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Abstract

Motivated by applications in reinforcement learning from human feedback, we
consider a setting where a given collection of rankings needs to be compressed
into a smaller collection of rankings. This can also be seen as a combination of
two fundamental social choice frameworks: ranking aggregation and multiwinner
voting. We propose three proportionality notions that capture different types of
representation in this setting: positional proportionality, pairwise proportionality,
and proportionality for solid coalitions (PSC). On the one hand, we show that
positional proportionality and PSC are always satisfiable for any input rankings
and target compression size, and a desired output can be found in polynomial time.
On the other hand, we prove that pairwise proportionality cannot be satisfied in
general, but can nevertheless be attained when the input rankings are single-peaked
or single-crossing.

1 Introduction

The goal of Al alignment is to build systems that act consistently with human values. For large lan-
guage models, the predominant method is reinforcement learning from human feedback (RLHF) [33]].
This process typically consists of three stages: collect user preferences over possible outputs, fit a
reward function to best match these choices, and fine-tune the policy to optimize the learned signal.
However, standard RLHF implicitly assumes a shared objective among evaluators. When “correct” be-
havior naturally diverges across cultures or individuals with different backgrounds [2} 27, 36| 144 45],
aggregating these varied viewpoints into a single target marginalizes minority perspectives and leads
to preference collapse [43]], an extreme lack of diversity in outputs [26} 28, 29, |34} 38 39].

In response to this challenge, the subfield of pluralistic alignment has emerged, with an explicit goal
of preserving and utilizing diverse belief systems [40]]. One practical approach is to learn multiple
reward functions from feedback data that collectively cover these diverse views [9} 10, [16} 123} 35]].
For example, we could train a distinct model for each reward and deploy them as an ensemble [40].
Alternatively, these rewards or their resulting learned models can act as a “jury” that effectively votes
on the final output [22]. In an idealized world, we might learn a unique reward function for every
individual in society. While this would cover the full spectrum of views, scaling it to millions (or
billions) of personalized rewards is computationally prohibitive. Therefore, to implement any of
these ensemble methods, it is necessary to compress the global preferences into a relatively small set
of reward functions while preserving their underlying diversity.

To formalize this approach, we turn to the field of social choice theory, which studies how to ag-
gregate individual preferences into a collective outcome [4}, [7]. In our setting, human annotators
naturally provide ranked feedback, and a reward function can be evaluated by how it orders candidate
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outputs [21]]. Thus, at an abstract level, our problem reduces to the following: given an input profile
of n rankings, construct k£ < n output rankings that optimally represent the inputE] This formalization
casts our problem as an intersection of two classic social choice frameworks: multiwinner voting,
which aims to choose a representative set of candidates, and rank aggregation, which concerns select-
ing a single winning ranking (the setting of Arrow’s famous impossibility theorem [3]]). By contrast,
our setting—which we will refer to as ranking compression—requires generating a representative set
of rankings. In addition to the RLHF application discussed above, our setting also arises, for instance,
when community representatives submit rankings to a central aggregation procedure. Naturally, the
representatives aim to capture the original rankings of the community members whom they represent
as faithfully as possible.

Despite the seemingly simple setup, formalizing the concept of “optimal representation” in this
context is far from trivial. Indeed, compressing a large preference profile into a smaller set is
inherently lossy, thereby requiring a formal definition of what it means to faithfully reflect the original
preferences. Since there is no single canonical choice—and the ideal tradeoff inevitably depends on
the downstream task—we instead adopt an axiomatic approach, seeking to establish precisely which
properties can or cannot be mathematically preserved under compression.

Our results. We introduce three natural axioms that capture distinct facets of proportional repre-
sentation in ranking compression.

* Positional proportionality: The fraction of input rankings that place a candidate at or above a given
rank must be preserved in the output.

* Pairwise proportionality: The pairwise comparison between candidates in the input instance must
be preserved in the output.

* Proportionality for solid coalitions (PSC): If a group of input rankings ranks a set of candidates
above all remaining candidates, this must be reflected in the output. This extends the well-known
multiwinner voting axiom (with the same name) to our setting [5} 8} [17].

Our findings offer a holistic analysis of these axioms, demonstrating both existence guarantees (all
with accompanying efficient algorithms) as well as impossibility results.

On the positive side, we show that positional proportionality is always achievable for any given
input instance and target compression size (Theorem [I). We also prove that the same holds for
PSC (Theorem [2). Our proofs for these results leverage various combinatorial and algorithmic tools,
including Hall’s marriage theorem and network flow.

In contrast, we establish an impossibility for pairwise proportionality, by proving that it cannot
necessarily be satisfied for any k£ > 2 and n > k + 2 (Theorem [3). Our counterexamples rely on
intricate constructions of constraint graphs and arguments about when the corresponding constraints
can be fulfilled by a set of rankings. Despite this negative result, we show that pairwise proportionality
can be guaranteed under single-peaked or single-crossing preferences, two well-studied restricted
domains in social choice (Theorems 4 and[5). Moreover, for single-peaked instances we can ensure
that the output simultaneously satisfies the other two proportionality notions and preserves single-
peakedness, while for single-crossing instances we can select the output from the input rankings
themselves in such a way that it also satisfies PSC.

Related work. In terms of problem formulation, our framework shares its basic premise with a
“subset selection” problem focused on choosing a representative set of LLM benchmarks from a large
pool [37]. That prior work similarly requires outputting & rankings based on an input of n rankings,
and defines an approximate version of positional proportionality. However, it crucially demands the
output rankings to be drawn directly from the input rankings. By removing this restriction, our setting
offers a much larger solution space, thereby necessitating an entirely different set of combinatorial
tools. In fact, as we demonstrate in Proposition[I]and Appendix [F] most of our positive results cease
to hold under the output-from-input restriction.

! Admittedly, there are some practical gaps between this theoretical abstraction and traditional RLHF frameworks. For
instance, annotators sometimes provide only sparse pairwise comparisons, making it difficult to infer complete preferences
(though recent datasets are beginning to collect substantially richer preference data per user [45]). Nevertheless, our primary
focus is to establish the theoretical limits of ranking compression; we discuss possible approaches to bridge this divide in
Section |6}



Conceptually, ranking compression shares similarities with the clustering of rankings [19} 20, 41]].
The general objective of clustering is to partition a preference profile into k disjoint sets, where the k
“central” rankings derived from these clusters can be interpreted as a meaningful compression of the
profile. However, existing clustering frameworks differ from our approach in several fundamental
ways. For example, clusters are typically allowed to vary in size, which suggests that the k represen-
tative rankings should be interpreted as weighted. Additionally, a core tenet of traditional clustering
is that each voter is explicitly assigned to a specific cluster center. In contrast, our work focuses on
achieving a global axiomatic representation without requiring any such individual assignments.

Within the clustering literature, Viappiani [41] examines a standard distance-based clustering method
designed to find £ rankings that minimize the sum of distances. Recent research has also utilized
clustering to measure election polarization [19] and investigated the computational complexity of
identifying optimal cluster centers, such as k-Kemeny scores [20]. Further afield are notions of
proportional clustering in general metric spaces [0} [L1 [14} 25/ 32]]. While these notions do not
normally involve rankings, they can in principle be extended to our setting using ranking-specific
metrics such as the Kendall-tau distance or Spearman’s footrule.

Finally, while notions of compression exist within social choice theory, they differ significantly from
our approach. For instance, compilation complexity [12, 13 42] measures the minimum number
of bits needed to encode the votes of a subpopulation without altering the final election outcome.
Another related notion is the communication-distortion tradeoff [30, 31]], which concerns how to
efficiently compress real-valued utility functions into fixed-size ballots in order to maximize social
welfare.

2 Preliminaries

For any positive integers z < 2/, let [z] = {1,...,z}, [2]o = {0,1,...,z}, and [z,2/] =
{z,z+1,...,2'}. Let N = [n] be a set of n voters and C = [m] be a set of m candidates,
for some positive integers n, m. Each voter ¢ € N has a strict ranking m; = (¢;1,--.,Cim) Of

the candidates in C'. The goal is to compress these n input rankings into an output consisting of k
rankings, where k& € [n] is a given target compression sizeﬂthese k output rankings need not come
from the n input rankings, nor must they be distinct. An instance of the ranking compression problem
is described by a tuple (N, C, (7;)ien, k).

We now define three notions of proportionality for the output with respect to the input rankings.

Positional proportionality: Given an instance, an output is said to satisfy positional proportionality
if the following holds: For any ¢ € [k] and £ € [m)], if a candidate appears in the top ¢ ranks in at
least ¢ - n/k input rankings, then it must appear in the top ¢ ranks in at least ¢ output rankings.

Pairwise proportionality: Given an instance, an output is said to satisfy pairwise proportionality if
the following holds: For any ¢ € [k] and candidates ¢, ¢’ € C, if ¢ is ranked higher than ¢’ in at least
t - n/k input rankings, then ¢ must be ranked higher than ¢’ in at least ¢ output rankings.

PSC: Given an instance, an output is said to satisfy proportionality for solid coalitions (PSC) if the
following holds: For any ¢ € [k] and C' C C, if at least ¢ - n/k input rankings have all candidates
from C” in the top |C’| ranks (but may order the candidates from C’ differently within the top |C’|
ranks), then at least ¢ output rankings must have all candidates from C” in the top |C’| ranks.

The following proposition demonstrates that requiring the output rankings to come from the input
rankings severely limits the potential for attaining proportionality.

Proposition 1. Suppose that the output rankings must be drawn from the input rankings. Then, there
exists an instance such that none of positional proportionality, pairwise proportionality, and PSC can
be attained.

The full proof of Proposition[I]can be found in Appendix [A} we provide a sketch here. Consider an
instance with (n,m, k) = (4,6, 2) and
m = (3,4,2,5,1,6), m =(3,4,5,2,6,1), w3 =(4,3,2,5,6,1), my = (4,3,5,2,1,6).

For positional proportionality, observe that for each pair of input rankings, there exist ¢ € C' and
¢ € [m] such that candidate c appears in the top £ ranks only within that pair. For example:

2While the case k = n is uninteresting since one may simply output the n input rankings, we allow it in our formal model.



» w1, mo: candidate 3 appears in the top 1 rank.
* 7, m3: candidate 2 appears in the top 3 ranks.

» 7,4 candidate 1 appears in the top 5 ranks.

Analogous statements can be made for the remaining three pairs. Now, each pair imposes a positional
constraint on the output that requires selecting at least one of those two rankings. Because no output
of size two can intersect all six pairs, positional proportionality cannot be achieved. One can verify
that PSC and pairwise proportionality are also unattainable using similar arguments.

3 Positional proportionality

In this section, we consider positional proportionality. We show that an output satisfying positional
proportionality always exists regardless of the input rankings and target compression size.

Theorem 1. For any instance, there exists an output that satisfies positional proportionality. Moreover,
such an output can be computed in polynomial time.

To prove this theorem, we will need the following combinatorial lemma, which can be shown using
Hall’s marriage theorem. Recall that an a x b table has a rows and b columns.

Lemma 1. Let a and b be any positive integers. Given an a X b table in which each integer c € [a]
appears exactly b times, it is always possible to permute the integers in each row of the table so that
in the resulting table, each column forms a permutation of [a).

The proof of Lemma [T]can be found in Appendix [B] We now proceed to prove Theorem 1]

Proof of Theorem([l] We shall construct the output rankings by filling an m x k table, with each
of the k& columns corresponding to an output ranking. For any ¢ € C and £ € [m], let t., be the
largest integer such that candidate ¢ appears in the top £ ranks in at least ¢ ¢ - n/k input rankings. It
suffices to ensure that c appears in the top ¢ ranks in at least ¢, ; output rankings. For convenience,
we additionally let ¢, o = O for all ¢ € C, so that we may define d.¢ = t.p — tc¢—1 forallc € C
and ¢ € [m]. Itis clear that d. , > 0 forall c € C' and £ € [m).

We will fill the table row by row from top to bottom, each row from left to right. Iterating over j € [m]
in increasing order, and then over ¢ € C'in arbitrary order, fill d. ; cells with c. After performing
this process up to (and including) the step where j = ¢ for some ¢ € [m], the table contains
Zle dej = tep —te,0 = teg occurrences of c. By definition of ¢, ¢, we have Y~ tc¢-n/k < In,
since the top ¢ ranks across the n input rankings consist of ¢n positions in total. Hence, it holds that
> ccc tee < Lk. Since we fill the table from top to bottom, all elements that we have filled up to
this step are contained within the first £ rows of the table. In particular, for any ¢ € C' and ¢ € [m],
candidate c appears at least ¢ o times in the top £ rows of the table. Moreover, since t. ,,, = k for
every ¢ € C, each candidate c appears exactly k times in the table.

We now apply Lemmal|I]to permute the elements in each row of the table so that each column forms
a permutation of [m]. Since we only permute elements within rows, for any ¢ € C and ¢ € [m)],
it still holds that c appears at least ., times in the top £ rows of the table. Therefore, by letting
the k columns of the table be the k output rankings, we obtain an output that satisfies positional
proportionality.

From this existence proof, we can also derive a polynomial-time algorithm to produce the output.
To this end, let r. ; be the number of input rankings in which candidate ¢ appears in the top ¢ ranks.
First, we compute 7. for all ¢ € C and £ € [m] in O(nm + m?) time by iterating through the input
rankings appropriately. From the values of 7. ¢, we compute t. ¢ = |r. ¢ - k/n], and then perform
our previously described process of filling the m X k table.

With the m X k table, we compute s. ¢, the number of times ¢ appears in row £ of the table, for all
¢ € C and ¢ € [m]. Following our inductive proof of Lemma 1} we can construct each of the k
columns by constructing the described bipartite graph and running the Hopcroft—Karp algorithm [24]]
to find a perfect matching. After constructing each column, we update the counts s, ¢ to construct
the subsequent graphs. Since each bipartite graph has m vertices on each of the two sides, it takes
O(m?) time to construct the graph by inspecting the values of s ¢. Each run of the Hopcroft-Karp



—
[\

v

B
\

Voters’ rankings

—_
[\
N
w
S~—
v
- -
IS w
-
N
IS

e
= (1,2,3,4) >1 1,2,3,4
71—3:(4737172) >3 ..'} 2,3 1,3,4 - >3
7T4*(3747172) > 1 > 1
™ = (3,2,1,4) — o

y Ly Ly Y ¥
e = (47271a3) “‘ 2,4 0' 27374
>1 . J/
<4
3,4
>1
(a) Instance with (n, m, k) = (6,4, 3) (b) Constructed DAG with PSC constraints

Figure 1: An example instance with (n, m, k) = (6,4, 3) and the corresponding DAG. The constraints
below each vertex indicate the lower bound ¢s whenever it is nonzero. The solid blue path () —
{1} —={1,2} —{1,2,4} —{1,2,3,4} and the dashed green path ) — {3} —{3,4} — {1, 3,4} —
{1, 2, 3,4} correspond to the rankings (1,2, 4,3) and (3,4, 1, 2), respectively.

algorithm takes O(m?®) time [24]]. As we construct k bipartite graphs, the overall time complexity
is O(nm + m2k + m?°k) = O(nm + m*°k). O

4 Proportionality for solid coalitions

In this section, we consider proportionality for solid coalitions (PSC), which captures a different form
of aligned preferences than positional proportionality by focusing on groups of voters with shared
top-ranked candidates. We show that, as with positional proportionality, an output satisfying PSC
always exists and can be computed in polynomial time.

Before we describe the result, we introduce some necessary notation. For any ranking 7 over C' and
any size £ € [m]o, let Top,(7) denote the set of the top ¢ candidates in 7. For a subset S C C, we
define ng := |{i € N | Topg)(m;) = S}| as the number of voters who rank the candidates from S
in their top |S| positions. The PSC condition requires that for any S C C' and ¢t € [k],if ng > ¢-n/k,
then at least ¢ of the k output rankings have S as their top |S| candidates. Equivalently, for any
S C C,atleast gs := |ng - k/n| of the output rankings 7 must satisfy Top, /() = S.

Since PSC depends only on prefixes of rankings, it is helpful to model rankings as chains of
growing subsets. To this end, we construct a directed acyclic graph (DAG) G¢ = (V¢, E®) to
model the rankings over C. The vertex set V¢ = P(C) consists of all subsets of C. A directed
edge (S,5") € EC exists if and only if S C S’ and |S’| = |S| + 1. There is a natural bijection
between the directed paths from () to C in G and the strict rankings over C.. Specifically, a ranking
7w = (c1,¢2,...,cm) corresponds to the path § = Topy(7) — Top,(w) — -+ — Top,, () = C.
In this graph formulation, selecting & rankings satisfying PSC is equivalent to selecting k paths from
0 to C such that for every S C C, at least gg paths visit the vertex S. Figure [I] provides a visual
representation of this structure.

It is worth noting that the existence of a valid output does not follow directly from simple greedy
heuristics. To see this, consider the instance in Figure [la| with (n,m, k) = (6,4, 3). A variety of
greedy approaches might first produce the following two paths, as illustrated in Figure [Tb}

{1} = {1,2} > {1,2,4} — {1,2,3,4} and {3} — {3,4} — {1,3,4} — {1,2,3,4}.

These routing decisions might appear “locally optimal” for this instance because, at every step,
each path opportunistically extends to an adjacent vertex with an unmet visit quota. This choice
is seemingly justified by the assumption that the vertex must eventually be reached by some path.
Ultimately, however, these two locally optimal paths cannot be extended to a PSC output for & = 3,
as the outstanding quotas for vertices {4} and {1, 2, 3} cannot be satisfied by a single path.



This example shows that purely local strategies are insufficient: constructing a valid path cover
requires a more global view of the DAG. In the following theorem, we demonstrate how to obtain
such a solution by leveraging classical results from network flow.

Theorem 2. For any instance, there exists an output that satisfies PSC. Moreover, such an output can
be computed in polynomial time.

Proof. We model the problem with a DAG as described above. Finding a collection of paths that
satisfy vertex-visit lower bounds is a classic network flow setup. One can imagine routing k units
of flow from @) to C, where each vertex S demands that at least gg units of flow pass through it.
Formally, let G = (V, E) be a directed graph with a source s € V' (having no incoming edges) and a
sink t € V (having no outgoing edges). Let L : V' — R>( be a vertex lower bound function. A flow
in this network corresponds to an assignment of nonnegative weights to the edges, f : £ — Rxo.
For any vertex v € V, let In(v) and Out(v) denote the sets of its in-neighbors and out-neighbors,
respectively. We define the total incoming and outgoing flows at v as fi, (v) = Zueln(v) f(u,v) and

fout(v) = EwGOut(v) f(v,w). The total flow passing through a vertex v is given by f(v) := fin(v)
forallv € V'\ {s}, and f(s) := fout(s). A flow f is considered valid if it satisfies two conditions:

* Flow conservation: For all intermediate vertices v € V' \ {s,t}, fin(v) = four(v).
* Demand constraints: Forallv € V, f(v) > L(v).

The value of the flow, denoted val( f), is the net amount of flow leaving the source, fout(s) (which is
equivalently the flow entering the sink, fi, (t)).

Standard network flow integrality theorems typically apply to edge upper bounds, but they extend to
vertex lower bounds via a known reduction [[1]. For completeness, we state this as a lemma, with the
proof deferred to Appendix

Lemma 2. Let G = (V, E) be a directed graph with source s and sink t. Let L : V. — Z>q
be an integral vertex lower bound function. If there exists a valid (possibly fractional) flow f
satisfying the lower bounds, then there exists a valid integral flow f* satisfying the same bounds
f*(v) > L(v) for allv € V, such that val(f*) < [val(f)]. Furthermore, f* can be computed in
time O((|E| + [V]) ey L(v).

We apply this framework to G¢ with source s = {), sink t = C, and integral lower bounds L(S) = ¢g
for all S C C'. We first construct a fractional flow f of value k satisfying these constraints by routing
k/n units of flow along each of the n paths corresponding to the input rankings 7, . . . , 7,,. Formally,
for each edge (S, S") € EY, we set

f(S,8") = % . Hz eEN ‘ Top,g)(m;) = S and Top, g/ (m;) = S'H .
This flow satisfies conservation and has value k. For any intermediate vertex S € P(C) \ {0,C},
the incoming and outgoing flows correspond exactly to k times the fraction of voters who rank S
in their top |.S| positions. Thus, fi, (S) = fout(S) = ng - k/n, which means that f(S) = ng - k/n.
For the source and sink, we similarly have f(0) = f(C') = n - k/n = k. The demand constraints are
satisfied everywhere because for each S C C,

f(8) =mns- % > {nszJ = L(S).

Now, by Lemma [2] there exists an integral flow f* of value val(f*) < [val(f)] = k satisfying
f*(S) > L(S) for all S C C. Note that any valid flow must have a value of exactly k, since the
lower bound constraint on the source requires val(f*) = f*(0) > L(0) = |n-k/n] = k.

Because G¢ is a DAG and f* is an integral flow of value k, the flow f* can be decomposed into &
directed paths Py, ..., Py from () to C. Indeed, this can be done greedily by repeatedly extracting a
path from @) to C such that every edge on the path has a positive flow (which must be at least 1), and
subtracting 1 from each edge on the path. Since f*(S5) > L(S) for all S, at least L(S) = ¢g paths
visit each vertex S. By interpreting these & paths as rankings, we satisfy the PSC condition.

Finally, we analyze the running time. Note that we do not need to construct the entire DAG G (which
has 2" vertices). Instead, we can restrict the network to the subgraph induced by the vertices and edges



visited by the paths corresponding to the n input rankings. Since each voter’s ranking defines a path of
m+ 1 vertices and m edges, this subgraph has at most n(m + 1) vertices and nm edges. Furthermore,
for any fixed subset size ¢ € [m]y, each voter’s path visits exactly one subset .S of size £. Therefore,
>_s:|s|=¢ s = n, which bounds the total demand as } g, 5= L(S) < > g, gj=¢ s - k/n = k.
Summing over all m + 1 subset sizes yields ) ¢~ L(S) < k(m + 1) = O(mk).

Applying Lemma|2] we can compute the integral flow f* on this restricted subgraph in O((|E| +
V) Y5 L(S)) = O((nm) - mk) = O(nm?k) time. Extracting the k paths takes O(nmk) time.
Thus, the overall process takes O(nm?2k) time. O

5 Pairwise proportionality

In this section, we turn our attention to pairwise proportionality. While one might intuitively expect
that a pairwise proportional output always exists, we prove a surprising impossibility result: for broad
ranges of parameters n and k, such an output cannot be guaranteed.

Theorem 3. For any k > 2 and n > k + 2, there exists an instance with n voters and target
compression size k such that no output satisfies pairwise proportionality.

We begin by setting up the necessary preliminaries for the case &k = 2. For each pair of candidates
¢, € C,let . be the largest integer such that c is ranked higher than ¢’ in at least ¢ ./ - n/2 input
rankings. When ¢, » = 2, pairwise proportionality imposes the constraint that ¢ must be ranked

higher than ¢ in both output rankings, so we write ¢ — ¢’ and call this a strong constraint. When
tc, = 1, we only need c to be ranked higher than ¢’ in one output ranking, so we write ¢ 2 ¢ and

call this a weak constraint. We say that a ranking 7 satisfies a constraint ¢ — ¢, which can be either
strong or weak, if c is ranked higher than ¢ in 7.

We will model the constraints as a directed graph whose vertex set is C' = [m]. We add a solid edge
from c to ¢/ whenever there is a strong constraint ¢ — ¢, and add a dotted edge from c to ¢’ whenever
there is a weak constraint ¢ — ¢’. For example, in the figure below, there are strong constraints
4 % 1and 2 > 3, and weak constraints 1 — 2 and 3 — 4. We call the directed graph induced by

the constraints a constraint graph, and say that a constraint graph is satisfied by two output rankings
if all the constraints in the graph are accordingly satisfied by these rankings.

b

Observe that the constraint graph generated by any input cannot contain a cycle consisting of only

strong constraints. Indeed, suppose there is a cycle c; S Co S Cr S c1. By definition, this
means that ¢; must be ranked higher than ¢; in every input ranking, which is impossible.

The following lemma allows us to characterize constraint graphs satisfiable by two output rankings.

Lemma 3. When k = 2, a constraint graph can be satisfied by two output rankings if and only if
there exists a ranking m satisfying all strong constraints, such that for every directed cycle in the
graph, T satisfies at least one weak constraint in the cycle.

Proof. (=) Suppose that a constraint graph is satisfied by the output rankings 7, 7’. By definition, 7
must satisfy all strong constraints. Suppose for contradiction that there exists a directed cycle in the
graph such that none of its weak constraints is satisfied by 7. This means that every weak constraint
in the cycle must be satisfied by 7’. Since every strong constraint in the cycle is also satisfied by 7/,
we have that 7’ satisfies all constraints in the cycle, which is a contradiction.

(<) Let 7 be a ranking as described in the lemma statement. We want to construct another ranking 7’
such that the two output rankings m, 7 together satisfy the constraint graph. To this end, it suffices to
have 7’ satisfy all strong constraints in addition to all weak constraints not satisfied by 7. We will
show that the subgraph induced by this subset of constraints is acyclic, and we can then take 7’ to be
any topological ordering of this subgraph.



Figure 2: A graph representing part of the constraints in the proof of Theorem 3} l

Suppose for contradiction that there exists a directed cycle in this subgraph. Since this cycle also exists
in the original constraint graph, m satisfies at least one weak constraint in the cycle, by definition of 7.
However, this means that this weak constraint should not exist in the subgraph, a contradiction. [

We now proceed to prove Theorem [3|for the basic case where (n, k) = (4, 2).

Proof of Theorem3|for (n, k) = (4,2). We will specify a constraint graph, show that it cannot be
satisfied by any two output rankings, and give four input rankings that generate the constraint graph.
These together suffice to complete the proof.

For j € [3]o, let D; denote the cycle
6j+156j+256j+3 56j+4365+5-6j+6>6j+1.
In particular, there are m = 24 candidates. See Figure 2] for an illustration.

For j € [3]p, denote the sets of odd-numbered and even-numbered vertices in D; by O; and Ej,
respectively. We will take the indices j of D, O,, E; modulo 4 hereafter. For each j € [3]o, we

additionally impose a strong constraint u —» v for every pair (u, v) € (Ej, Oj41).

We claim that for every ranking 7 that satisfies all strong constraints, there exists j € [3]y such that
none of the weak constraints in D; is satisfied by 7. Suppose for contradiction that there exists a

ranking 7 such that for each j € [3]o, there exists a weak constraint u; = v; in Dj that is satisfied
by 7. By our construction, u; € O; and v; € E;. This means that there is a strong constraint

v; = u;+1 for each j € [3]y as well. Thus, 7 satisfies all constraints in the cycle

w s w s w s w s
Up — Vo — U1 — V1 — U — V2 — U3 — V3 — UQ,

a contradiction. It follows that for every ranking 7, there exists a cycle in the constraint graph in
which no weak constraint is satisfied by 7. By Lemma [3} no two output rankings can satisfy this
constraint graph.

It remains to construct four input rankings that generate the constraint graph. For each j € [3]y and
j' € (6], let S j» be the sequence of vertices that we obtain by traversing the cycle D, starting from
vertex 65 + j' and following its edges. For example S, 3 is the sequence 15,16,17,18,13, 14. We
define 7; = (E;, Sj11,6,5j42,4,5j43,2,0;) for j € [3]o, and take mg, 71, w2, w3 as the four input
rankings.

For each 7;, we first verify that the strong constraints from E to O for all j’ € [3]y are satisfied.
For j* = j, E; is ranked higher than S ¢; for j' = j + 1, S 41,6 is ranked higher than S; 2 4; for
j' = j+ 2, Sjy2,4 is ranked higher than S; 3 2; for j' = j + 3, S; 3,2 is ranked higher than O;.
Additionally, for all j € [3]p and j” € [3], all strong constraints in D, are satisfied by S}/ 2.
Therefore, all strong constraints in D;1, D;12, D; 3 are satisfied by 7;. Moreover, E; is ranked
higher than O; in 7}, so all strong constraints in D are satisfied as well. This means that each 7
satisfies all strong constraints.

Finally, observe for any j € [3]o, each weak constraint in D; is satisfied by two of S} 2, S; 4, Sj6,
which appear in 7;_3, 7;_g, m;_1, respectively. Therefore, the four input rankings together generate
all constraints in the graph. This completes the proof. O

Our instance in the proof of Theorem [3|requires m = 24, which is rather large. Interestingly, an
exhaustive search revealed that pairwise proportionality can always be satisfied for (n, k) = (4,2) up



to m = 7. This suggests that even though a pairwise proportional outcome is not guaranteed to exist,
such an outcome is likely to exist, at least when the parameters are sufficiently small.

The proof for general k > 2 and n > k + 2 uses a similar approach as that of the case (n, k) = (4, 2).
The full details can be found in Appendix[D] We also remark that these bounds on the parameters are
tight. Indeed, if k = 1 or n € {k, k + 1}, we claim that taking any % input rankings as the output
already works. This is clearif K = 1 or n = k. If n = k + 1, then whenever there is a constraint that
7 must be ranked higher than j in at least ¢ output rankings, it must be that 7 is ranked higher than j in
atleast [t -n/k] = [t(k 4+ 1)/k] > t + 1 input rankings. Since we exclude only one input ranking
from the output, the constraint is satisfied.

Despite this negative result, we show that pairwise proportionality is always achievable when the
input rankings are well-structured. Specifically, this guarantee holds for the two most widely studied
classes of structured preferences, single-peaked and single-crossing [18]]; the definitions of these
classes are deferred to Appendix [E} For single-peaked instances, not only can we find an output
satisfying pairwise proportionality, but we can also ensure that the output simultaneously fulfills the
other two proportionality notions and is single-peaked with respect to the same candidate ordering.
For single-crossing instances, the output can be taken from the input rankings and additionally
satisfies PSC.

Theorem 4. For any single-peaked instance, there exists an output that satisfies pairwise propor-
tionality, positional proportionality, and PSC simultaneously, such that every output ranking is
single-peaked with respect to the same ordering of candidates as the input. Moreover, such an output
can be computed in polynomial time.

Theorem 5. For any single-crossing instance, there exists an output that satisfies pairwise propor-
tionality and PSC simultaneously, such that every output ranking appears in the input. Moreover,
such an output can be computed in polynomial time.

The proofs of Theorems [ and [5]can be found in Appendix [E| While one may hope to add positional
proportionality to Theorem 5} we demonstrate in Appendix [H that this is in fact impossible, at least
without giving up the output-from-input condition. Moreover, since the instance used in our proof of
Proposition [I]is single-peaked (see details in Appendix [A)), adding this condition to Theorem [{4]is
also infeasible.

6 Future directions

While our paper establishes a solid foundation for understanding proportionality notions in ranking
compression, several interesting directions remain to be explored. In particular, we highlight some
notable avenues for future work.

Simultaneous proportionality. Our results guarantee the existence of an output satisfying positional
proportionality (Theorem [T)) and, separately, one satisfying PSC (Theorem [2). Does there always
exist an output satisfying both notions simultaneously? In a similar vein, for single-crossing instances
(Theorem [3)), does there necessarily exist an output satisfying all three notions of proportionality
simultaneously, as is the case for single-peaked instances (Theorem@)? As mentioned at the end of
Section 5] such an output cannot always be drawn from the input rankings.

Axiom relaxations. Since pairwise proportionality is not always satisfiable (Theorem [3)), can a
relaxation of it nevertheless be guaranteed? If we relax the notion multiplicatively (i.e., by requiring
candidate c to be ranked higher than candidate ¢’ in at least r-¢-n/k input rankings), an approximation
of = 2 can be achieved. Indeed, we can simply let the output consist of an arbitrary ranking [k /2]
times and the reverse of that ranking | k/2] times. On the other hand, for an additive relaxation (i.e.,
we require c to be ranked higher than ¢’ in at least ¢ — 7 output rankings), it remains unclear whether
an approximation of r = 1 is always feasible.

Probabilistic guarantees. Given the adversarial nature of our counterexamples for pairwise propor-
tionality (Theorem 3)), is it true that when the input is drawn from certain probabilistic distributions, a
pairwise proportional output exists with high probability?

Practical Al alignment. Zooming out, a major challenge lies in translating our theoretical framework
into real-world alignment pipelines. For example, can we maintain similar proportionality guarantees
if users only provide partial rankings, and what structural assumptions would be required for such



data? Finally, deploying this framework entails mapping the output rankings back to tractable reward
functions. To ensure that these rewards can be learned in practice, it may be necessary to draw the
output rankings from a restricted class that mathematically corresponds to viable functions, similar to
the guarantees that we established in the single-peaked setting (Theorem [)).
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A Proof of Proposition [I]

Consider the instance below with (n, m, k) = (4,6, 2).
™ = (3747 23 57 176)7
T2 = (37 47 57 27 67 1)7
™3 = (47 3a 27 5) 67 1)7
71 =(4,3,5,2,1,6).

Note that this instance is single—peakecﬂ with respect to the ordering (1,2, ...,6).

We first check that positional proportionality cannot be achieved by choosing from the input. For
each pair of input rankings, there exist ¢ € C and ¢ € [m] such that candidate ¢ appears in the top ¢
ranks only within that pair.

» w1, mo: candidate 3 appears in the top 1 rank.

» w3, my: candidate 4 appears in the top 1 rank.

» w1, ms: candidate 2 appears in the top 3 ranks.

* Ty, 4: candidate 5 appears in the top 3 ranks.

» 71, 74: candidate 1 appears in the top 5 ranks.

* mo, m3: candidate 6 appears in the top 5 ranks.
Each pair imposes a positional constraint on the output that requires selecting at least one of those

two rankings. Because no output of size two can intersect all six pairs, positional proportionality
cannot be achieved.

In a similar vein, we can show that pairwise proportionality cannot be achieved by choosing from the
input rankings. Each pair of rankings is uniquely responsible for a pairwise constraint.

* 71, 7o: candidate 3 is ranked higher than candidate 4.

» 3, m4: candidate 4 is ranked higher than candidate 3.

» w1, ms: candidate 2 is ranked higher than candidate 5.

* Ty, m4: candidate 5 is ranked higher than candidate 2.

» 71, 7m4: candidate 1 is ranked higher than candidate 6.

* mo,ms: candidate 6 is ranked higher than candidate 1.

Finally, we address PSC. For each pair of input rankings, we identify a solid coalition that is unique
to that pair.

o m,me: {3}

o g, my: {4}.

o m, 3 {2,3,4}.

o mo,ma: {3,4,5}.

e m,ma: {1,2,3,4,5}.
* o, ms: {2,3,4,5,6}.

B Proof of Lemmalll

We proceed by induction on b. For the base case b = 1, the statement holds trivially. For the inductive
step, assume that for some b > 2, the statement holds for b — 1; we will show that it also holds for b.
Consider any a x b table as in the lemma statement. It suffices to show that we can permute each
row of the table so that the first column forms a permutation of [a]. Indeed, this is because in the

3See the definition in Appendix
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remaining a X (b — 1) table that excludes the first column, every integer ¢ € [a] appears exactly b — 1
times, so by invoking the induction hypothesis, we can permute each row of this table so that each
column forms a permutation of [a].

To prove our claim, we use Hall’s marriage theorem. Construct a bipartite graph G = (V, U Vg, E)
where Vi, = {ur, | u € [a]} represents the integers, Vg = {vr | v € [a]} represents the rows, and
an edge (ur,vg) € F exists if and only if row v contains the integer u. We will show that G has a
perfect matching. This perfect matching pairs each integer ¢ € [a] with a unique row containing it.
Consequently, we can permute the entries of each row so that every integer ¢ becomes the first entry
of its matched row.

To show that a perfect matching exists, it suffices to check that the marriage condition holds. That is,
for each set S C [a] of integers, we need to show that there are at least |.S| rows that contain at least
one integer from S. Since the integers in .S appear exactly b|.S| times in the table in total, and each
row only contains b integers, these b|.S| appearances occur in at least |.S| rows. Hence, the marriage
condition is satisfied, as required.

C Proof of Lemma 2]

We reduce the problem of vertex lower bounds to a standard maximum flow problem with edge
capacities. Recall that in a standard flow network with integral capacities, if a valid flow of value F’
exists, algorithms such as Ford—Fulkerson can find an integral maximum flow in O(|E| - F') time [13].
The reduction involves two standard techniques: using “vertex splitting” to go from vertex constraints
to edge constraints, and using a “super-source” and “super-sink” to convert from lower bounds to
upper bounds [1]].

Auxiliary graph construction. Let G = (V| E) be the original graph with source s, sink ¢, and
integral vertex lower bound function L. Let f be the given valid flow satisfying these constraints.

We construct an auxiliary directed graph G = (V’, E’). For every vertex v € V, we introduce
two vertices: an “in” vertex v;, and an “out” vertex v.,;. We also add a new source s* and a new
sink t*. Thus, V' = [J,cy {in, Vous } U {s*,t"}. The edge set E” and the upper capacity function ¢
are defined as follows:

* Original edges: For each (u,v) € E, add an edge (tout, vin) With capacity ¢(uout, Vin) = 00.

o Internal edges: For each v € V', add an edge (vin, Vout) With capacity ¢(vin, Vout) = 00.

* Lower bound demands: For each v € V, add an edge (s*, vout) With capacity ¢(s*, vout) = L(v),
and an edge (viy, t*) with capacity c¢(vi, t*) = L(v).

* Circulation edge: Add a return edge (tout, Sin) from the original sink to the original source, with
capacity c¢(tout, Sin) = [val(f)].

Fractional feasibility. The maximum flow from s* to ¢* is upper-bounded by > ., L(v), which
is the capacity of the cut ({s*}, V' \ {s*}). We show that this maximum is achievable by constructing
from f a valid fractional flow f’ on G':

[ (tout, vin) = f(u,v) for all (u,v) € E;
I (Vins Vout) = f(v) — L(v) forallv € V;
f'(5", vout) = L(v) forallv € V;

I (vin, t*) = L(v) forallv € V;

[ (tous, sin) = val(f).
We have f’(vin, Uous) > 0 because the original flow satisfies the vertex lower bounds f(v) > L(v).
It is straightforward to verify that all upper capacity constraints are satisfied: the original and internal
edges have infinite capacity, the demand edges connected to s* and t* exactly match their capacities,
and the flow on the circulation edge satisfies Val( ) < [val(f ﬂ Since the edges leaving s* and

entering t* are saturated, the net flow out of s* is exactly ) ., L

We verify flow conservation at the internal vertices of G’ in two cases:

* Vertex v, for v € V: If v # s, the incoming flow comes from the edges (uous, vin) for u € In(v),
summing to fi,(v) = f(v). If v = s, the incoming flow comes solely from the circulation edge
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(tout, Sin), which carries val(f) = f(s). Thus, the incoming flow is always f(v). The outgoing
flow splits between (v, t*) carrying L(v) and (vin, vout) carrying f(v) — L(v), which sums to
f(v). Therefore, conservation holds.

* Vertex vy, for v € V': The incoming flow comes from s* carrying L(v) and from vy, carrying
f() — L(v), summing to f(v). For the outgoing flow, if v # ¢, it is routed to (Vout, Uin) for
u € Out(v), summing to fout(v) = f(v). If v = ¢, it is routed solely to the circulation edge
(touts Sin), which carries val(f) = f(¢). Thus, the outgoing flow is always f(v). Therefore,
conservation holds.

Integrality and verification. ~Since a flow of value ) |, L(v) is achievable, and this matches the
capacity of the minimum cut ({s*}, V' \ {s*}), it is a maximum flow. Because all capacities in G’
are integral, the Ford—Fulkerson algorithm is guaranteed to find an integral flow g* on G’ with this
same maximum value.

Since ¢g* is a maximum flow, it must saturate all edges leaving s* and entering ¢*. Thus, g*(s*, Vout) =
9" (Vin, t*) = L(v) for all v € V. We translate g* back to an integral flow f* on the original graph G
by setting f*(u,v) = ¢* (uout, vin) for all (u,v) € E. We can check that f* satisfies all required
properties:

(1) Flow conservation: For any v € V \ {s,t}, the incoming flow is fX(v)
Zueln(v) g* (Uout, Vin ). By conservation at vy, in G, this equals ¢* (Vin, Vout) + g* (Vin, t*)
9" (Vin; Vout) + L(v). Similarly, f3,:(v) = 3", cous(v) 9" (Vout, Win), which by conservation at
Vout, In G” equals g* (Vin, Vout) + 9% (8™, Vout) = % (Vin, Vout) + L(v). Thus, fi£ (v) = f&..(v).

(2) Vertex lower bounds: For any intermediate vertex v € V' \ {s,¢}, the flow through v is
ffv)y=frw) =g (vm,vout)+L( ). Since flow values are nonnegative, f*(v) > L(v). For
the source s, by a similar reasoning as in the previous paragraph, we have f*(s) = f*.(s) =
9% (Sin, Sout) + L(s) > L(s). Similarly, for the sink ¢, we have f*(t) = f (t) = g* (tin, tout) +

L(t) > L(t). Therefore, all demand constraints are satisfied.

(3) Value constraint: We claim that the net value of f* from s to ¢ is exactly the flow on the
circulation edge (tout, Sin) in G’. To see this, note that f* ,(s) = ZMGNN(S) 9* (Sout, Win ). By
flow conservation at so,; in G’, this equals g*(Sin, Sout) + 9% (8, Sout) = 9™ (Sin,s Sout) + L(8).
Similarly, by conservation at s;;,, the incoming flow g*(¢out, Sin) must equal the outgoing flow
9* (Sins Sout) + 9™ (Sins t*) = 9 (Sin, Sout) + L(s). Therefore, val(f*) = f2..(s) = ¢* (tout, Sin)-
Because this edge has a capacity of [val(f)], we have val(f*) < [val(f)].

Finally, we analyze the time complexity. The auxiliary graph G’ has 2|V| + 2 vertices and |E| +
3|V| + 1 edges. Running the Ford—Fulkerson algorithm on G’ to find ¢g* takes O(|E’| - val(¢g*)) =
O((|E| 4+ |V]) >_yev L(v)) time. Translating g* back into f* takes O(|E|) time. This gives the
claimed overall time complexity.

D Proof of Theorem

We begin by setting up the necessary preliminaries for the general scenario of arbitrary £ > 2 and
n > k + 2. We first generalize our graph formulation of the problem from the case k = 2. For each
pair of candidates ¢, ¢’ € C, let t. .+ be the maximum integer such that c is ranked higher than ¢’ in at

tC C/ . .
least ¢, . - n/k input rankings. We write c —— ¢’ to mean that there is a constraint that ¢ must be
ranked higher than ¢’ in at least ¢ .- of the k output rankings. If ¢. .- = k, we call such a constraint a
strong constraint.

We model the constraints as a weighted directed graph whose vertex set is C' = [m]. For each pair
¢, € C, we add an edge ¢ — ¢ with weight ¢, .-. We will refer to the edges in the graph and the
constraints they are induced by interchangeably. We next define a family of graphs, which generalize
the graph that we used for the case (n, k) = (4, 2).

Definition 1. For any integers r, s > 2, and any b € [k — 1] and d € [s — 1], the graph G(r, s, b, d) is
defined as a weighted directed graph with vertex set C' = [2rs]. This graph is composed of s cycles
D for j € [s — 1]y, where D; consists of the vertices w € {2rj + 1,2rj +2,...,2rj + 2r} and,
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for each j' € [r], the edges

2j+25' =15 2rj+25 and  2rj+25' 5 2rj + (25’ + 1) mod 2r).
For each j € [s — 1], let E; and O, be the set of even-numbered and odd-numbered vertices in D;,
respectively. Taking indices modulo s, for each j € [s — 1] and d’ € [d], the graph also has the edge
u s v forallu e Ejandv € Ojq.

With this notation, the graph that we used earlier for the case (n, k) = (4,2) is G(3,4,1,1).
Given G(r, s, b, d), we say that a ranking 7 (of the candidates in C) rouches a cycle Dj if it satisfies
a constraint of the type u % vin D;. We will prove a useful lemma regarding these graphs.

Lemma 4. For any integersr,s > 2, and any b € [k — 1] and d € [s — 1], any ranking = that satisfies
all strong constraints in G(r, s, b, d) touches D; for at most s — d indices j € [s — 1.

Proof. Suppose for contradiction that 7 touches (at least) s — d + 1 of the cycles D;. Let these cycles
be Dj,,...,D,, ,, where jo < --- < js_q. For each ¢ € [s — d]o, let u, LN vq be a constraint
in qu that 7 satisfies; in particular, u, is odd and v, is even. Taking indices modulo s — d + 1, we
will show that for every ¢ € [s — dJo, there exists d’ € [d] such that j,+1 = j, +d (mod s). Since
Jo < -++ < js—a, there exists d’ € [s — d, s — 1] such that j, = jq+1 + d” (mod s). Therefore,
Jg+1 = Jg+s—d”’ (mod s), and we can take ' = s — d”.

By definition of G(r, s, b, d), this implies that we have a cycle

b k b k k b k
Ug —> Vg —> U] —> V1 —> -+ —> Us—d — VUs—d — U

in which every constraint is satisfied by 7, which is a contradiction. O
We now proceed to prove Theorem [3]in its full generality.

Proof of Theorem[B} Fix k > 2 and n > k + 2. If ged(k,n) # L let k' = 5= € [k — 1],
so k'n = 0 (mod k). Else, ged(k,n) = 1; in this case, let k' be the inverse of —n modulo &,

so k' € [k — 1] and ¥'n = —1 (mod k). In either case, let n’ = [’“/T”-‘, which is the number

of input rankings in which a candidate ¢ must be ranked higher than another candidate ¢’ in order

. K / )
to have a constraint ¢ — ¢’. We have n’ < an + %, which means that kn’ < k’n + 1. Hence,

k'l < Knb k1< K, so B+ 1> 200D ang [ MU | < g Since k' < , this

implies that n’ + 1 < n, and thus n — n’ — 1 € [n — 1]. Therefore, we can consider the graph
G(n'+1,n,k',n—n’—1). This graph has m = 2n(n’ + 1) vertices, with each vertex corresponding
to a candidate.

We first show that the constraints in G(n’ + 1,n,k’,n —n’ — 1) cannot be satisfied by any k output
rankings. For the sake of contradiction, assume otherwise. By Lemma] each output ranking can
touch at most n — (n — n’ — 1) = n’ 4+ 1 cycles in the graph. By the pigeonhole principle, there

k(n'+1)
n

is a cycle touched by at most L J < K’ rankings. Let D; be a cycle touched by at most &’

output rankings. If it is touched by at least one output ranking, consider one of these rankings .
The ranking 7 cannot satisfy every constraint in the cycle simultaneously, so there is a constraint

u X5 v in the cycle which is not satisfied by 7. Note that only rankings that touch D; can satisfy
this constraint, so at most &’ — 1 output rankings satisfy the constraint. Else, if D; is not touched

by any output ranking, then since &' — 1 > 0, any constraint u A vin D; is again satisfied by at

most k" — 1 rankings. In either case, there exists a constraint u s vin D that is not satisfied by the
k output rankings.

It remains to construct n input rankings that generate the constraint graph G(n' +1,n, k', n—n’ —1).
For each j € [n — 1]p and j' € [2n/ 4 2], let S} ;- be the sequence of vertices that we obtain by
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traversing the cycle D; starting from vertex (2n' 4+ 2)j + j’ and following its edges. Taking indices
modulo n, for each j € [n — 1]g, we deﬁneﬂ

Ty = (Ejv Ejt1,..., Ejyn-nr—2,
Sitn—n'—1,20Sj4n—n' 4> Sj4n—12n'+2,
0;,0541,...,0j4n—n'—2),
where the elements in each E;» and O, are arbitrarily ordered. We take my, 71, ..., m,—1 as our

n input rankings. Since n’ + 2 < n, there is at least one E; and at least one Oj in the ranking.

We first verify that for each j € [n — 1], the ranking 7; satisfies all strong constraints.

» Forall j/ € [n — 1]p and a € [n/ + 1], the sequence S; o, satisfies all strong constraints
in Dj,. For each j' € [n — 1o, either E; is ranked higher than O,/ in 7;, or 7; contains
S} 2q for some a € [n" + 1], so all strong constraints in D/ are satisfied.

* For alﬂ j € lj,j+n—n —2 and d € [n —n' — 1], we have that E;, is ranked
higher than either S/ 44 24 (for some a € [n' + 1]) or Oj/ 4. Similarly, for all j' €
[j+n—n"—1,j+n—1]andd € [n—n'—1], we have that S/ o, (for some a € [n’ +1])
is ranked higher than either S/ 4 2, (for some a’ € [n’ 4 1]) or Oj 4. Therefore, the
strong constraints across cycles, which are those from E; to O,y for j € [n — 1] and
d' € [n —n' — 1], are also satisfied.

Finally, observe that for each j € [n — 1], the n’ + 1 sequences S;2,Sj4,...,S5j2n/+2 col-
lectively satisfy each constraint of the type u 5 vin D; exactly n' times, and they appear in

. . K .
Tj—(n—n/=1)s - - > Tj—(n—1)» res.pectlvely.. Hence, all constralnts' u — vin the graph. are also
satisfied. It follows that these n input rankings generate all constraints in the graph, as desired. [

E Proofs of Theoremsd and 5

For ease of reference, we provide the definitions of the two restricted classes here, and refer to the
survey by Elkind et al. [[18]] for further discussion.

Definition 2 (Single-peaked). A ranking 7 of the candidates in C'is said to be single-peaked with
respect to (c1,...,¢m), Where (c1,...,¢y,) is an ordering of the candidates in C, if there exists
¢ € [m] such that ¢, is ranked top in 7, and whenever 1 < ¢ < ¢/ < Lorf < ¢ < {" < m, the
candidate ¢ is ranked higher than ¢y~ in 7. The candidate ¢, is called the peak of 7 (or of a voter
with the ranking 7).

A set of rankings is said to be single-peaked if there exists an ordering (cy, . . ., ¢;,) of the candidates
in C such that each ranking is single-peaked with respect to this ordering. An instance is called
single-peaked if its set of input rankings is single-peaked.

Definition 3 (Single-crossing). A set of rankings is said to be single-crossing with respect to
(i1,...,1n), where (i1, ...,%,) is an ordering of the voters in NV, if for each pair of distinct candidates
c and ¢, the voters who prefer ¢ to ¢/ form an interval in the ordering. A set of rankings is said to be
single-crossing if it is single-crossing with respect to some ordering of the voters in N. An instance
is called single-crossing if its set of input rankings is single-crossing.

Before starting the proof of Theorem ] for single-peaked preferences, we will set up some preliminar-
ies. Without loss of generality, assume that the set of input rankings is single-peaked with respect to
the ordering (1,2, ..., m). We start with two simple but useful lemmas.

Lemma 5. For candidates ¢ < ¢’ < ¢, an input ranking that ranks c higher than ¢’ also ranks ¢
higher than ¢’ (and therefore ranks c higher than ¢’ as well). Similarly, an input ranking that ranks
c"’ higher than ¢’ also ranks ¢’ higher than c (and therefore ranks "’ higher than c as well).

Proof. Since c is ranked higher than ¢/, the peak of the ranking must be some candidate a < ¢’. Then,
a < ¢ < ¢”, and so ¢ is ranked higher than ¢”. The other claim can be shown analogously. O

“This is slightly different from the definition that we used for the case (n, k) = (4, 2).
SAgain, these indices are taken modulo n.
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Algorithm 1 Topological Sort of G4

1: Input: Directed graph G4 with vertex set C' = [m)].

2: Output: Topological ordering of GG; which is single-peaked with respect to the ordering
(1,2,...,m).

a+1,b<m

4: Tq ( )

5: while ¢ < b do

6: if there does not exist a candidate ¢ € [a + 1, b] such that a has an outgoing edge to ¢ then

7 Prepend a to the front of 7.

8

: a+—a+1
9: else
10: Prepend b to the front of 7.
11: b+—b—-1

12: return 7y

Lemma 6. For candidates ¢ < ¢’ < ", an input ranking that ranks c higher than ¢’ also ranks ¢/
higher than ¢”’. Similarly, an input ranking that ranks ¢'' higher than c also ranks ¢’ higher than c.

Proof. Given that c is ranked higher than ¢”, the peak must be a candidate a < ¢”’. If ¢/ < a < ¢”,
then ¢ is ranked higher than ¢, and thus ¢’ is ranked higher than ¢”’. If a < ¢/, then ¢’ is always
ranked higher than ¢”’. The other claim can be proven analogously. O

We will use the same notation for constraints as in the proof of the general case of Theorem 3] (see

Appendix @ In particular, for candidates ¢, ¢’ € C, an edge ¢ - ¢ for some ¢ € [k]o means that
t is the largest integer such that c is ranked higher than ¢’ in at least ¢ - n/k input rankings, and
consequently ¢ must be ranked higher than ¢’ in at least ¢ output rankings.

For each d € [k], let G4 be an unweighted directed graph with vertex set C' = [m], such that for each

pair of candidates ¢ < ¢/ we have an edge ¢ — ¢’ if and only if there is a constraint ¢ < ¢ for some
t € [d, k], and for each pair of candidates ¢ > ¢ we have an edge ¢ — ¢’ if and only if there is a

constraint ¢ < ¢/ for some ¢ € [k — d + 1, k]. For each d & [k], perform Algorithmon G4, which
outputs a ranking 7.
We prove the following proposition about 7.

Proposition 2. For each d € [k], the ranking 74 is a topological ordering of G4 and is single-peaked
with respect to the ordering (1,2,...,m).

Proof. Firstly, note that at the start of each iteration, [a, b] represents the set of candidates that have
not yet been added to 74. Since we always add either a or b to the front of 74 and recurse to either
[a+1,b] or [a, b— 1], respectively, the final ranking 7, is guaranteed to be single-peaked with respect
to the ordering (1,2,...,m).

It remains to show that 74 is a topological ordering of G 4. Throughout Algorithm[I} we show that
the following invariants always hold:

(1) No candidate already added to 74 has an outgoing edge to any candidate in [a, b].

(2) For candidates ¢, ¢’ such that c¢ is (not necessarily directly) in front of ¢’ in 74, it holds that
¢’ does not have an outgoing edge to c.

If these invariants are maintained throughout the algorithm, then invariant (2) implies that 74 is a
topological ordering of GG4, as 74 contains all candidates at the end of the algorithm. The invariants
trivially hold at the start of the algorithm since 74 is empty. Consider the two cases for the conditional
branch in the algorithm.

Case 1: a has no outgoing edge to any candidate in [a + 1, b].
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Invariant (1) implies that if we add a to the front of 74, invariant (2) is still preserved. Also, by the
premise of this case, invariant (1) is still preserved after adding a.

Case 2: a has an outgoing edge to some candidate ¢ € [a + 1, b].

Since we now add b to the front of 74 instead of a, it suffices to show that b has no outgoing edge to
any candidate in [a, b — 1], after which the argument follows as in Case 1.

Suppose for contradiction that b has an outgoing edge to some candidate ¢’ € [a, b — 1]. Since ¢/ < b,
by definition of G4, this outgoing edge corresponds to a constraint b L ¢ where k —d + 1 <t<k.
This means that at least %L > W input rankings rank b higher than ¢’. Asa < ¢ < b, by
Lemma at least W input rankings rank b higher than a. Similarly, by the premise of this
case, we can deduce that at least ‘% input rankings rank a higher than b.

However, an input ranking cannot rank a higher than b and b higher than a simultaneously, so there

are at least W +dn = @ > n input rankings, a contradiction. It follows that both
invariants are maintained at every step, and 74 is indeed a topological ordering of G. O

We next present a lemma related to positional proportionality.

Lemma 7. Let ¢ € C be a candidate and d € [k|o. Let ¢ € [m] and t € [k] be such that c appears in
the top ¢ ranks in at least t - n/k input rankings. Let x4 be the number of rankings among w1, . .., Tq
(which is an empty sequence if d = 0) where ¢ appears in the top { ranks. Then, at least one of the
following holds:

(1) zqg > t.
(2) There are at least (d=za+t)n input rankings such that each of these rankings either ranks at
least one candidate in°{{1, 2, ..., c — ¢} higher than ¢ or ranks c in the top ¢ ranks. (It is

possible that ¢ — ¢ < 0, in which case the set is empty.)

To prove this lemma, we first need to establish another lemma.

Lemma 8. Ler ¢ € C be a candidate and £ € [m]. Consider an input ranking that ranks at least one
candidate in {1,2,...,c — ¢} higher than c or ranks c in the top { ranks. Then, this ranking also
ranks ¢ higher than every candidate in {c + {,c+ £+ 1,...,m}.

Proof. By the single-peaked property, the candidates in the top ¢ ranks in each ranking form a
contiguous range [a, a + ¢ — 1] for some a € [m — £+ 1]. For rankings in which ¢ appears in the top
¢ ranks, we must have a < ¢, and so a + ¢ — 1 < ¢ + ¢. Hence, these rankings rank c higher than
all candidates in {c 4 ¢, ..., m}, as all such candidates appear outside the top £ ranks. On the other
hand, by Lemma rankings that rank at least one candidate in {1, ..., c — ¢} higher than c also rank
¢ higher than all candidates in {c + ¢, ..., m}. O

With Lemma §]in hand, we can now prove Lemmal[7]

Proof of Lemma[?] We proceed by induction on d. For the base case d = 0, we have ¢ = 0, and so
d — x4+t = t. Since c appears in the top ¢ ranks in at least ¢ - n/k input rankings, the lemma holds
for the base case. Assume that the inductive hypothesis is true up to some d € [k — 1]g. If 24 > ¢,
then we also have x4 > ¢, which completes the inductive step for this case.

Suppose from now on that x4 < t, so property (2) must be true for d by the inductive hypothesis. By
definition, we have 441 € {z4,zq+ 1}. f 2441 =24+ 1, thend+1—2441 +t =d— x4+t 50
property (2) is still true for d 4 1. Otherwise, 441 = x4, and so c¢ is not in the top ¢ ranks of 74 1.
Suppose that in the iteration of Algorithm [I]when ¢ is added to 7441, the unranked candidates form a
range [a, b]. Since c is added at this step, we have ¢ = a or ¢ = b.

Case 1: ¢ = a.

As cis not in the top ¢ ranks of 7441, we have b > c+/. Since x4 < t,itholds thatd — x4+t > d+1,
so by Lemma|g] for each ¢’ € {c+/, ..., m}, there exists ¢’ € [d+1, k] such that there is a constraint

6Since ¢ — £ may be negative, in which case the set is empty, we avoid using the notation [¢ — £] here.
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¢ L5 ¢, By definition of Gg. 1, there is an edge ¢ — ¢ for each ¢’/ € {c+¥4,...,m}. As ¢ cannot
have an outgoing edge to any candidate in [c + 1, b] when we add c to the topological ordering, it
holds that b < ¢ + ¢ — 1, which contradicts b > ¢ + ¢. Hence, this case cannot occur.

Case 2: ¢ = b.

As cis not in the top £ ranks of 741, we have a < ¢ — ¢. By our algorithm, we only choose b as
the next candidate to be added if a has an outgomg edge to some candidate in [a + 1, b]. Thus, by

definition of G441, there is a constraint a s ¢ for some d €la+1,bjandt € [d+ 1,k]. B
Lemma 3] all input rankings that rank a higher than ¢’ also rank a hlgher than b = ¢, so at least
@ input rankings rank a higher than c.

Note that input rankings that rank c in the top ¢ positions cannot rank a higher than c. Indeed, the top
{ positions must form a contiguous range of ¢ candidates containing ¢, and a is outside this range
since a < ¢ — £. Thus, there are at least (d+1)n + 5 tn  (d41dt)n input rankings that rank a higher
than c or rank c in the top £ positions. Since d + 1 —|— t>d+1— 2441 + t, property (2) still holds
for d + 1. This completes the induction. O

Next, we introduce a lemma related to PSC, which is analogous to Lemma [/|for positional propor-
tionality.

Lemma 9. Let C' = [a, b] for some a,b € C witha < b, and d € [k]o. Let t € k] be such that
all candidates in C' appear in the top |C'| ranks in at least t - n/k input rankings. Let x4 be the
number of rankings among 1, . .., 74 (which is an empty sequence if d = 0) where all candidates in
C' appear in the top |C'| ranks. Then, at least one of the following holds:

(1) zq = 1.

(2) There are at least W input rankings such that each of these rankings either ranks at
least one candidate in {1, 2, ...,a — 1} higher than b or ranks all candidates in C” in the top
|C’| ranks.

To prove this lemma, we again need to establish another lemma.

Lemma 10. Let C' = [a, b] for some a,b € C with a < b. Consider an input ranking that ranks at
least one candidate in {1,2, ..., a — 1} higher than b or ranks all candidates in C' in the top |C’|
ranks. Then, this ranking also ranks a higher than all candidates in {b+1,... m}.

Proof. If an input ranking ranks all candidates in C” in the top |C’| ranks, then all other candidates
are outside the top |C’| ranks, and so all candidates in C” (including @) are ranked higher than all
candidatesin {b+ 1,...,m}.

On the other hand, if an input ranking ranks some candidate ¢ € {1,2,...,a — 1} higher than b, by
Lemma|[3] it ranks b higher than all candidates in {b+ 1,...,m}. Since ¢ < b and c is ranked higher
than b, by Lemma 6] all candidates in C” \ {b} are ranked higher than b. It follows that a € C” is
ranked higher than all candidates in {b + 1,...,m}. O

With Lemma [I0]in hand, we can now prove Lemma 9}

Proof. We proceed by induction on d. For the base case d = 0, we have zop = 0, andsod—z 4+t = t.
Since all candidates C” appear in the top |C”| ranks in at least ¢ - n/k input rankings, the lemma holds
for the base case. Assume that the inductive hypothesis is true up to some d € [k — 1]o. If x4 > ¢,
then we also have x 4,1 > t, which completes the inductive step for this case.

Suppose from now on that x4 < ¢, so property (2) must be true for d by the inductive hypothesis. By
definition, we have x411 € {zg, 24+ 1}. f2g11 =2q+ L, thend+ 1 — x40 +t=d — x4+ ¢,
so property (2) is still true for d + 1. Otherwise, x44+1 = 24, and so not all candidates in C” appear in
the top |C’| ranks of my1. Observe that by Algorithm 1] the candidates in the top |C”| ranks of 7q.1
must form an interval [a’, b'] such that @’ # aand ¥’ — o’ = b — a.

Case 1: a’ > a.
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Since b’ —a’ = b — a, we have b’ > b. When a is added to 74 1, the unranked candidates must form
an interval [a, b”] for some b” € [b', m]. This means that there is no outgoing edge from a to any
candidate in [a + 1, b"].

Since x4 < ¢, itholds thatd — x4 +t > d + 1, so by Lemma. 10| foreach c € {b+1,...,m}, there

exists ¢’ € [d + 1, k] such that there is a constraint a L, ¢. However, b’ € {b+1,. m}, so by
definition of Gd+1» there is an outgoing edge from a to b”, a contradiction. Hence, thls case cannot
occur.

Case 2: a’ < a.

Since ¥’ — a’ = b — a, we have b’ < b. When b is added to 7441, the unranked candidates must
form an interval [a”, b] for some a” € [a’]. Since b is added at this step, o’ must have an outgoing

edge to some candidate in [a” + 1, b]. By definition of G441, there is a constraint a” Yy ¢ for some
c € [a” +1,bland t’ € [d+ 1, k], which implies that at least (d+1)"
than c. By Lemma | at least (dﬂ) input rankings rank a” hlgher than b.

input rankings rank o’ higher

Note that input rankings that rank a” higher than b cannot rank all candidates in C” in the top
|C’| ranks, since a” §é C’ and b € C'. Thus, there are at least (dtcl) + = W input

rankings that rank o’ higher than b or rank all candidates in C’ in the top |C” | ranks. Since
d+1+t>d+1—z441 +t, property (2) still holds for d 4 1. This completes the induction. [

Finally, we are ready to prove Theorem 4]

Proof of TheoremH{} Let the k output rankings be 71, 7a, . . ., T,. As shown in Proposition [2] these
rankings are single-peaked with respect to the ordering (1,2, ..., m).

First, we verify that this output satisfies pairwise proportionality. If we have a constraint ¢ L
for some ¢ < ¢’ and ¢ € [k], then the graphs G, ..., G} contain the edge ¢ — ¢, and thus c is
ranked higher than ¢’ in the ¢ rankings 71, . . . , 7; since they are topological orderings of G, . .., G,

respectively. Similarly, if we have a constraint ¢ - ¢ for some ¢ > ¢ and t € [k], then the graphs
Gk—t+1,- -, G contain the edge ¢ — ¢/, and thus ¢ is ranked higher than ¢’ in the ¢ rankings
Th—t+1y--+,Tk-

Next, we verify that this output satisfies positional proportionality. Suppose that ¢ appears in the top

¢ ranks in at least ¢ - n/k input rankings, for some ¢ € [m] and ¢ € [k]. By Lemmal(7] using the same
t (k—zr+t)n > (k+1)n
k =k

definition of x, if x;, < t, then there are at leas > n input rankings, which is
clearly false. Hence, xj, > t, which precisely means that c appears in the top ¢ ranks in at least ¢ of
T1yeoe s T

We can show that this output also satisfies PSC by using Lemma [9] analogously. Indeed, observe
that for each input ranking and any ¢ € [m], the candidates in the top ¢ positions form an interval
C' = [a, b] for some a,b € C with b = a+ ¢ — 1, due to the single-peaked property. Hence, Lemma@]
can be applied to any solid coalition of voters.

It remains to show that we can construct 71, . .., T in polynomial time. For each pair of candidates
cand ¢, let t. . be the maximum integer such that c is ranked higher than ¢’ in at least ¢, o - n/k
input rankings. We can compute t.. . for all ¢, ¢’ € C'in O(nm?) time, which allows us to construct
the adjacency matrices of the graphs G1, ..., G}, in O(m?k) time. Each run of Algorithmtakes
O(m?) time, and since we run it for all d € [k], the runs take O(m?k) time in total. It follows that
we can output 7y, . .., 7 in O(m?(n + k)) time. O

Next, we prove Theorem [5| for single-crossing preferences. We need the following technical lemma.
Lemma 11. Let a,b € [n] be such thatb > a + [t - n/k] — 1 for some t € [k]. Then, the interval

[a, ] contains [d - n/k] for at least t values of d € [k].

Proof. Observe that for each » € [n], the set [r] contains [d-n/k] for exactly |rk/n| val-
ues of d € [k]. Therefore, the interval [a, b] contains [d-n/k] for [bk/n| — [(a — 1)k/n| >
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[(b—a+1)k/n] > t values of d € [k]|, where we use the fact that |y + z| > |y]| + | =] for any
real numbers y, z. O

We proceed to the proof of Theorem 3]

Proof of Theorem 5] Without loss of generality, assume that the set of input rankings is single-
crossing with respect to the ordering (1,2, ...,n). For each d € [K], let o4 be the ranking 71q.,, /]
submitted by voter [d - n/k]. We let o1, ..., 0} be the k output rankings.

From the single-crossing definition, for any pair of candidates ¢, ¢’ € C, the set of voters N C N
who prefer ¢ to ¢’ forms either a prefix or a suffix of (1,2,...,n). Similarly, for any subset of
candidates C’ C C, the set of voters who rank the candidates from C” in the top |C”| ranks forms
an interval of (1,2,...,n) (but not necessarily a prefix or suffix). Indeed, if two voters rank the
candidates from C’ in the top |C’| ranks, then so does every voter between them.

We will establish pairwise proportionality; the proof for PSC is analogous. Suppose that for some
t € [k], at least t - n/k voters prefer candidate ¢ to candidate ¢’. These voters must form an interval
[a,b] of (1,2,...,n), where b > a + [t-n/k] — 1. By Lemmall1] the rankings of at least ¢ of these
voters are chosen in the output, which means that pairwise proportionality is satisfied.

Finally, we can trivially output the rankings in O(mk) time by computing [d - n/k] for each d € [k]
and outputting the corresponding input ranking. O

It is worth noting that the other positive results in this paper cannot be achieved by selecting the
output solely from the input rankings. Moreover, for single-crossing instances, this output restriction
also renders positional proportionality unattainable. We refer to Appendices [A]and [F for detailed
discussions.

F Choosing output from input rankings for single-crossing instances

For single-crossing instances, one may hope that the approach used in Theorem [5]to achieve pairwise
proportionality and PSC could also be used to achieve positional proportionality. We show not only
that this approach fails, but also that it is fundamentally impossible to attain positional proportion-
ality for single-crossing instances by choosing from the input. Consider the instance below with
(n,m, k) = (4,14, 2).

m = (1,2,3,4,5,6,7,8,9,10,11,12,13,14);
m =(1,3,2,4,5,7,6,8,10,9,11,12,14,13);
( )

7 =(3,2,1,4,5,8,7,6,10,9,11,12, 14, 13
T =(3,4,2,1,8,7,5,6,11,10,9, 14,13, 12).

3

Intuitively, this instance is composed of four non-crossing sets of candidates: {1, 2, 3,4}, {5, 6,7, 8},
{9,10,11}, {12,13,14}. One can verify that the instance is indeed single-crossing by checking the
pairwise relations within each set of candidates. Now, for each pair of input rankings, we show that
there exist ¢ € C and ¢ € [m] such that candidate ¢ appears in the top ¢ ranks only within that pair.

» my,mo: candidate 1 appears in the top 1 rank.
*» 73, m4: candidate 3 appears in the top 1 rank.
» 71, 73: candidate 2 appears in the top 2 ranks.
* mo, my: candidate 7 appears in the top 6 ranks.
» w1, my: candidate 13 appears in the top 13 ranks.
* Ty, m3: candidate 10 appears in the top 9 ranks.
Each pair imposes a positional constraint on the output that requires selecting at least one of those

two rankings. Because no output of size two can intersect all six pairs, positional proportionality
cannot be achieved.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The main claims made in the abstract and introduction reflect the results
presented in this paper.

Guidelines:

e The answer [N/A | means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A or
[N/A] answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: The limitations of the work presented in this paper are discussed as future
directions in Section

Guidelines:

* The answer [N/A] means that the paper has no limitation while the answer means
that the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate “Limitations” section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justification: For each theoretical result, we provide a formal statement as well as a complete
proof.

Guidelines:

* The answer [N/A] means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [N/A]
Justification: The paper does not include experiments.
Guidelines:

* The answer [N/A] means that the paper does not include experiments.

* If the paper includes experiments, a answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [N/A]
Justification: The paper does not include experiments.
Guidelines:

* The answer [N/A] means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://neurips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not

be possible, so is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//neurips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

 The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyperpa-
rameters, how they were chosen, type of optimizer) necessary to understand the results?

Answer: [N/A]
Justification: The paper does not include experiments.
Guidelines:

* The answer [N/A] means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [N/A]
Justification: The paper does not include experiments.
Guidelines:

* The answer [N/A] means that the paper does not include experiments.

* The authors should answer [ Yes] if the results are accompanied by error bars, confidence
intervals, or statistical significance tests, at least for the experiments that support the
main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)
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* The assumptions made should be given (e.g., Normally distributed errors).

« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g., negative
error rates).

* If error bars are reported in tables or plots, the authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [N/A]
Justification: The paper does not include experiments.
Guidelines:

» The answer [N/A] means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]

Justification: The research conducted in this paper is entirely theoretical and does not involve
human subjects or data.

Guidelines:
¢ The answer [N/A] means that the authors have not reviewed the NeurIPS Code of
Ethics.
e If the authors answer , they should explain the special circumstances that require a

deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [N/A]

Justification: This paper presents foundational research and is not tied to particular applica-
tions, let alone deployments. We are not aware of a direct path to any negative applications.

Guidelines:

» The answer [N/A] means that there is no societal impact of the work performed.

o If the authors answer [N/A] or , they should explain why their work has no societal
impact or why the paper does not address societal impact.
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» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate Deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pre-trained language models,
image generators, or scraped datasets)?

Answer: [N/A]
Justification: The paper does not involve data or models.
Guidelines:

* The answer [N/A] means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [N/A]
Justification: The paper does not use existing assets.
Guidelines:

* The answer [N/A] means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.
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* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [N/A]
Justification: The paper does not release new assets.
Guidelines:

* The answer [N/A] means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [N/A]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer [N/A] means that the paper does not involve crowdsourcing nor research
with human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [N/A]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

» The answer [N/A] means that the paper does not involve crowdsourcing nor research
with human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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16. Declaration of LLLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigor, or originality of the research, declaration is not required.

Answer: [N/A]

Justification: The core method development in this research does not involve LLMs as any
important, original, or non-standard components.

Guidelines:

* The answer [N/A] means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy in the NeurIPS handbook for what should or should not
be described.

29



	Introduction
	Preliminaries
	Positional proportionality
	Proportionality for solid coalitions
	Pairwise proportionality
	Future directions
	Proof of prop:output-from-input
	Proof of lem:table-permutation
	Proof of lem:flow-integrality
	Proof of thm:pairwise-prop
	Proofs of thm:single-peaked-simul-prop,thm:pairwise-prop-single-crossing
	Choosing output from input rankings for single-crossing instances

