 ) is
non-negative, it suffices to check its minimum on each piece.

1) 0 ≤ 𝑡 < 1

2
.

𝐷 (𝑡) = 7

8

𝑡2 − 1

4

𝑡 +
(
5 −
√
2

4

− 7

8

)
, 𝐷 ′ (𝑡) = 7

4

𝑡 − 1

4

.

The critical point is at 𝑡 = 1

7
∈ [0, 1

2
), hence

𝐷min = 𝐷
(
1

7

)
=
10 − 7

√
2

28

> 0.

2) 1

2
≤ 𝑡 < 1 − 𝑟 .

𝐷 (𝑡) = 7

8

𝑡2 − 5

4

𝑡 +
(
5 + 2𝑟
4

− 7

8

)
, 𝐷 ′ (𝑡) = 7

4

𝑡 − 5

4

.

The root of 𝐷 ′ (𝑡) is 𝑡 = 5

7
> 1 − 𝑟 =

√
2

2
, so 𝐷 ′ (𝑡) < 0 on this interval and the minimum occurs at

the right endpoint:

𝐷min = 𝐷 (1 − 𝑟 ) = 7

8

(𝑟 )2 = 7

8

(
3

2

−
√
2

)
> 0.

3) 1 − 𝑟 ≤ 𝑡 ≤ 1.

𝐷 (𝑡) = 7

4

(1 − 𝑡) − 7

8

(1 − 𝑡2) = 7

8

(𝑡 − 1)2 ≥ 0,

with equality only at 𝑡 = 1.
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Combining the three cases above, we have shown that 𝐷 (𝑡) ≥ 0 for all 𝑡 ∈ [0, 1], completing the

proof. □
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