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New Paradigms in Social Choice

Abstract

Several current preference aggregation challenges — ranging from aligning large lan-
guage models to summarizing civic discussions — closely resemble classical questions
in social choice theory. Yet they often fall outside the scope of traditional frameworks:
the outputs may be unconventional, individuals may express preferences over only a
tiny fraction of alternatives, or real-world instances may exhibit much richer struc-
ture. This thesis bridges that gap by developing new theoretical frameworks, formal
analyses, and algorithms tailored to these settings, offering principled approaches to
collective decision-making in modern, complex environments.

Part I addresses AI alignment. We introduce an axiomatic framework for eval-
uating alignment methods and show that widely-used loss-minimization techniques
violate some of the most fundamental principles of preference aggregation. We further
demonstrate that aligning a single model faces inherent limitations, regardless of the
algorithm used. To overcome this challenge, we propose using an ensemble of mod-
els that collectively capture a broader range of human preferences and provide both
theoretical and empirical evidence for the effectiveness of this approach.

Part II focuses on preference elicitation in settings where individuals can feasi-
bly provide only limited feedback across a large space of alternatives, an increasingly
common restriction in contexts such as civic participation platforms. We design al-
gorithms that elicit the right information for meaningful aggregation, with provable
guarantees, and develop theoretical tools to characterize the fundamental trade-offs
imposed by such informational constraints.

Part III studies liquid democracy, a flexible voting system in which individuals
may delegate their votes to others. While much of the literature emphasizes worst-
case failures, we propose a semi-random model that better captures realistic delega-
tion behavior. Under mild assumptions, we show that liquid democracy avoids many
of the previously-identified pitfalls. These results are further supported by real-world
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experiments in classroom and corporate settings, offering empirical evidence of the
paradigm’s practical viability.
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0
Introduction

This thesis lies within the realm of social choice theory — the study of how to aggre-
gate individual preferences into a collective decision. For centuries, this field has of-
fered a rich conceptual and mathematical toolbox for tackling such problems, with
applications ranging from political elections to resource allocation. These foundations
have given rise to a deep understanding of desirable properties for aggregation, along
with fundamental trade-offs they entail.

Typical social choice frameworks, however, often rely on strong assumptions: for
example, we are given a well-defined set of candidates, full access to each participant’s
preferences, and the goal is to simply pick one winner. These settings, while stylized,
are far from trivial. They have inspired a wealth of elegant results, remain the subject
of active research, and apply to a staggering number of domains. Yet, many modern
preference aggregation problems, particularly those driven by rapidly evolving tech-
nologies, pose challenges that do not fit neatly into this classical mold.

Take, for example, the problem of aligning large language models. AI companies
routinely collect large-scale datasets containing entries of the form: “Between these
two answers to the prompt, which do you prefer?” This data is used to adjust the
language model to better reflect these human preferences. But how should this ad-
justment be done? This is fundamentally a social choice problem: individuals may
have differing views on which responses are better, yet their collective preferences are
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distilled into a single model. But what even are principled ways to evaluate such ag-
gregation? And how do current methods measure up?

Similarly, consider online platforms for civic participation and opinion aggregation
such as Polis1 [193] or Remesh.2 These platforms host large-scale discussions on press-
ing issues, for example, “How should our city regulate Uber?” Participants submit
free-text comments on the topic, and then evaluate statements submitted by others,
indicating agreement or disagreement. The primary goal is to “summarize” the land-
scape of opinions. Again, this is fundamentally a social choice problem — we are ag-
gregating the feedback of the participants into a single summary. In fact, it might
initially appear that this problem falls well within the scope of existing methods.
But there is an extra challenge: a single discussion may receive thousands of user-
submitted opinions, while each participant can only feasibly evaluate a small subset.
How can we meaningfully aggregate with such sparse information? Furthermore, how
should these platforms select which statements to show to users in order to yield the
highest-quality outcome?

These modern dilemmas underscore the need to extend and adapt the tools of so-
cial choice theory. This thesis aims to tackle these challenges head on. Building on
classical notions of fairness, representation, and efficiency, it introduces new theoret-
ical frameworks tailored to modern contexts and proposes algorithms with provable
guarantees. Where possible, these approaches are evaluated on real-world datasets
to validate their practicality. The overarching goal is to bridge the gap between cen-
turies of social choice insights and the growing need for new collective decision-making
systems in today’s complex and information-rich world.

0.1 Thesis Overview

Part I: AI Alignment

The first part of this thesis develops principled approaches to understanding AI align-
ment. We begin by framing alignment as a social choice problem. Specifically, we as-
sume access to a dataset of pairwise preferences over prompt/response pairs—formally,
elements of a set X . The dataset consists of comparisons of the form x � x′ for

1pol.is
2remesh.com

2

pol.is
remesh.com


x, x′ ∈ X .
A prominent approach to incorporating these preferences into AI systems is rein-

forcement learning with human feedback (RLHF) [157, 196, 216]. RLHF first requires
aggregating the preferences into a reward function r : X → R that assigns a numerical
score to each prompt/response pair, representing its quality. The choice of aggrega-
tion method from preferences to reward is agnostic to the rest of the pipeline — this
is precisely where insights from social choice theory become valuable. RLHF then
uses techniques from reinforcement learning to train the model to favor higher-reward
outputs. Crucially, the reward function must generalize beyond the observed data to
assign scores to all possible prompt/response pairs. This necessitates selecting a func-
tion rθ from a parameterized family {rθ | θ ∈ Θ}. Typically, language models can
produce a feature vector in Rd for each element x ∈ X , and the class of reward func-
tions can then be linear (or slightly more expressive) functions of these vectors. From
a social choice perspective, we can evaluate the chosen rθ by the ranking it induces
over X , allowing us to import classic techniques and desiderata from social choice the-
ory.

Chapter 1: Axioms for AI Alignment The first chapter introduces an ax-
iomatic framework for aggregating preferences into a reward function. Assume the
pairwise comparisons arise from n agents, each with a complete ranking over a finite
subset C ⊆ X . The reward function rθ itself induces a ranking over C, framing the
task as a quintessential social choice problem: aggregate n rankings over C into a sin-
gle ranking.

Classic social choice desiderata now apply. For example, Pareto Optimality, one
of the most fundamental, requires that if all n agents prefer a � b, then the chosen
reward r should reflect this, with r(a) > r(b). However, the challenge is that since the
reward must come from a parameterized class (e.g., linear in the feature vectors for
this chapter), we cannot simply apply a traditional voting rule.

The first results pertain to a broad class of existing approaches where the reward
function is chosen to minimize a loss of the form

L(r) =
∑
x≻x′

ℓ(r(x′)− r(x)),

where ℓ penalizes assigning higher reward to less-preferred responses. A canonical
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choice is ℓ(s) = log(1 + es), corresponding to choosing r as the maximum likelihood
estimate (MLE) of the Bradley-Terry model [49, 157]. Some approaches directly apply
this loss to all elicited pairwise comparisons; others first replace repeated preferences
over the same pair by the majority [44, 80, 122, 123, 134, 135, 165], i.e., if 60% prefer
a � b, and 40% prefer b � a, then these are all aggregated into a single a � b entry in
the dataset.

We first show that for both of these methods, under mild conditions on ℓ, fail to
satisfy Pareto optimality, i.e., there are instances where all voters prefer a � b, but
the chosen function assigns b a higher reward than a.

We complement these results with a method that satisfies Pareto Optimality along
with several other desirable social choice properties, representing a proof of concept
that these requirements are not overly stringent.

Chapter 2: Pairwise Calibrated Rewards for Pluralistic Alignment A
key limitation of producing a single ranking is that it cannot reflect the diversity of
opinions in a population. For instance, if 60% prefer a � b and 40% prefer b � a, a
single reward must misrepresent a substantial minority.

Motivated by new ideas in pluralistic alignment [194], we propose a more general
framework: rather than a single reward function, we select a small ensemble of reward
functions that collectively capture diverse preferences. Each of these could be used to
train a corresponding language model. Unlike prior work that assumes participants
are grouped by predefined demographic information, we define a desirable output
property, pairwise calibration: If a p fraction of annotators prefers a � b, then approxi-
mately a p fraction of the reward functions in the ensemble should have r(a) > r(b).

We show a variety of theoretical results. First, finding a perfectly pairwise-calibrated
ensemble is computationally hard, although, under mild conditions, a small approxi-
mately calibrated ensemble exists. Second, such ensembles can be constructed with-
out relying on outlier reward functions that deviate too far from the average voter,
i.e., even treated as single rewards they would still perform reasonably well on the
population. And third, ensembles that perform well on sufficiently large datasets gen-
eralize to unseen examples.

We complement these theoretical results with experiments, demonstrating that ap-
proximate pairwise calibration is achievable on several real-world preference datasets
via heuristic training methods.
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Part II: Efficient Preference Elicitation

This part addresses the increasingly pertinent challenge of preference aggregation in
scenarios where it is infeasible for participants to express preferences over the entire
set of alternatives C. In such contexts, a system must intelligently select which lim-
ited subset of comparisons or evaluations to elicit from each voter.

These challenges arise across a range of domains. In AI alignment, for instance, it
is entirely impractical to ask each annotator for preferences over the full set X . Simi-
larly, civic engagement platforms like Polis must aggregate opinions across huge num-
bers of user-submitted statements, even though individual participants can evaluate
only a small subset. Even in traditional domains, such as selecting awardees at aca-
demic conferences, similar challenges arise: each reviewer can asses only a small batch
of papers, a tiny fraction of all submissions, yet collective decisions must be made
from this sparse data.

The three chapters in this part explore these issues using diverse problem formula-
tions, objectives, and elicitation formats.

Chapter 3: Representation with Incomplete Votes This chapter focuses on
achieving fair representation in online civic platforms where users provide approval
votes (agree/disagree) on a limited subset of comments. The set of alternatives C

represents the submitted comments.
Drawing inspiration from multi-winner approval voting, we aim to select a set of

comments that is proportional, reflecting the diverse opinions on the population. One
central criterion we consider from the literature is Justified Representation (JR) [14]:
a selected set of k comments satisfies JR if no group, comprising at least 1/k of the
population, unanimously disagrees with all k chosen comments while also unanimously
agreeing with another comment not in the set. If such a group and comment exist, it
suggests that this segment “deserves” to have their viewpoint included for the selec-
tion to be truly representative. JR is a relatively minimal fairness requirement; the
literature also offers a spectrum of stronger variants that impose stricter guarantees.

The key challenge lies in eliciting sufficient preference information, as existing meth-
ods typically assume full knowledge of each participant’s opinions over all comments —
a condition clearly unmet in platforms like Polis. We model preference elicitation as
follows: at each time step, the platform selects a small subset Q ⊆ C of at most t
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comments, where t reflects a limit of how many comments an individual will respond
to. This set is shown to the next arriving participant, who is assumed to be a random
draw from the population. This participant then indicates whether they agree or dis-
agree with each comment in Q.

We begin by analyzing the current approach, which, to a first approximation, se-
lects Q completely at random. We show that this approach fails to gather enough
data to identify a JR set — regardless of the downstream selection algorithm — unless
the number of participants exceeds the number of submitted comments by orders of
magnitude above what is typically seen in real Polis discussion.

To address this, we propose an adaptive querying method that dynamically selects
Q, guided by responses gathered from earlier users. This adaptive approach enables
the platform to focus feedback on comments that are more likely to contribute to pro-
portional outcomes. This method provably achieves JR and stronger fairness guaran-
tees, significantly outperforming the non-adaptive baseline.

We support these theoretical results with experiments on real-world Polis data,
demonstrating that our algorithms meet and often exceed their formal guarantees,
achieving practical fairness in realistic contexts.

Chapter 4: Computing Voting Rules with Incomplete Votes In this chap-
ter, we consider a similar preference elicitation model as in the Polis setting, but with
a key difference: voters are assumed to possess ranked preferences over C. That is,
each voter has an implicit complete ranking of all candidates, and, when queried on a
subset, they reveal the induced ranking over that subset.

The objective here is also distinct. Rather than directly optimizing for certain rep-
resentative fairness properties, we assume there is a fixed voting rule that would be
applied if full rankings were available, and investigate whether it is possible to de-
termine the winner using only limited-size queries. For example, consider the classic
plurality rule, which selects the candidate ranked first most often. Can we recover the
plurality winner by asking arriving voters to rank only a small subset of candidates?

This problem is practically motivated by settings such as political polling in large
primaries, where it may be infeasible to survey voters over the entire field. Can we
reliably infer the winner using only head-to-head comparisons or polls involving a few
candidates?

We provide a complete characterization of the class of positional scoring rules that
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are computable under such limited-query constraints for a candidate set C of size m,
using queries of size t. Notably, the Borda count is computable even when queries
are restricted to pairwise comparisons, i.e., t = 2. In stark contrast, Plurality is not
computable using any subset smaller than the full candidate set, i.e., t < m. This
impossibility result is information-theoretic and holds even for randomized algorithms.
This intractability also extends to Single Transferable Vote (STV), another commonly
used rule in political elections.

For computable rules, we further analyze the query complexity — the number of
participants required to identify the correct outcome. We provide tight bounds for
both deterministic and randomized settings. These results offer a comprehensive pic-
ture of what is and is not achievable under limited elicitation.

Chapter 5: Metric Distortion with Elicited Pairwise Comparisons This
chapter adopts a classical model that assumes it is possible to embed voters and can-
didates in a metric space, where voters prefer candidates closer to them [7, 69]. This
space may represent, for example, a space of opinions, such as voters and candidates
being placed on a political compass for political contexts, or how much a statement
emphasizes various dimensions of an issue if candidates are statements. A reasonable
goal here is to choose a candidate c ∈ C that minimizes the average distance to all
voters.

However, we cannot assume access to explicit distances, especially since the met-
ric space is often only implicitly defined. Instead, we assume each voter answers t

pairwise comparisons: “Which of these two candidates do you prefer?” Prior work
has shown that if full rankings (all pairwise preferences) are known, it is possible to
choose a candidate whose total distance is within a constant factor of the optimal,
regardless of the metric [7, 84, 127].

Here, we ask what approximation guarantees are possible when each voter pro-
vides only t comparisons. We derive nearly tight bounds on approximation quality
as a function of m and t, and study the impact of various forms of adaptivity. For
instance, can the next query to a voter depend on their previous answers? Or, can it
depend on answers from earlier voters? Each kind of (non)adaptivity has normative
and practical implications, discussed more in the chapter. We establish tight bounds
across all such settings, offering a fine-grained understanding of the trade-offs between
elicitation cost and decision quality.
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Part III: Liquid Democracy

The final part concerns a relatively new voting paradigm known as liquid democracy —
a system made feasible only by modern technology. Liquid democracy occupies a mid-
dle ground between two familiar systems: representative democracy, where officials
vote on behalf of citizens, and direct democracy, where all individuals vote directly
on every issue themselves. In liquid democracy, voters have a choice: they can either
vote directly on an issue or delegate their vote to any other individual. The term “liq-
uid” reflects the transitive nature of delegations: if i delegates to j and j delegates to
k, k votes on behalf of all three. In this way, votes can “flow” through the network of
delegations.

Liquid democracy has been gaining prominence in political arenas [129] and, more
recently, in blockchain-based systems due to its decentralized nature [10]. Yet despite
its popularity, is liquid democracy an effective method of preference aggregation from
a formal, social-choice theoretic standpoint?

We are not the first to formally analyze liquid democracy (e.g., [37, 40, 50, 86,
115]). However, prior work has generally cast liquid democracy in a negative light,
highlighting various shortcomings. In this part, we offer a more nuanced perspec-
tive, presenting both theoretical and empirical evidence that supports the system’s
effectiveness. On the theoretical side, we present a semi-random model of delegation.
While, worst-case analysis reveals limitations, we argue that such extremes are unre-
alistic in large-scale implementations. Instead, when delegations include some degree
of randomness — reflecting the imperfect, noisy nature of real-world decision-making —
the performance of liquid democracy significantly improves.

Complementing our theoretical analysis, we report results from some of the first
real-world experiments conducted on liquid democracy. These include experiments in
both classroom and corporate environments, which validate key assumptions of our
theoretical model and demonstrate the system’s potential in practice.

Chapter 6: Tracking Truth with Liquid Democracy We discuss both the
theoretical and empirical contributions of this chapter.

Theoretical contributions. Building on prior work [115], we analyze the performance
of liquid democracy using the epistemic approach from social choice theory, which
evaluates decision-making systems based by their ability to identify a correct outcome.
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We assume that voters are facing a choice between two options one of which is objec-
tively better. Each voter i is characterized by an expertise level pi ∈ [0, 1], represent-
ing the probability that they choose the correct option. Under direct democracy, the
correct outcome is selected if a majority of voters do so.

In liquid democracy, where voters may delegate their vote to others, the system’s
outcome is determined by a delegation graph—a directed graph where an edge from
i to j indicates that i delegated to j. Each voter accumulates a weight equal to the
number of individuals who (transitively) delegated to them, and the final decision is
made by a weighted majority. This setup enables a principled comparison between liq-
uid and direct democracy: Given a delegation graph, we can compare the probability,
over the votes cast by the individuals, that each system leads to the correct outcome.

Of course, in some instances, liquid democracy outperforms direct democracy, and
in others, it underperforms. The key question, then, is: how likely is it that liquid
democracy performs well?

To answer this, we introduce a semi-random model defined by three components:
(1) a distribution D over voter expertise levels; (2) a function q : [0, 1] → [0, 1] speci-
fying the probability that a voter with expertise p chooses to delegate (ideally, lower-
expertise voters are more likely to delegate); and (3) a function φ : [0, 1]2 → R+

encoding the propensity for a voter of expertise x to delegate to a voter of expertise y.
With the parameters D, q, and φ fixed, we sample delegation instances and com-

pare the performance of liquid and direct democracy. We show that under natural
assumptions — such as those with more expertise being less likely to delegate, and
voters tending to delegate to those with more expertise — liquid democracy not only
matches direct democracy with high probability but often outperforms it significantly.

Empirical contributions. To validate our theoretical framework, we conducted six
experiments with 168 participants in classroom and corporate settings, yielding 62
delegation graphs and more than 11,000 recorded votes. Participants answered sets of
binary true/false questions and could either vote directly or delegate their vote to a
peer. All experiments took place in environments with pre-existing social ties, allow-
ing participants to make informed delegation choices. From this data, we estimated
individual expertise and analyzed delegation behavior.

Empirically, we found that liquid democracy often matched or outperformed di-
rect democracy in identifying correct outcomes. Delegation patterns aligned with our
model assumptions: higher-expertise individuals were less likely to delegate, and vot-
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ers tended to delegate to more competent peers. Notably, we observed little evidence
of concentration of power — situations where a small number of voters accumulate a
disproportionate share of the vote weight. These scenarios have been shown in prior
theoretical work to severely degrade performance, yet in our experiments, such cases
were rare. This suggests that the extreme cases driving negative results in worst-case
analyses are not representative of how liquid democracy operates in practice.

0.2 Bibliographic Notes and Excluded Research

The research in this thesis is based on joint work with a variety of coauthors. Chap-
ter 1 is based on joint work with Luise Ge, Evi Micha, Ariel D. Procaccia, Itai Shapira,
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Micha, Ariel D. Procaccia, and Itai Shapira [97]. Chapter 3 is based on joint work
with Gregory Kehne, Ariel D. Procaccia, Jamie Tucker-Foltz, and Manuel Wüthrich [92].
Chapter 4 is based on joint work with Safwan Hossain and Jamie Tucker-Foltz [96].
Chapter 5 is based on joint work with Soroush Ebadian and Evi Micha [65]. Chap-
ter 6 is based on joint work with Adam Berinsky, Joseph Y. Halpern, Ali Jadbabaie,
Elchanan Mossel, Ariel D. Procaccia, and Manon Revel [29], a journal paper combin-
ing two conference papers: a theoretical one with Halpern, Jadbabie, Mossel, Procac-
cia and Revel [94], and an experimental one with Berinsky, Revel, and Jadbabie [172].

To maintain conciseness and coherence in this thesis, a significant portion of my
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lead to pessimistic outcomes, such as axiom satisfaction of voting rules under
smoothed analysis [77], incentive compatibility of rules under distributional as-
sumptions [95], and the existence of envy-free allocations in fair division under
distributional assumptions [24].

• Work on tradeoffs of certain social choice objectives using partial rankings [34].

• Research in online fair division, where items arriving over time must be fairly
allocated, focusing on tradeoffs of various assumptions on agent values [100],
and on guarantees using partial information [25] (conference version [23]).
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• Contributions toward developing new models and desiderata in multi-agent sys-
tems, including novel representation guarantees in approval voting [99]; desider-
ata for determining the appropriate size of representative bodies [173]; frame-
works and new representation criteria for selecting interconnected citizens’ as-
semblies [98]; and models analyzing tradeoffs between engagement and diversity
in social media [21].

• Research on strategic information revelation of buyers in a market [93].
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Part I

AI Alignment
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1
Axioms for AI Alignment

1.1 Introduction

The alignment of AI models with human values is widely recognized as a crucial task.
A prominent method for this task, reinforcement learning with human feedback (RLHF),
has been used in different applications, such as robotics [30, 131] and recommenda-
tions [1, 200]. Recently, RLHF has attracted significant attention as a tool for fine-
tuning large language models (LLMs) [157, 196, 216]. A typical implementation of
RLHF involves learning a reward model using a pre-trained LLM, which is then uti-
lized to fine-tune an existing LLM. During the learning step, human feedback is pro-
vided in the form of ordinal comparisons, and a reward function is learned from these.
The most common learning method assumes an underlying random utility model such
as the Bradley-Terry-Luce (BTL) model [49, 157] and computes a reward function
that corresponds to a maximum likelihood estimator for the observed comparisons.

Is this the “right” way of aggregating individual preferences towards a socially de-
sirable reward function? To answer this question, we draw on social choice theory,
a field that studies collective decison making through a mathematical lens [36]. The
maximum likelihood estimation approach is in line with a storied body of work that
assumes that different human participants have preferences stemming from noisy es-
timation of a common ground truth, and the goal is to learn this ground truth as
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accurately as possible [210]. But this is not the case when it comes to questions of
AI alignment, where individuals can have legitimate differences of opinion rooted in
different values or priorities.

We argue that when preferences are truly heterogeneous, the axiomatic approach —
which rose to prominence in social choice with the work of Arrow [12] — may be more
suitable. This approach analyzes the desirability of aggregation methods through
their satisfaction of certain axioms that capture notions of consensus, fairness, and
economic efficiency. Specifically, we are interested in the axiomatic properties of ag-
gregation methods that take ordinal preferences as input and output a reward func-
tion. We address the following two research questions:

What axioms are satisfied by aggregation methods used by existing RLHF algo-
rithms? And are there alternative aggregation methods that offer stronger axiomatic
guarantees?

1.1.1 Our Approach

In social choice theory, axioms are typically defined for rules that map rankings over
candidates to a single winner (social choice functions) or a ranking of the candidates
(social welfare functions). By contrast, we are interested in rules that assign a reward
to each candidate. This gap is easy to bridge, though: we simply consider a ranking
of the candidates by decreasing reward.

A much more significant gap is that in classical social choice, all relevant candi-
dates appear in the input preferences, whereas in our setting (where candidates corre-
spond, e.g., to prompts and their responses), we are only given preferences over a rela-
tively small set of candidates identified by their (known) features, and we need to gen-
eralize from this information. In practice, this entails using a restricted — commonly,
parametric — class of reward models which map candidate features to real-valued re-
wards, and which we fit to existing data.

Specifically, we assume that a linear reward function defined by a parameter vec-
tor determines the reward of each candidate by computing the inner product of the
parameter vector and the feature vector of the candidate; these modeling choices are
consistent with prior and concurrent work [83, 213, 215] and aim to capture the prac-
tice of RLHF.1 Each human participant (henceforth referred to as a voter) is associ-

1We can represent the reward model as an embedding layer ϕ(x) which is then linearly ag-
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ated with a parameter vector, which is unknown to us and is used to specify ordinal
preferences over the candidates. Our task is to design linear rank aggregation rules,
which aggregate rankings induced by these individual linear functions2 into a collec-
tive ranking that is also induced by a linear function; this is a new paradigm in social
choice, for which we coin the term linear social choice.

To evaluate linear rank aggregation rules, we adapt fundamental axioms from social
choice theory [36]. The first is Pareto optimality (PO), which requires that if a candi-
date a is ranked above candidate b in every input ranking, then the resulting ranking
should rank a above b. This is seen as a basic requirement and is satisfied by every
standard voting method in the classical setting.

The second axiom is pairwise majority consistency (PMC): If there exists a reward
function that generates a ranking where, for each pair of candidates, a majority of
voters agree with the ranking, then the resulting ranking should match that ranking.

This axiom is an extension of Condorcet consistency to rankings, and is satisfied by
some, but not all, standard voting methods in the classical setting.

1.1.2 Our Results

We start by examining, in Section 1.3.1, a family of loss-based rules that finds a rank-
ing induced by a parameter vector that optimizes a measure of loss; this measure
increases for every disagreement with a voter on a pair of alternatives, where the
larger the difference in rewards, the larger the penalty. Crucially, by plugging in bi-
nary cross-entropy loss we can recover the BTL model. Our first main result is that
whenever the loss function is weakly convex and nondecreasing, or strictly convex —
conditions satisfied by binary cross-entropy loss, as well as, e.g., exponential and
hinge loss — the corresponding rule fails both PMC and PO. This result suggests that
the prevailing practice of RLHF is flawed from an axiomatic viewpoint.

In Section 1.3.2, we take a first step towards addressing this shortcoming. We mod-
ify the loss-based formulation to focus on majority preferences instead of those of in-

gregated to compute the final reward. If we fix the embedding function ϕ and treat its output
as the feature representation of the outcomes, such as prompt-response pairs, the resulting
reward model is linear in ϕ(x); see, e.g. [215].

2In practice, typical RLHF datasets consist of pairwise comparisons, not complete rank-
ings. Assuming rankings as input makes our exposition cleaner, and it is not a fundamental
limitation, as we discuss in Section 1.5.
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dividuals. This modification defines a family of rules that are PMC, but we show that
all of them fail PO by establishing an even stronger impossibility result: In stark con-
trast to the classical setting, any linear rank aggregation rule that depends only on
majority preferences must fail PO.

In order to achieve both PO and PMC, we design (in Section 1.4) a linear rank
aggregation rule that we call leximax Copeland subject to PO. Not only does it satisfy
our two main axioms, it also satisfies two additional ones, majority consistency and
winner monotonicity.

To summarize, while widely applied rules fail to meet basic axioms, there are al-
ternative methods that are desirable from this viewpoint. Our approach, therefore,
provides a discriminative lens through which to evaluate RLHF methods and AI align-
ment methods more broadly.

1.1.3 Related Work

A number of recent papers have sought to build connections between social choice
theory and RLHF [43, 55, 60, 83, 147, 158, 188, 197, 213]; this surge of interest points,
in our view, to the importance of the agenda.

Three of those papers are position papers that conceptually support our work in
that they discuss the possibility of applying an axiomatic approach to RLHF [55, 60,
147], although they do not provide any technical results. By contrast, existing tech-
nical papers on RLHF do not take an axiomatic approach. Of the technical papers,
the one that is most closely related to ours is that of Siththaranjan et al. [188]. They
show, among other results, that the ranking induced by the reward function that the
MLE estimator of the Bradley-Terry-Luce Model returns follows the famous Borda
count rule when unrestricted reward functions are allowed. In the classical setting,
Borda count has strong axiomatic guarantees, including PO (but not PMC). However,
it cannot be realized as a linear rank aggregation rule, and it is arguably impractical
for RLHF.

More recently, there has been a growing emphasis on pluralistic alignment [55, 82,
148, 170, 194] — the development of alignment methods that account for the diversity
of human values and perspectives. We discuss this emerging literature in more detail
in Chapter 2, where it is more directly relevant to the contributions.

Our work builds on an earlier study by Noothigattu et al. [155], which explores the
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axiomatic properties of reward functions defined as MLE estimators of underlying
random utility models. The key difference is that their approach allows for general
reward functions, not just linear ones, and they do not consider features at all. Unlike
our findings, they show that the BTL model satisfies Pareto Optimality under these
conditions. Additionally, they find that pairwise majority consistency is violated even
without assuming linearity. However, their results strongly depend on varying the
number of comparisons across different pairs of candidates. By contrast, our findings
demonstrate that pairwise majority consistency is violated even when the number of
comparisons is equal across all pairs of candidates.

1.2 The Linear Social Choice Model

Let C be a set of m distinct prompt/responses, referred to as candidates, and let V =

{1, . . . , n} be a set of n human participants, known as voters. We denote by Rd the d-
dimensional real space in which both candidate feature vectors and chosen parameter
vectors lie.

Each candidate c ∈ C is associated with a distinct feature vector xc ∈ Rd. A pa-
rameter vector θ ∈ Rd induces a linear reward function rθ : C 7→ R defined by
taking the dot product with feature vectors rθ(c) = 〈θ,xc〉. We will primarily be in-
terested in how these parameterized functions rank the candidates by reward. Let
Ra≻b = {θ | rθ(a) ≥ rθ(b)} be the region where the reward of a is at least as large
as that of b. Note that Ra≻b and Rb≻a split Rd into two half spaces, separated by
the hyperplane orthogonal to xa − xb. Parameter vectors θ on the hyperplane have
rθ(a) = rθ(b), while rankings in the interior of either half-space strictly rank one over
the other.

For a ranking σ over the candidates, we say that θ induces σ, denoted θ ▷ σ, if
a �σ b implies rθ(a) ≥ rθ(b). Let Rσ = {θ | θ ▷ σ} be the set of vectors θ that in-
duce it. Note that this can be written as the intersection of corresponding half spaces
Rσ =

⋂
a,b:a≻σb

Ra≻b. Further, the collection of {Rσ} essentially form a partition of
Rd, covering the space and intersecting only at their boundaries.

We call a θ non-degenerate if it is fully on one side of each of the separating hyper-
planes, i.e., rθ(a) 6= rθ(b) for all a, b ∈ C. Non-degenerate parameter vectors lie in the
interior of some Rσ, and thus induce exactly one ranking. We call σ feasible if Rσ has
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a nonempty interior, i.e., is induced by some nondegenerate θ.3

Each voter i ∈ V submits a ranking over the candidate σi. We assume that the fea-
ture space is rich enough that voter preferences can be captured via non-degenerate
parameter vectors. In other words, we assume that each σi is feasible. We refer to the
vector of voter rankings π = (σi)i∈V as a profile. Further, for two candidates a, b, we
write na≻b(π) := |{i ∈ V | a �σi b}| for the number of voters that prefer a to b, and
wa≻b(π) = na≻b(π)/n for the proportion of such voters. When the profile π is clear
from context, we may shorten these to na≻b and wa≻b, respectively.

We define a parameter aggregation rule as a function that takes as input a profile
π and outputs a parameter vector θ∗. Our goal is to design parameter aggregation
rules such that rθ∗ satisfies desirable properties with respect to the voter preferences.
However, as the properties we care about will only be with respect to how rθ∗ ranks
the candidates, it will be more convenient to work with what we call linear rank ag-
gregation rules that take as input a profile π and output a feasible ranking σ. There is
a natural way to interpret a parameter aggregation rule as a linear rank aggregation
rule, namely, output any feasible ranking induced by θ∗. The exact properties of the
parameter aggregation rule could in principle be sensitive to the tie-breaking of non-
degenerate outputs; however, all of our results will be robust to such tie-breaking.4

We pay special attention to a prominent family of rules from social choice theory
referred to as C1 rules [75], whose outputs depend only on majority relationships, i.e.,
they only need to know for each pair of candidates (a, b) whether the majority prefers
a or b.

3The number of feasible rankings is in general upper bounded by mO(d) due to how many
regions

(
m
2

)
hyperplanes can partition the space [66]. Further, under mild conditions on the

feature vector locations, the exact number of feasible rankings is known [57, 87].
4One may wonder if there are any computational barriers to converting between parameter

and linear rank aggregation rules. However, this is not the case. In particular, for every set
of pairwise comparisons R = {a1 � b1, a2 � b2, a3 � a3, . . .}, we can efficiently (i) check if
there is a feasible ranking σ consistent with R, and (ii) if such a σ exists, find a nondegenerate
θ inducing such a σ. This can be done by finding a θ satisfying the following system of linear
inequalities, or determining that no such θ can satisfy them (which can be done using a linear
program): rθ(a) ≥ rθ(b) + 1, ∀a � b ∈ R. Any θ satisfying the system would be nondegenerate
and induce a σ consistent with R. Furthermore, if a feasible ranking σ is consistent with R,
then taking any nondegenerate θ inducing σ and scaling up its values would satisfy all inequal-
ities. This means that given a ranking σ = c1 � c2 � · · · � cm, we can check whether or not
it is feasible, and so, find a θ inducing it by running this with R = {c1 � c2, . . . , cm−1 � cm}.
Additionally, given a possibly degenerate θ, we can find a feasible ranking σ which θ induces
by running this with R = {a � b | rθ(a) > rθ(b)}.
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In our study, we examine several axioms borrowed from social choice theory to eval-
uate the reasonableness (fairness) of our aggregation mechanisms. These axioms in-
clude:

Definition 1.2.1 (Pareto Optimality). A linear rank aggregation rule f satisfies
Pareto optimality if, whenever every voter prefers candidate a over candidate b on
π, i.e., wa≻b(π) = 1, then candidate a is ranked higher than candidate b in the output
ranking, i.e., a �f(π) b.

Definition 1.2.2 (Pairwise Majority Consistency (PMC)). A ranking σ is called a
PMC ranking for profile π if for all a, b ∈ C, a �σ b if and only if a majority of voters
rank a �σi b, i.e., wa≻b > 1/2. A linear rank aggregation rule satisfies PMC if, when a
PMC ranking σ exists for the input profile π and σ is feasible, then f(π) = σ.

Note that a PMC ranking for each π need not exist, but when one does, it is unique.
The words “σ is feasible” allude to the possibility that no non-degenerate parameter
vector θ induces the unique PMC ranking. Indeed, we have such an example; see Ap-
pendix B of the full version for details.

Our research question, then, is whether these axioms can be simultaneously satis-
fied by linear rank aggregation rules. Our approach seeks to provide a concrete illus-
tration of how theoretical insights from social choice can inform practical algorithm
design in RLHF.

1.3 Loss-Based Rules

1.3.1 Standard Loss Formulation

We begin our study of linear social choice by considering a quite broad yet natural
class of rules that capture how RLHF is currently being done. Their core idea is the
following: when considering parameter vector θ, for each voter i that ranks a pair of
candidates a �i b, we should incur some loss for giving b a higher reward than a. To
formalize this, let ℓ : R → R be a loss function, which we assume is nonnegative. We
can then choose a parameter vector minimizing

L(θ;π, ℓ) =
∑

a ̸=b∈C
na≻b(π) · ℓ(rθ(b)− rθ(a)).
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Note that the BTL model fits within this framework using ℓ(x) = ln(1 + ex), i.e.,
binary cross-entropy loss.5 One caveat to this approach, however, is that an optimal
θ need not be well-defined: it is possible that no minimum is attained. Fortunately,
since we only care about rankings induced by optimal parameter vectors, we can con-
veniently remedy this by saying the output is any ranking that is induced by param-
eter vectors that are arbitrarily close to optimal. More formally, we say that a linear
rank aggregation rule f minimizes ℓ if for all σ = f(π),

inf
θ:θ∈Rσ

L(θ;π, ℓ) = inf
θ
L(θ;π, ℓ). (1.1)

Even if no minimum is attained, there is always a choice of feasible ranking σ such
that Equation (1.1) is satisfied.

With this definition in hand, we proceed to our first main result, which spells rather
bad news for this class of rules: Any loss-based aggregation rule using a nondecreasing
and convex loss function (of which BTL is one, and hinge loss is another) will fail
our two core axioms, PMC and PO. This paints a negative picture for current RLHF
methods with respect to their social choice guarantees. Note that we will exclude the
discussion of loss functions that have its global minimum at zero like ReLU because
the loss minimizer will be zero, making all rankings vacuous consequently. And we
have focused on convex loss functions due to its practical ease in optimization.

Theorem 1.3.1. If a linear rank aggregation rule f optimizes a loss function ℓ that
satisfies infx ℓ(x) < ℓ(0) and is either nondecreasing and weakly convex, or strictly
convex (and possibly nonmonotone), then f fails PMC and PO.

Proof. Fix a loss function ℓ satisfying the theorem conditions. Note that since ℓ is
convex, we may also assume it is continuous [174, Corollary 10.1.1]. Furthermore,
since infx ℓ(x) < ℓ(0), we know that there exists x 6= 0 such that ℓ(x) < ℓ(0). The
case where x > 0 is relatively simple (as such loss functions lead to unnatural be-
havior), and we handle it at the end of the proof. For now, we assume that there ex-
ists x < 0 such that ℓ(x) < ℓ(0). Note that this also implies that for all y ≥ 0, ℓ

5Typically, BTL is presented as choosing θ maximizing the likelihood of seeing the pairwise
comparisons we observed, assuming that Pr[a � b] = erθ(a)

erθ(a)+erθ(b) . That is, we choose θ maxi-

mizing
∏

a ̸=b

(
erθ(a)

erθ(a)+erθ(b)

)na≻b

. By taking the log and swapping the sign, we see that this is
equivalent to minimizing

∑
a ̸=b log

(
1 + erθ(b)−rθ(a)

)
.
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is lower bounded by the affine linear function connecting (x, ℓ(x)) and (0, ℓ(0)), and
thus, limx→∞ ℓ(x) =∞.

We begin with a small instance of just three candidates Ccore = {a, b, c} to gain
some traction on how ℓ behaves. We will later extend this instance with additional
candidates to demonstrate a profile where PO and PMC fail. The candidates will
have feature vectors xa := (2, 1), xb := (1, 1), and xc := (0, 0), respectively. Fur-
thermore, a p-fraction of voters (for p to be chosen later) will rank a � b � c, while
the remaining (1− p)-fraction will have inverted preferences, ranking c � b � a.6

Let
Lcore(θ) :=

∑
x ̸=y∈Ccore

wx≻yℓ(rθ(y)− rθ(x))

with wx≻y ∈ {1 − p, p} be the loss function on this instance (scaling nx≻y down to
wx≻y leads to an equivalent formulation). Let g(x) = p · ℓ(−x)+ (1− p)ℓ(x). Note that
we can rewrite Lcom as

Lcore(θ) = g(rθ(a)− rθ(b)) + g(rθ(a)− rθ(c)) + g(rθ(b)− rθ(c)).

Note that rθ(c) = 0 for all θ, so we can simplify this to

Lcore(θ) = g(rθ(a)− rθ(b)) + g(rθ(a)) + g(rθ(b)).

We will consider an unconstrained version of this problem where we are free to choose
rewards ra, rb ∈ R arbitrarily, and later show by which vectors θ these optimal values
can be induced. That is, we will first find ra, rb ∈ R minimizing

Lunconstr(ra, rb) := g(ra − rb) + g(ra) + g(rb).

Let OPT core = {θ | Lcore(θ) = infθ′ Lcore(θ′)} and OPT unconstr{(ra, rb) | Lunconstr(ra, rb) =
infr′a,r′b L

unconstr(r′a, r
′
b)} be the set of minimizers for these two loss functions. We now

establish the following results about these optimal sets.

Lemma 1.3.2. There exists a rational p ∈ (1/2, 1] and values A1 < A2 with A2 > 0

such that OPT unconstr is nonempty and for all (ra, rb) ∈ OPT unconstr, ra > A2 and
6It so happens that these rankings are feasible, but for now we will not worry about this as

loss function-based rules still make sense regardless of whether the inputs are feasible. For the
final example, we will ensure that the rankings are feasible.
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rb ≤ A1.

Lemma 1.3.3. Suppose Lemma 1.3.2 holds for values p,A1 and A2, then, for this
same choice of p, OPT core is nonempty and there exist A3 and A4 with A3 > 0 such
that for all (θ1, θ2) ∈ OPT core, θ1 > A3 and θ2 < A4.

Proof of Lemma 1.3.2. We begin with some observations about g. First, we have that
since ℓ is nonnegative, g is nonnegative. This along with the fact that limx→∞ ℓ(x) =

∞, we have that both limx→∞ g(x) = ∞ and limx→−∞ g(x) = ∞. Together, these
imply that Lunconstr attains a minimum. Indeed, Lunconstr(0, 0) = 3g(0), and there is
some bound B such that for all x > B and x < −B, g(x) > 3g(0). We can therefore
restrict the optimization problem to ra, rb ∈ [−B,B] without changing the solutions.
Since Lunconstr is continuous and [−B,B]2 is compact, a minimum is attained.

Next, note that g is convex because compositions of convex functions with mono-
tonic functions and convex combinations of convex functions are convex [174]. From
this, we claim that if there is an optimal solution (ra, rb), then (ra, ra/2) is also an
optimal solution. Indeed, fix such an (ra, rb),

Lunconstr(ra, ra/2) = g(ra − ra/2) + g(ra) + g(ra/2)

= g(ra) + 2g(ra/2)

= g(ra) + 2g(1/2(ra − rb) + 1/2rb)

≤ g(ra) + 2(1/2g(ra − rb) + 1/2g(rb))

= Lunconstr(ra, rb),

where the inequality comes from convexity. This implies that (ra, ra/2) is also opti-
mal.

By above, we have that if (rb, ra) is optimal, it must be the case that ra minimizes

h(ra) := 2g(ra/2) + g(ra).

Observe that h is again convex by monotonic composition and convex combinations.
Next, we will make use of the following facts about convex functions. Although

they need not be differentiable, right- and left-hand derivatives always exist. For a
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function k these are defined as

k′+(x) = lim
h→0+

k(x+ h)− k(x)

h

k′−(x) = lim
h→0−

k(x+ h)− k(x)

h
.

Further, if k is convex, we have that (i) k′+ and k′− are nondecreasing, (ii) for every
x, k′−(x) ≤ k′+(x), (iii) x minimizes k if and only if k′−(x) ≤ 0 ≤ k′+(x), and (iv)
k′+ and k′− are right and left continuous, respectively [174]. They also follow stan-
dard linearity and chain rule properties, which allow for simpler computation, e.g., if
k(x) = aα(x) + bβ(x), then k′+(x) = aα′

+(x) + bβ′
+(x) and if k(x) = α(γx), then

k′+(x) = γα′
+(γx) if γ ≥ 0, and k′+(x) = γα′

0(γx) (all of these for left-hand derivatives
swapping the places of + and −) [52].

Next, we claim that we can find a valid p (rational with 1/2 < p < 1) and w > 0

such that g′+(w) > 0, while h′+(w) < 0. To that end, expanding the first derivative, we
have

g′+(x) = −pℓ′−(−x) + (1− p)ℓ′+(x).

As long as ℓ′−(−x) + ℓ′+(x) > 0, this is strictly more than 0 for p satisfying

p <
ℓ′+(x)

ℓ′−(−x) + ℓ′+(x)
. (1.2)

For h,

h′+(x) = 2 · 1/2g′+(x/2) + g′+(x)

= −pℓ′−(−x/2) + (1− p)ℓ′+(x/2)− pℓ′−(−x) + (1− p)ℓ′+(x).

= −p
[
ℓ′−(−x/2) + ℓ′−(−x)

]
+ (1− p)

[
ℓ′+(x/2) + ℓ′+(x)

]
.

As long as ℓ′−(−x/2) + ℓ′−(−x) + ℓ′+(x/2) + ℓ′+(x) > 0, then this is strictly less than 0

for

p >
ℓ′+(x/2) + ℓ′+(x)

ℓ′−(−x/2) + ℓ′−(−x) + ℓ′+(x/2) + ℓ′+(x)
. (1.3)
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Now, choose w > 0 such that ℓ′−(−w/2) > ℓ′−(−w) ≥ 0. This is possible by using
the following procedure. We know ℓ′−(0) > 0 (as otherwise ℓ(0) < ℓ(x) for all x < 0,
contradicting our assumption on ℓ). We will split into cases depending on whether ℓ

is nondecreasing or strictly-convex (at least one must be true by the theorem assump-
tions).

First, suppose ℓ is non-decreasing. This implies that ℓ′−(x) ≥ 0 for all x. We know
that there is a point x < 0 such that ℓ′−(x) < ℓ′−(0) (as otherwise ℓ would eventually
become negative). Let d = ℓ′−(x). Take w such that −w = sup{x | ℓ′−(x) = d}. Note
that ℓ′−(−w) = d because ℓ′− is left continuous (from (iv) above). Since −w < 0, so
−w/2 > −w. This implies that ℓ′−(−w/2) > d, as otherwise −w would not be the
supremum of such points. In addition, we have that d ≥ 0 because ℓ is nondecreasing.

Next, suppose ℓ is strictly convex. then ℓ′− is strictly increasing. Further, since it is
left continuous and ℓ′0(0) > 0, there is a γ > 0 such that for all x ∈ [−γ, 0], ℓ′−(x) ≥ 0.
Therefore, choosing w = γ will do: ℓ′−(−γ) ≥ 0 by choice of γ, and −γ/2 > −γ, so
ℓ′−(−γ/2) > ℓ′−(−γ) since ℓ′− is strictly increasing.

For this choice of w, we first claim that the preconditions of denominators being
positive hold for (1.2) and (1.3). Indeed, let us write z1, z2, z3, z4 for ℓ′−(−2w),ℓ′−(−w),
ℓ′+(w), ℓ′+(2w). We know that z1 ≤ z2 ≤ z3 ≤ z4 by properties of convexity, and
since ℓ′−(−w/2) > ℓ′−(−w) ≥ 0, we have that 0 ≤ z1 < z2. The denominators are of
the form z1 + z4 and z1 + z2 + z3 + z4, which are now both necessarily positive. In
addition, we also claim that a rational p with 1/2 < p < 1 satisfying both inequalities
(1.2) and (1.3) will exist. Note that inequality (1.2) can now be represented as z4

z1+z4
,

and we have that z4
z1+z4

≤ 1 because 0 ≤ z1 < z4 Additionally, inequality (1.3) can be
represented as z3+z4

z1+z2+z3+z4
which is at least 1/2 because z3 + z4 > z1 + z2. Finally, we

have
z3

z2 + z3
≤ z4

z2 + z4
<

z4
z1 + z4

which implies that
z3 + z4

z1 + z2 + z3 + z4
<

z4
z1 + z4

.

Hence, there exists some rational p in this interval, which is necessarily between 1/2

and 1, as needed.
To summarize, we have found a valid p and value w > 0 such that h′+(w) < 0 while

g′+(w) > 0. Because h′+ is right continuous (from (iv) above), there is some γ > 0 such
that h′+(w+γ) < 0 as well. We will now show for all (ra, rb) ∈ OPT unconstr, ra > w+γ
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and rb ≤ w. Indeed, note that ra must minimize h, so h′+(ra) ≥ 0 (from (iii) above),
which implies ra > w + c. For rb, suppose for a contradiction rb > w as well. Note
that g′+(w) > 0 means g is increasing to the right of w. Let d = min(ra, rb) − w > 0.
Consider (r′a, r

′
b) = (ra − d, rb − d). We then have

Lunconstr(r′a, r′b) = g(r′a − r′b) + g(r′a) + g(r′b)

= g(ra − rb) + g(r′a) + g(r′b)

< g(ra − rb) + g(ra) + g(rb)

= Lunconstr(ra, rb).

where the equality holds because r′a − r′b = ra − rb and the inequality because g is
increasing to the right of w. Therefore, we reach a contradiction, because then (ra, rb)

would not be optimal. Thus, we have found values satisfying the lemma statement
with A1 = w and A2 = w + γ.

Proof of Lemma 1.3.3. Fix p inducing a nonempty OPT unconstr satisfying Lemma 1.3.2
with values A1 and A2. We first claim that for any (ra, rb) (regardless of optimality),
it is possible to find a θ such that rθ(a) = ra and rθ(b) = rb. Indeed, note that(

2 1

1 1

)(
θ1

θ2

)
=

(
rθ(a)

rθ(b)

)
.

Since M =

(
2 1

1 1

)
is invertible with inverse M−1 =

(
1 −1
−1 2

)
, for any ra, rb, we

can simply set θ = M−1

(
ra

rb

)
. Thus, OPT com is nonempty, and is simply the image

of OPT unconstr under M−1. Now, fix (ra, rb) ∈ OPT unconstr, and let θ = M−1

(
ra

rb

)
.

By assumption, we have ra > A2 and rb ≤ A1. This implies that θ1 = ra−rb > A2−A1,
while θ2 = 2rb− ra < 2A1−A2. Thus, setting A3 = A2−A1 and A4 = 2A1−A2 satisfy
the desired properties.

We will now explicitly construct a family of instances with candidate feature vec-
tors parameterized by a value ε ∈ R such that for sufficiently small ε > 0, the out-
put of f fails the two axioms. Fix p,A3 and A4 from Lemma 1.3.3, and choose δ with
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0 < δ < 1 such that δA4 − A3 < 0 (δ < A3/A4 works if A4 > 0, and otherwise, any
0 < δ < 1 will do).

Each instance will have six candidates, which we will think of as two groups of
three, C = Ccore ∪ Ccopies. The first group Ccore = {a, b, c} will be the same as
the three-candidate instance from above, while the second group Ccopies = {a′, b′, c′}
will be new. The candidates a, b, c will still be located at xa := (2, 1), xb := (1, 1), and
xc := (0, 0), respectively. The candidates a′, b′, c′ will be located near their undeco-
rated counterparts at xa′ := xa + (−ε, 0), xb′ := xb + (−ε, 0) and xc′ := xc + (−ε, δ · ε).

Next, we describe the voter preferences. A p-fraction of voters will have the ranking
a � a′ � b � b′ � c′ � c, and the remaining (1 − p)-fraction of voters will have
ranking c′ � c � b′ � b � a′ � a. As long as 0 < ε < 1 (which will be the case
for our final chosen ε), these are both feasible rankings. The former is induced by the
nondegenerate feature vector (δ, 2)7 and the latter by (−1, 0).8

For each ε ∈ R, let

Lε(θ) =
∑

x ̸=y∈C
wx≻yℓ(rθ(y)− rθ(x))

with wx≻y ∈ {0, 1 − p, p, 1} be the loss function we are optimizing using candidate
locations parameterized by ε.

We will show that for sufficiently small ε > 0, infθ∈Rc′≻c Lε(θ) > infθ Lε(θ). This
means that f must output a ranking with c � c′. Observe that this is a PO violation
because all voters agree that c′ � c. Furthermore, this is a PMC violation because a
majority of voters have the ranking a � a′ � b � b′ � c′ � c, yet this is not the
output.

Let OPT (ε) be the set of vectors optimizing Lε. The rest of the proof will follow
from the following two lemmas.

Lemma 1.3.4. OPT (0) ⊆ Rc′≻c.

Lemma 1.3.5. Suppose OPT (0) ⊆ Rc′≻c, then, for sufficiently small ε > 0,

inf
θ:θ∈Rc′≻c

Lε(θ) > inf
θ
Lε(θ).

7This induces rewards 2 + 2δ, 2 + (2− ε)δ, 2 + δ, 2 + (1− ε)δ, δε and 0 for a, a′, b, b′, c′, and c,
respectively.

8This induces rewards ε, 0,−1 + ε,−1,−2 + ε and −2. for c′, c, b′, b, a′, and a, respectively.
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Proof of Lemma 1.3.4. We first claim that OPT (0) = OPT core. This will follow from
showing

L0(θ) = 4 · Lcore(θ) + 3 · ℓ(0).

Indeed, in L0, the copied candidates are in exactly the same location as their counter-
parts. Hence, each term in Lcore appears 4 times, one for each combination of original
and copy. In addition to these, there are the 6 terms for each ordered pair of (a, a′),
(b, b′), and (c, c′). Note that, each rθ(x) = rθ(x

′) for each x ∈ {a, b, c} regardless of
θ since they are in the same location. Therefore, the ℓ portion is always ℓ(0), and the
corresponding wx≻x′ and wx′≻x terms add up to one for each pair. Hence, the total
sum of these terms is 3 · ℓ(0). Since L0 is equivalent to Lcore up to positive scaling and
translation, they have the same optima.

Finally, fix a θ ∈ OPT (0). Since θ ∈ OPT core, by Lemma 1.3.3, θ1 > A3 and
θ2 < A4. Thus,

rθ(c
′) = ε · (−θ1 + δθ2) < ε(−A3 + δA4) < 0 = rθ(c)

by choice of δ. Hence, θ ∈ Rc′≻c

Proof of Lemma 1.3.5. We first show that when optimizing each Lε, it is sufficient to
consider only θ coming from a bounded region. Indeed, observe that Lε(0) =

(
6
2

)
ℓ(0)

for all ε. Since limx→∞ ℓ(x) = ∞, we can find some B > 0 such that for all x > B,
ℓ(x) >

(6
2
)ℓ(0)
1−p = Lε(0)

1−p . For a pair of candidates x 6= y ∈ Ccom, in the two terms
concerning these candidates, we have

wx≻yℓ(rθ(y)− rθ(x)) + wy≻xℓ(rθ(x)− rθ(y))

≥ (1− p) (ℓ(rθ(y)− rθ(x)) + ℓ(rθ(x)− rθ(y)))

≥ (1− p)ℓ(|rθ(y)− rθ(x)|).

Applying this to {a, b} and {b, c},

Lε(θ) ≥ (1− p) (ℓ(|rθ(a)− rθ(b)|+ ℓ(|rθ(b))− rθ(c)|))

= (1− p)(ℓ(|θ1|) + ℓ(|θ1 + θ2|)

This implies that we may restrict our attention to θ in the region Rbounded = {θ |
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|θ1| ≤ B, |θ2| ≤ 2B}. Indeed, for θ /∈ Rbounded, either |θ1| > B or |θ1 + θ2| > B. In
either case, we have Lε(θ) ≥ (1− p)ℓ(B) > Lε(0).

Note that Lε(θ) is continuous not only in θ, but also in ε. Additionally, Rbounded is
closed and bounded, and hence, compact. Therefore, by Berge’s Maximum Theorem,
OPT (ε) is nonempty and upper semi-continuous in ε [28]. As per the definition of
upper semi-continuous, since OPT (0) ⊆ Rc′≻c, an open set, for sufficiently small ε >

0, OPT (ε) ⊆ Rc′≻c. Finally, note that Rc′≻c ∩ Rbounded is compact, so a minimum is
attained, and this minimum must therefore be strictly larger than the values attained
by members of OPT (ε).

Finally, we handle the case that exists x > 0 such that ℓ(x) < ℓ(0). Note that by
convexity, this implies that for all y < 0, ℓ(y) > ℓ(0) > ℓ(x), so infy≤0 ℓ(y) < infy ℓ(y).
Now, consider an instance with two candidates {a, b} located at xa = (1, 0) and xb =

(0, 1), and a single voter ranking a � b (feasible via the parameter vector (1, 0)). It is
possible to achieve a loss of ℓ(x), e.g., by outputting the parameter vector (0, x). On
the other hand, any θ inducing the ranking a � b will be lower bounded by ℓ(0) > ℓ(x)

from above. Hence, f must output b � a, which is both a PO and PMC violation.

1.3.2 Majority-Based Loss Formulation

Despite the negative results for loss-function-based rules, we may hope for a remedy
using slightly different information. Specifically, we consider a similar loss-based func-
tion that rather than getting penalized for disagreeing with each voter only gets penal-
ized if it disagrees with a majority of voters. That is, we choose θ minimizing

Lmaj(θ;π, ℓ) =
∑

a ̸=b∈C
I[wa≻b(π) > 1/2] · ℓ(rθ(b) − rθ(a)).

Defining a parameter aggregation function based on this loss suffers from the same
caveat as before, that in some cases no optimal θ exists. Nevertheless, we can apply
an analogous fix for a ranking variant. We say that a linear rank aggregation rule f

minimizes ℓ in the majority formulation if for all σ = f(π),

inf
θ:θ∈Rσ

Lmaj(θ;π, ℓ) = inf
θ
Lmaj(θ;π, ℓ).
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We first show that this does indeed help achieve PMC with essentially all loss func-
tions.

Theorem 1.3.6. Fix a nondecreasing loss function ℓ with ℓ(0) > infx ℓ(x). If a lin-
ear rank aggregation rule f minimizes ℓ in the majority formulation, then f satisfies
PMC.

Proof. Without loss of generality, we may assume that infx ℓ(x) = 0, as otherwise
we could translate ℓ without affecting the optimization problem. Fix a profile π with
feasible PMC ranking σ, and let θPMC be a non-degenerate parameter vector that
induces σ.

First, we show that infθ Lmaj(θ;π, ℓ) = 0. Indeed, note that c · θPMC ∈ Rπ for all
c > 0. Further, note that for any a, b with wa≻b(π) > 1/2, rθPMC (b) − rθPMC (a) <

0. Therefore, by making c large, the nonzero terms in Lmaj will have an input to ℓ

negative and becoming arbitrarily large in magnitude. Since ℓ is nondecreasing, these
approach the infemum of 0.

Next, for any σ′ 6= σ, infθ Lmaj(θ;π, ℓ) ≥ ℓ(0). Indeed, there must be some pair
of candidates a, b with a �σ b and b �σ′ a. For any θ ∈ Rσ′ , rθ(b) ≥ rθ(a), so
ℓ(rθ(b)− rθ(a)) ≥ ℓ(0), and this lower bounds the loss function.

Note that if the ℓ(0) > infx ℓ(x) condition is not satisfied, i.e., ℓ(0) = infx ℓ(x),
then all linear rank aggregation rules f minimize ℓ in the majority formulation, so sat-
isfying this is a vacuous condition. Indeed, the parameter vector 0 of all 0s achieves
optimal loss of ℓ(0) for each pair and is consistent with every ranking σ. Therefore,
the condition ℓ(0) > infx ℓ(x) is as innocuous as possible to rule out these edge cases.

However, despite this good news for PMC, we show that this does not help in
achieving PO. In fact, our negative result extends to every C1 linear rank aggregation
rule. Note that if f minimizing ℓ in the majority formulation breaks ties consistently
(i.e., if multiple feasible rankings are optimal, then it consistently chooses the same
one), then it is C1. We then have the following result.

Theorem 1.3.7. All C1 linear rank aggregation rules fail PO.

Proof. We construct an explicit instance and pairwise majority relationships such that
no matter what feasible ranking a rule picks, there is an underlying profile where that
output was a PO violation.
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c∗

c+1 c+2

c+3c+4

c−1 c−2

c−3c−4

Figure 1.1: Graph showing pairwise majority relationship between candidates. Regular edges
show relationships among c+i candidates and among c−i candidates. Thick edges indicate that c∗

pairwise beats all candidates, and each c+i pairwise beats each c−j candidate.

We will have 9 candidates; 8 will be labeled c+i and c−i for i = 1, 2, 3, 4, and one
labeled c∗. They will have feature vectors in R4. Each c±i will be located at xc±i

=

±ei where ei is the i’th standard basis vector, i.e., c+2 is at (0, 1, 0, 0) and c−4 is at
(0, 0, 0,−1). Finally, c∗ will be located at (1/5, 1/5, 1/5, 1/5).

There will be 5 voters. Their pairwise majority graph will be as follows. Candi-
date c∗ will pairwise beat all others. In addition, each c+i will pairwise beat each c−j .
Among the c+i candidates, there will be a cycle c+1 � c+2 � c+3 � c+4 � c+1 and between
the remaining two pairs c+1 � c+3 and c+2 � c+4 . The c−i candidates will be the exact
reverse of this, i.e., a cycle c−4 � c−3 � c−2 � c−1 � c−4 , along with c−3 � c−1 and c−4 � c−2 .
A pictorial representation can be found in Figure 1.1.

A C1 rule must pick a θ solely based on the pairwise majority graph. We will show
that regardless of what θ it outputs, this will lead to a PO violation.

To that end, the first fact we will show is that no θ can rank c∗ first. Indeed, for
any θ, rθ(c∗) = 1

5

∑
i θi ≤

1
5

∑
i |θi| < maxi |θi|. On the other hand, for i maximizing

|θi|, at least one of c±i will achieve this reward, strictly larger than rθ(c
∗). Hence, re-

gardless of the output θ, some candidate must be ranked above c∗. We will show that
this leads to a PO violation.

To construct profiles consistent with the pairwise majority graph, voters will always
have rankings of the following form:

c+i � c∗ � c+j � c+k � c+ℓ � c−ℓ � c−k � c−j � ci− (1.4)

for some {i, j, k, ℓ} = {1, 2, 3, 4}. In other words, they will rank a single + candidate
above c∗ and the rest in some order, followed by all − candidates in the reverse order.
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This is always achievable with the voter vector that puts values 1, 3ε, 2ε, 1ε in entires
i, j, k, and ℓ, respectively, for some small ε > 0.

Fix an output θ with induced ranking σ. There must be at least one candidate c 6=
c∗ ranked above c∗. We now split into cases depending on which candidate this is. For
each choice, we will construct a profile consistent with the pairwise majority graph
where the candidate above c∗ is Pareto dominated by c∗.

The profiles with five voters each are presented in the table below. Each voter’s
ranking only be specified by an ordering over the + candidates, assuming they other-
wise take the form described in (1.4). For example, the notation 1 : (2, 1, 3, 4) implies
one voter has the ranking in the form of (1.4) with (i, j, k, ℓ) = (2, 1, 3, 4). Note that
c∗ is always ranked second, so if a candidate is never ranked first, they are Pareto
dominated by c∗.

c+1 c+2 c+3 c+4

1: (2, 1, 3, 4)

1: (3, 1, 2, 4)

1: (3, 2, 4, 1)

2: (4, 1, 2, 3)

2: (1, 2, 3, 4)

2: (3, 2, 4, 1)

1: (4, 1, 2, 3)

2: (1, 2, 3, 4)

2: (2, 3, 4, 1)

1: (4, 1, 2, 3)

2: (1, 2, 3, 4)

2: (2, 4, 1, 3)

1: (3, 4, 1, 2)

Finally, if a − candidate is ranked above c∗, then any of the following profiles work, as
all − candidates are Pareto dominated by c∗ with rankings shown in (1.4).

This result is quite unfortunate, because if there were a rule that is both C1 and
PO, we would automatically achieve PMC: Whenever there is a feasible PMC ranking,
a C1 rule cannot distinguish between this profile and a profile where all voters submit
this ranking, hence, under the PO criterion, it must output it. Furthermore, whenever
there is a PMC ranking, outputting it is necessarily PO, as for every pair, a majority
of voters agree with the PMC ranking. Interestingly, in the proof, we construct a pro-
file which has a PMC ranking, yet it is not feasible, and no matter how a C1 linear
rank aggregation rule breaks ties, there is an underlying profile in which this output
violates PO.
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1.4 Social Choice-Based Rule

In light of the above negative results, in this section, we ask whether there are linear
rank aggregation rules that concurrently satisfy our two core axioms, PO and PMC.
We answer this question affirmatively by presenting a new method based on a promi-
nent rule from voting theory.

The Copeland rule assigns a Copeland score to each alternative equal to the number
of other alternatives it beats in a pairwise competition, i.e., the score for a is |{b |
wa≻b > 1/2}|. It then ranks the candidates in descending order according to their
Copeland scores (breaking ties arbitrarily). It is known that Copeland satisfies PO,
PMC, and additional axiomatic properties. However, in linear social choice, since not
every ranking is feasible, we cannot always output the Copeland ranking.

We, therefore, define a new linear rank aggregation rule, which we call leximax
Copeland. This rule chooses a feasible ranking as follows. It ranks first the candidate
with the highest Copeland score that can be feasibly ranked first under some param-
eter vector θ. Subject to this first position, it ranks second the candidate with the
highest Copeland score which can be feasibly ranked second, and continues this pro-
cess for subsequent positions.

Copeland’s rule is a C1 rule because it only requires the majority relationships be-
tween the candidates. Analogously, leximax Copeland is also a C1 linear rank aggre-
gation rule. Therefore, by Theorem 1.3.7, it does not satisfy the PO criterion. To ad-
dress this issue, we define a variant called leximax Copeland subject to PO (LCPO),
which incorporates the PO criterion. Under LCPO, for every pair of alternatives
where one dominates the other, the rule restricts rankings to place the dominating
alternative above the dominated one. The rule remains well-defined since the set of
feasible rankings when enforcing the PO criterion is non-empty, as whenever a domi-
nates b, all the rankings in the input profile rank a above b. Note that if the Copeland
ranking is feasible, then this rule outputs that ranking, since unrestricted Copeland
satisfies PO.

In addition to PO and PMC, we wish to show that LCPO satisfies two additional
properties, which we define presently.

Definition 1.4.1 (majority consistency). A linear rank aggregation rule satisfies ma-
jority consistency if when a candidate a is ranked first by a majority of voters in the
input profile, a is ranked first in the output ranking.
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Majority consistency ensures that the collective decision reflects the preference
of the majority when there is a clear favorite. This principle aligns with PMC, but
specifically focuses on the majority’s favorite alternative. However, as we discussed
above, a PMC ranking does not necessarily exist, and even when it exists, it is not
necessarily feasible. By contrast, when a majority winner exists, this candidate is nec-
essarily ranked first by a majority of voters in the input profile, who themselves (by
assumption) submit feasible rankings. Therefore, we need not handle the case where
it is impossible to rank the majority winner first.

Definition 1.4.2 (winner monotonicity). A linear rank aggregation rule satisfies win-
ner monotonicity if, when a candidate a is ranked first in the output ranking, elevating
a in any voter’s preference does not cause a to lose their top position in the updated
aggregate ranking.

Winner monotonicity ensures that improving a leading candidate’s position among
individual voters will not result in that candidate’s demotion.

We now state and prove the main result of this section.

Theorem 1.4.3. LCPO satisfies PO, PMC, majority consistency and winner mono-
tonicity.

Proof. LCPO trivially satisfies PO since it always outputs a ranking that respects
the PO criterion. Moreover, since Copeland satisfies PMC, and whenever Copeland’s
ranking is in the domain, leximax Copeland subject to PO returns this ranking, it
clearly satisfies PMC.

Note that if an alternative a is ranked first by at least half of the voters, then a has
the highest Copeland score, meaning that leximax Copeland subject to PO will rank
this candidate first if this is possible. We see that this is indeed possible, by noticing
that there is at least one feasible ranking in the input profile where a is ranked first,
and any such input ranking is feasible (by assumption) and satisfies the PO require-
ment. Therefore, majority consistency is satisfied.

It remains to show that LCPO satisfies winner monotonicity. Suppose that on in-
put profile π, the rule outputs a ranking σ where candidate a is ranked first. Now,
consider a profile π′ which is similar to π with the only exception being a ranking in
which a is placed in a higher position. Let S be the set of agents that ranked above a

in Copeland’s ranking under π and let S′ be the set of agents that ranked above a in
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Copeland’s ranking under π′. Note that S′ ⊆ S, since when moving from π to π′, only
the Copeland score of a can increase, and therefore it is not possible for a candidate b

to beat a under π′ but not under π.
Now, suppose that R and R′ are the set of rankings that satisfy the PO criterion

with respect to π and π′, respectively. We show that R′ ⊆ R. First, note that since a

is ranked first under π, no alternative dominates a in π, as otherwise the PO criterion
would be violated. Therefore, we get that no other alternative dominates a in π′ as
well. Moreover, note that if b dominates c in π, then this remains true in π′ as well.
On the other hand, it is possible that a dominates an alternative b in π′ but not in π.
From all of the above, we conclude that R′ ⊆ R.

Since a is ranked first in σ, we get that for every candidate b ∈ S, there is no
ranking in R in which b is ranked first, since otherwise, LCPO would output such a
ranking. This also means that for every candidate b in S′, there is no ranking in R′ in
which b is ranked first, since R′ ⊆ R and S′ ⊆ S. Moreover, note that every ranking in
R in which a is ranked first is also in R′ since it satisfies all the PO restrictions of π′.
Therefore, under π′, LCPO outputs a ranking in which a is ranked first.

Leximax Copeland subject to PO can be implemented in polynomial time by solv-
ing O(|C|2) relatively small linear programs. Specifically, given an input profile, we
sequentially choose the candidate that is ranked in position r + 1 as follows. We de-
note by σr the partial ranking, where the first r positions have been fixed. For each
candidate c that has not been ranked yet, we want to check if there is a parameter
vector that adheres to the partial ranking σr, respects the Pareto optimality criterion
and ranks c at position r + 1. Since all these constraints can be expressed as pairwise
comparisons, we can use a linear program such as the one described in Footnote 4 to
check if such a feasible ranking exists. Among the candidates meeting this criterion,
we select the one with the highest Copeland score for position r.

1.5 Discussion

We conclude with a discussion of several extensions and limitations of our approach
and results.

First of all, we wish to emphasize that our results are theoretical. While they high-
light some shortcomings of the current practice of RLHF, our goal was not to “out-
perform” existing RLHF methods. Rather, we see our model as giving a framework

34



for understanding and comparing rules and methods — it is a (useful, we believe) lens
through which researchers and engineers can examine their AI alignment methods.

Second, as written, our model has voters give their complete rankings, while in
practice, this would be infeasible. In the real world, we are likely to elicit only rel-
atively few pairwise comparisons per person. For our negative results, this assump-
tion only makes them stronger: the BTL model fails PO and PMC even when it has
access to complete voter rankings. By contrast, for the positive results, specifically
implementing leximax Copeland subject to PO, this ostensibly seems like a serious
limitation. However, the complete rankings are not necessary for computing this rule,
rather, all we need to know are PO dominance relationships and majority directions.
We can therefore apply the rule whenever we can determine this information at least
approximately through, e.g., sampling. An alternative approach is to infer a complete
ranking of each voter by fitting a parameter vector based on their pairwise responses;
this process of learning a complete ranking and then running voting rules has been
used before in a variety of settings [136, 154]

Third, our work initiates the study of the axiomatic method in our linear social
choice model. However, we leave open many questions about which axioms are com-
patible and finding rules that achieve them. It should be clear by now that the pri-
mary challenge in linear social choice is that not every ranking over the candidates
can be output. This means that essentially all known aggregation rules cannot be
used directly without at least some modification. A natural direction to tackle is to
try to find methods of converting known voting rules into linear aggregation ones
while maintaining some of their axiomatic properties. To this end, we conclude with
some preliminary results, and somewhat surprising findings within this space.

Some rules which optimize over rankings can be naturally transformed. For ex-
ample, consider the Kemeny rule, which returns the ranking with the smallest pair-
wise disagreement over all votes. This can easily be transformed to the linear setting
by simply outputting the optimal feasible ranking. In fact, in Appendix C.2 of the
full version, we show that this rule carries over the property of separability,9 a so-
cial choice axiom that is violated by Copeland (in the classical setting) and leximax
Copeland subject to PO (in our setting). We show this in Appendix C.1. However,
quite strikingly, although separability remains, this transformation makes Kemeny no
longer PO (Appendix C.2).

9Formally, ranking separability to distinguish it from the single-winner version.
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Finally, note that the “leximax” portion of leximax Copeland can be seen as a gen-
eral purpose tool for mapping traditional rules to a linear aggregation ones. In Ap-
pendix C.3, we explore leximax plurality (run leximax on the ranking of candidates by
plurality scores), and show that it satisfies majority consistency, winner monotonicity,
and separability. Additionally, the “subject to PO” can be seen as another “tool” for
enforcing the Pareto optimality criterion when a rule does not independently satisfy
it. However, enforcing PO can again cause somewhat surprising results. For exam-
ple, in Appendix C.2, we show that linear Kemeny subject to PO, while now trivially
satisfying PO, again violates separability. These observations indicate the challenges
inherent in linear social choice, and we hope the many open questions will lead to
fruitful followup research.
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2
Pairwise Calibrated Rewards for

Pluralistic Alignment

2.1 Introduction

Recall the standard high-level implementation of RLHF for AI alignment, as outlined
in Chapter 1: first, train a reward model — typically using the Bradley-Terry (BT)
framework [35] — on pairwise preference data [18, 204]; then, fine-tune a pre-trained
model to align with the resulting reward signal.

Implicit in current RLHF implementations is the assumption of a shared human
intuition — a common ground among evaluators about what constitutes desirable be-
havior. While this assumption may hold for alignment objectives such as ensuring
model safety, it generally does not apply to tasks where interpretations of “right” be-
havior inherently diverge across backgrounds, cultures, and beliefs [9, 125, 166, 211].
BT-based reward models compress these diverse inputs into one scalar, blurring con-
flicting viewpoints into a one-size-fits-all model. This aggregation leads to a misspec-
ified objective [41, 43] that struggles when faced with plural or contradictory feed-
back, marginalizing minority perspectives and failing to capture the full spectrum
of human values [124, 161, 176, 192]. Once such a reward is learned, algorithms like
PPO [180] then push the policy to maximize this signal, triggering preference col-
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Figure 2.1: We explicitly model human preferences as a distribution over reward functions with-
out relying on predefined annotator groups or identities. By enforcing pairwise calibration, this
distribution faithfully captures the inherent diversity in aggregate human judgments. Each cali-
brated reward function then induces a distinct policy.

lapse [207], where majority views are further amplified, and response diversity is re-
duced [120, 126, 132, 160, 185].

To address these shortcomings, we replace the single-reward assumption with a
distribution over reward functions; each independently assigns desirability scores to
responses and they collectively span plausible interpretations of human judgment.
By fine-tuning a distinct LLM for each reward in the support, the approach yields
a distribution over policies. At inference time, these policies can be used in several
ways [71, 194]: present a range of viewpoints or fold them into one inclusive answer,
let users pick the policy that matches their taste, or sample responses directly from
the distribution.

A straightforward approach to derive a distribution over reward functions is to par-
tition annotators into predefined groups — such as demographic segments — or to clus-
ter them by the similarity of their recorded preferences [43, 45, 158, 195]. Such meth-
ods implicitly assume that each group holds a stable, coherent preference vector that
carries over from one context to another. Human preferences, however, are fluid and
highly context-dependent [107]; demographic or ideological attributes explain only
part of the observed variation, and annotators who match on all recorded traits can
still disagree sharply [42]. Moreover, overly fine-grained groups may lack enough data
for reliable training.

Without explicit annotator identification or predefined groups, learning a distri-
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bution over rewards requires disentangling the hidden preference dimensions inside
aggregated feedback. Concretely, rather than associating preferences with stable anno-
tator identities, we look for a small set of internally consistent reward functions — an
ensemble — that together explain conflicting human judgments across contexts. Our
aim is to achieve a novel property we call pairwise calibration: for every pair of can-
didate responses, the share of reward functions in the support of the ensemble favor-
ing one response matches the fraction of annotators who express that preference. A
pairwise-calibrated ensemble gives each reward function a coherent viewpoint and its
own policy. Taken together, these policies mirror a broader range of human prefer-
ences and avoid preference collapse (see Figure 2.1). Thus, pairwise calibration pro-
vides a principled mechanism to preserve pluralism, without imposing rigid clusters or
relying on annotator tags.

Our results. In Section 2.2 we present our model and formally define pairwise cal-
ibration. Section 2.3 shows that while ensembles can trivially satisfy pairwise calibra-
tion when they are sufficiently large (e.g., at the scale of the number of annotators),
constructing such ensembles is NP-hard (Theorem 2.3.1). More importantly, our main
goal is to find practical ensembles with small support. In light of these observations,
we show in Theorem 2.3.3 that an ensemble of size O(1/ε) is sufficient to achieve an
average calibration error of ε, and Theorem 2.3.4 further shows that including ex-
treme outlier preferences is unnecessary, as an outlier-free ensemble remains nearly
pairwise-calibrated. Moreover, Theorem 2.3.6 shows that achieving pairwise calibra-
tion can be learned with a limited number of pairwise comparisons, providing a gen-
eralization guarantee. Section 2.4 asks whether such ensembles can be efficiently con-
structed in practice and answers with a forward stagewise additive modeling (FSAM)
procedure: each iteration trains a reward model on the current residual calibration
error and re-weights it into the mixture, giving a tractable method for constructing
a compact ensemble. Finally, Section 2.5 demonstrates that these ensembles attain
lower calibration mean squared error (MSE) than the theoretically optimal single de-
terministic reward and that the reward models within each ensemble are diverse.

Related work. Our work contributes to the growing field of pluralistic alignment,
training AI systems to accommodate the natural diversity of human values and per-
spectives [55, 82, 148, 170, 194]. We briefly cover the broad approaches taken in this
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emerging area.
Scalar Reward Aggregation Approaches. To mitigate the majority-bias of a sin-

gle reward, recent methods introduce additional loss terms or algorithmic modifi-
cations that slow or penalize the policy from over-optimizing for the majority. For
instance, Xiao et al. [207] add a custom regularizer to reduce preference collapse in
PPO updates, while Chen et al. [46] temper the update magnitude whenever anno-
tator feedback shows high dispersion. Beyond such direct regularization, some works
increase the reward model’s capacity to represent preference diversity — for example,
by weighting pairwise data based on annotator or context uncertainty [105] or learn-
ing a Bayesian distribution over reward function parameters [202]. Despite these re-
finements, methods reliant on a single scalar reward still risk oversimplifying genuine
diversity in user opinions, motivating richer multi-reward solutions.

Clustering and Group-Based Reward Modeling. A more direct way to represent di-
vergent preferences is to train multiple reward models, each matched to a distinct seg-
ment of the human population [43, 45, 158, 195]. This can be accomplished by cluster-
ing annotators based on demographics or inferred preference patterns and then fitting
a group-specific reward function. For example, Chakraborty et al. [43] show that op-
timizing a mixture of cluster-specific rewards via a max-min objective can protect mi-
nority viewpoints from being overshadowed by the majority. Although powerful, these
methods typically rely on stable, coherent groups, which may not reflect real-world
fluidity in user preferences [107], and group membership can sometimes be ambigu-
ous or proprietary. Additionally, overly granular clusters risk sparse data, whereas
coarse groupings might obscure meaningful sub-group heterogeneity [42]. By contrast,
we avoid the need for explicit clusters or demographic tags. Our approach learns a
small ensemble of reward functions — each representing an internally consistent view-
point — and ensures pairwise calibration so that overall, the ensemble reflects the full
distribution of observed human judgments.

Personalized and Identity-Conditional Alignment. A further alternative is to di-
rectly personalize the alignment objective at the level of individual annotators, as-
suming each user has a unique reward function [163]. While highly expressive, such
methods become cumbersome at scale, and excessive personalization can reinforce bi-
ases or amplify social divides [124]. Consequently, many personalization approaches
use latent embeddings or partial fine-tuning, striking a balance between capturing
user-specific signals and avoiding an explosion of fully individualized models. In prac-
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tice, personalization-based methods still risk “echo chambers,” prompting calls for a
more bounded approach to preference diversity [124]. We share this concern, and thus
focus on small ensembles as a middle path: each ensemble component aligns with a
coherent subset of preferences, preserving pluralism while limiting the societal risks of
extreme personalization.

2.2 Our Approach

Notation. Let X be the context space and let Y be the response space. A reward
function rθ : X × Y → R assigns a scalar value indicating the desirability of a re-
sponse given a context, where θ ∈ Θ is a set of parameters. A k-ensemble (or sim-
ply an ensemble) is a tuple (rθ1 , . . . , rθk ;α1, . . . , αk), where α1, . . . , αk are mixture
weights forming a probability distribution over the reward functions (each αj ≥ 0 and∑k

j=1 αj = 1).
We denote by N the population of annotators, and we write i ∼ N to mean draw-

ing an annotator uniformly from the population. We assume each annotator i ∈ N
has a preference relation �i such that for any context x ∈ X and distinct responses
y1, y2 ∈ Y , y1 �i y2 | x indicates that annotator i prefers y1 to y2 given context x. We
call a tuple (x, y1, y2) a response triple or simply a triple. We assume the reward space
is rich enough such that the annotators are reward-inducible: for each i ∈ N , there is
a reward rθ such that y1 �i y2 | x exactly when rθ(x, y1) > rθ(x, y2).

A policy π(y | x) is a probability distribution over outputs y conditioned on a con-
text x. We assume there is an underlying distribution over contexts DX and base pol-
icy π0. Fine-tuned policies are typically learned by optimizing responses to maximize
expected rewards according to the corresponding reward function rθ.

Pairwise calibration. Our key conceptual innovation is the requirement that the
ensemble faithfully reflects human preference frequencies. Intuitively, an ensemble is
pairwise calibrated if the pairwise comparisons it induces align with the proportion of
human annotators who prefer one response over another. Formally, consider a context
x ∈ X and two distinct candidate responses y1, y2 ∈ Y . We define p⋆(x, y1, y2) to be
the true fraction of annotators that prefer y1 to y2 given context x:

p⋆(x, y1, y2) := Pr
i∼N

[y1 �i y2 | x] ∈ [0, 1]. (2.1)
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Given an ensemble r = (rθj ;αj)j∈[k], denote the induced preference probability by

p̂r(x, y1, y2) :=

k∑
j=1

αj · 1[rθj (x, y1) > rθj (x, y2)].
1

If r is clear from context, we may drop it from the p̂ notation.

Definition 2.2.1 (Pairwise calibration). We say an ensemble r is ε-pairwise cali-
brated if:

Ex∼DX ,y1,y2∼π0(·|x)
[
(p̂r(x, y1, y2)− p⋆(x, y1, y2))

2
]
≤ ε.

If an ensemble is 0-pairwise calibrated, we call it perfectly pairwise calibrated. We
use squared error for analytical convenience, though other divergences that penalize
discrepancies between p̂ and p⋆ (e.g., absolute error or cross-entropy) could also serve
this purpose. Calibration is defined here at the reward level based only on how they
order the responses. This is not the only natural definition: pairwise calibration could
instead depend directly on the probabilities induced by the learned policies. Our
choice is primarily motivated by tractability and the observation that downstream
policies are largely influenced by the ordering of rewards. See Appendix A of the full
version for further discussion and justification of this design choice.

Non-identifiability. Once annotator identities are dropped, the only observable
data are the pairwise preference probabilities p⋆ in Equation (2.1). Prior work [169,
184, 188] shows that the same p⋆ can be generated by infinitely many distinct mix-
tures of annotator-specific preferences. Because of this, recovering the “true’’ annota-
tor preference distribution is information-theoretically impossible; our goal is therefore
to learn any ensemble that is pairwise calibrated to p⋆, rather than to reconstruct hid-
den annotator groups.

Policy ensemble inference. A pairwise-calibrated ensemble induces a mixture
of policies, (π1, . . . , πk), where πj is aligned to rθj ; yet this alone does not tell us how
to deploy that distribution at inference time. Below we outline three complementary

1We assume that chosen reward functions never produce ties. This is a minor assumption,
as in continuous parameter spaces, the parameters that induce ties rθ(x, y1) = rθ(x, y2) with
y1 6= y2 typically form a measure-zero set, so any perturbation almost surely removes them.
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approaches — inspired by Sorensen et al. [194] — that can be selectively employed to
serve different pluralism purposes depending on the context. Together they offer a
practical toolkit for pluralistic alignment.

In balanced pluralism mode, the system queries every LLM in the support. Af-
ter sampling the resulting set of candidate outputs, it can either present them in an
Overton-style slate, useful for open-ended advice, policy deliberation, and brainstorm-
ing; or distill them into a single consensus statement, aligning with prior work on con-
sensus building [19, 74].

In steerable pluralism mode, the system, on a per-prompt basis, selects one policy
πj whose persona or metadata best matches a declared user preference and produces
that policy’s output. The result is a single voice that fits personal assistants, brand-
specific copy, or group-specific safety policies, without the overhead of user-specific
fine-tuning or elaborate prompt engineering.

In distributional pluralism mode, the system samples a policy from the mixture in
proportion to its weight and returns that policy’s output. Applied over many requests,
this procedure maintains population-level diversity and counteracts the tendency of
aligned models to exhibit low output diversity by recycling a small set of high-reward
responses [120, 126, 160]. This mode is especially valuable in creative workflows —
text-to-image generation, story creation, and recommendation engines — where safety
constraints must coexist with a rich variety of outputs.

Small support. We deliberately restrict the ensemble to a small support. A com-
pact ensemble is easier to train, tune, and deploy, and it generalizes better (see The-
orem 2.3.6). Furthermore, the inference methods discussed require storing and effi-
ciently querying the full ensemble, constraining k to stay relatively small. Finally, Sec-
tion 2.3.1 shows that only O(1/ε) reward functions suffice for ε-pairwise calibration,
so increasing k yields diminishing gains.

Beyond these practical reasons, we intentionally target a small support for norma-
tive considerations. Limiting the ensemble size mitigates societal risks inherent in
extreme personalization — such as reinforcing existing biases, promoting echo cham-
bers, and exacerbating polarization (see personalization within bounds [124]). Taken
together, Theorems 2.3.3 and 2.3.4 show that a limited-support distribution over re-
wards preserves meaningful diversity without over-tailored personalization.
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Outlier reward functions. While pairwise calibration ensures the ensemble as
a whole faithfully reflects aggregate human preference frequencies, we are also inter-
ested in the behavior of the individual reward functions rθj that constitute the en-
semble. A well-calibrated ensemble could, in principle, still contain individual reward
functions that represent extreme or undesirable viewpoints.

To quantify how much a single reward function rθ deviates from the overall popula-
tion preferences, we define its disagreement score as:

Φ(θ) = Pr
x∼DX ,y1,y2∼π0(·|x),

i∼N

[1[rθ(x, y1) > rθ(x, y2)] 6= 1[y1 �i y2 | x]] .

The disagreement score measures how frequently the reward function disagrees with
the population. More specifically, it is the probability that for a randomly selected
annotator i ∼ N and context response triple (x, y1, y2), rθ prefers one response while i

the other.
Of course, on populations with high amounts of diversity, it may be impossible for

any reward to have particularly low disagreement score. Given this, we say a reward
function rθ is a (β, γ)-outlier if Φ(θ) > β · infθ′∈ΘΦ(θ′) + γ, which normalizes disagree-
ment relative to the best-achievable score.

2.3 Theoretical Guarantees

Having defined pairwise calibration, we now address three fundamental questions: (i)
Can approximately pairwise-calibrated ensembles be supported on a relatively small
set of reward functions? (ii) Can such calibration be achieved without using extreme
outlier rewards? (iii) Do ensembles calibrated on a finite dataset generalize to unseen
populations? We answer all three in the affirmative.

2.3.1 Pairwise-Calibrated Ensembles with Small Support

A uniform mixture over the annotators’ true reward functions would, in principle,
achieve perfect pairwise calibration. However, this approach is impractical for two
reasons. First, the true reward functions are never observed — only partial pairwise
information provided. Second, this ensemble’s support size would need to scale with
the number of annotators, making the approach computationally infeasible.

44



For now, we set aside the second issue and focus on the first. We show that finding
a perfectly calibrated ensemble is computationally hard even in an extremely simpli-
fied setting: there is only a single context, (i.e., |X | = 1), m possible responses (i.e.,
|Y| = m), and we have access to the true fractions of annotators who prefer y1 to y2

for all pairs, (i.e., all of the values p⋆(x, y1, y2)).
Under these conditions, the set of pairwise comparisons we wish to calibrate to is

finite. A straightforward application of Carathéodory’s theorem guarantees that there
exists a perfectly calibrated ensemble of size only Θ(m2) (see Appendix C.1 off the
full version). Yet, even under these strong simplifying assumptions — and a guarantee
that only a relatively small ensemble is required — it is computationally hard to find
one.

Theorem 2.3.1. If P 6= NP , then there does not exist a polynomial-time algorithm
for finding a perfectly pairwise calibrated ensemble when |X | = 1, |Y| = m for some
finite m and given access to p⋆(x, y1, y2) for all (x, y1, y2).2

This setup is analogous to one in social choice theory [36]; see Appendix C.2 of the
full version for details. At a high level, the proof shows that if we could efficiently
find perfectly calibrated ensembles, we would be able to determine whether certain
values of p⋆ are realizable by any underlying distribution over reward functions. This
provides a membership oracle to the set of realizable p⋆, which turn out to form a
useful convex set known as the linear ordering polytope. Membership oracles allow us
to optimize linear functions over the polytope, thereby enabling us, if we are careful
with various approximations, to solve classic NP-hard problems such as Minimum
Feedback Arc Set.

Proof of Theorem 2.3.1. For convenience, we adopt standard terminology of social
choice theory [36] in this proof. Specifically, we call elements of Y = {y1, . . . , ym}
candidates. Let LO(Y) denote the set of linear orders (or rankings) over Y. The pref-
erences of the voters (i.e., annotators) are represented by a distribution over rank-
ings. A distribution assigns a probability pσ ≥ 0 to each σ ∈ LO(Y) such that∑

σ∈LO(Y) pσ = 1.

2Formally, the algorithm takes as input the rational values p⋆(x, y1, y2), encoded as pairs of
binary integers, and must run in time polynomial in the size of this instance.
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Each ranking σ can be represented by its incidence vector xσ ∈ {0, 1}(
m
2
). For each

pair {yi, yj} with i < j,

xσij =

1 if yi is ranked before yj in σ,

0 if yj is ranked before yi in σ.

A (weighted) tournament graph corresponding to a distribution over rankings is the
weighted average of these incidence vectors t =

∑
σ∈LO(Y) pσx

σ. Each coordinate
tij represents the fraction of voters that rank yi before yj . The set of all realizable
tournament graphs is the convex hull of the incidence vectors:

TG = conv {xσ | σ is a linear ordering} .3

We show that deciding if a given vector y ∈ R(
m
2
) is a valid tournament graph (i.e.,

y ∈ TG) is NP-hard. This implies that the potentially harder problem of finding a
distribution over rankings pσ consistent with a given t ∈ TG is also NP-hard.

To establish this, we reduce from the NP-hard problem of Minimum Feedback Arc
Set (MFAS) [116]. Given a directed graph G = (V,E) on m vertices (which we iden-
tify with Y) and an integer k, MFAS asks if there is an ordering of the vertices σ such
that at most k edges in E are feedback arcs (i.e., an edge (y, y′) such that y′ appears
before y in σ). The number of feedback arcs for an ordering σ is given by the linear
function

NFAS(x
σ) =

∑
i<j (yj ,yi)∈E

xσij +
∑

i<j (yi,yj)∈E

(1− xσij).

Furthermore, since NFAS is a linear function, its minimum on the convex hull is achieved
at a vertex. Hence, minσ∈LO(Y)NFAS(x

σ) = minx∈TGNFAS(x).
Suppose we have a polynomial-time algorithm (an oracle) that decides whether a

given (rational) vector y is in TG (in particular, this algorithm should run in time
polynomial in the binary encoding of y). We call this the Tournament-Oracle Prob-
lem. We show this allows for a polynomial-time algorithm for MFAS using the follow-
ing theorem:

Theorem 2.3.2 (Grötschel et al. [89], Corollary 4.3.12 (rephrased)). Let K ⊂ Rd be
a convex set, such that there exists a point x0 ∈ Rd, and numbers 0 < r < R such

3This is often called the linear ordering polytope.
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that B(x0, r) ⊆ K ⊆ B(x0, R), where B(x0, r) is the ball of radius r centered at x0.
Suppose we have a membership oracle O for K. Then, for every c ∈ Rd, there exists
an algorithm that outputs a point z ∈ Rd such that

c⊤z ≤ min
x∈K

c⊤x+ ε
(
max
x∈K

c⊤x−min
x∈K

c⊤x
)
.

The algorithm runs in time polynomial in log(1/ε), log(R/r), the bit-size of c, and d.
The membership oracle is queried with rational points of polynomially bounded encod-
ing sizes.

We apply Theorem 2.3.2 with K = TG, hence d =
(
m
2

)
= O(m2). Let x0 ∈ Rd

be the point with all coordinates 1/2. Since x0 can be induced by the average of all
m! possible rankings xσ, it is in TG. The squared L2 distance from x0 to any vertex
xσ ∈ {0, 1}d is

‖xσ − x0‖22 =
d∑

k=1

(
xσ
k −

1

2

)2

=
d

4
,

implying that R ≤
√

d/2 = O(m). McGarvey’s theorem [144] shows that there ex-
ist tournaments with 0 or 1 in a single coordinate and 1/2 everywhere else. Convex
combinations of McGarvey’s tournament graphs and x0 can generate any tournament
such that every coordinate is within 1/(m

2
) of 1/2. Hence, r = 1/

√
(m
2
) ≥ 1/m is sufficient.

Thus, log (R/r) = O(logm).
For MFAS, we want to minimize NFAS. The objective function’s linear part is de-

fined by cFAS, whose components are in {−1, 0, 1}, and therefore O(d) = O(m2) bit
complexity. The minimum value of NFAS, as it must occur at a vertex in {0, 1}d, is an
integer. Furthermore, 0 ≤ NFAS(x) ≤

(
m
2

)
for all x ∈ TG.

Applying the theorem with ε < 1/(2 ·
(
m
2

)
) and rounding the solution gives a polyno-

mial time algorithm for finding the optimal value of MFAS, which, assuming P 6= NP ,
is a contradiction.

Next, we address the second consideration. We show that small-support ensembles
can indeed achieve (approximate) pairwise calibration.

Theorem 2.3.3. For any ε > 0, there exists a O(ε−1)-ensemble that is ε-pairwise-
calibrated.
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This is shown using the probabilistic method: by sampling O(1/ε) reward functions
according to a particular strategy, the expected pairwise calibration error is at most ε,
guaranteeing the existence of at least one ensemble meeting the criterion.

Proof of Theorem 2.3.3. Fix ε > 0. For each i ∈ N , let rθi be the reward function
that induces i’s preferences (i.e., y1 � y2 | x ⇐⇒ rθi(x, y1) > rθi(x, y2)). Let k = d 1

4εe.
This choice implies k ≥ 1

4ε , so ε ≤ 1
4k .

Consider randomly constructing a k-ensemble r as follows: Randomly select k anno-
tators i1, . . . , ik ∼ N uniformly with replacement. The ensemble is then:

r = (rθi1 , . . . , rθik ; 1/k, . . . , 1/k).

Let R denote this distribution over ensembles.
For each triple (x, y1, y2) consider

Er∼R

[
(p̂r(x, y1, y2)− p∗(x, y1, y2))

2
]
.

The estimator p̂r(x, y1, y2) is obtained by drawing

T ∼ Bin
(
k, p∗(x, y1, y2)

)
,

and setting p̂r(x, y1, y2) = T/k. Therefore

Er∼R

[
(p̂r(x, y1, y2)− p∗(x, y1, y2))

2
]
=

Var(T )

k2
≤

p∗(x, y1, y2)
(
1− p∗(x, y1, y2)

)
k

≤ 1

4k
.

Next, the expected calibration error of a randomly chosen ensemble r satisfies

E
r∼R

[
E

x∼DX ,y1,y2∼π0(·|x)

(
p̂r(x, y1, y2)− p∗(x, y1, y2)

)2]
= E

x∼DX ,y1,y2∼π0(·|x)

[
E

r∼R

(
p̂r(x, y1, y2)− p∗(x, y1, y2)

)2]
≤ E

x∼DX ,y1,y2∼π0(·|x)

[
1
4k

]
= 1

4k .

Since the expected calibration error of a randomly chosen r ∼ R is at most 1
4k , this

implies that the same bound holds for at least one deterministic r, as needed.
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2.3.2 Pruning and Outlier Control

Matching aggregate preferences is not enough if some reward functions deviate so
sharply from the population that they could endorse behaviors most annotators would
strongly reject. The next question is whether achieving calibration forces us to in-
clude such extreme outliers. Using the previously defined disagreement score Φ(θ) as
our proxy for how far a reward strays from mainstream judgments, our next result
demonstrates it is possible to remove these extreme outliers without sacrificing too
much pairwise calibration.

Theorem 2.3.4. Suppose there exists a k-ensemble r that is ε-pairwise calibrated.
Then, for all β ≥ 2, the total weight of reward functions in r that are (β, (β + 1) ·

√
ε)-

outliers is at most 1
β−1 . Furthermore, there exists another ℓ-ensemble (for ℓ ≤ k) r′

that is (
√
ε + 1

β−1)
2-pairwise calibrated and does not contain any (β, (β + 1) ·

√
ε)-

outliers, and this r′ can be computed with access only to r.

Proof of Theorem 2.3.4. Let r = (rθj ;αj)
k
j=1 be a k-ensemble that is ε-pairwise cali-

brated. Fix β ≥ 2, and let γ = (β + 1)
√
ε. Recall the disagreement score for a reward

function rθ:

Φ(θ) = Pr
x∼DX ,y1,y2∼π0(·|x),

i∼N

[1[rθ(x, y1) > rθ(x, y2)] 6= 1[y1 �i y2 | x]] .

Let Φmin = infθ Φ(θ). Then, rθ is a (β, γ)-outlier if Φ(θ) > β · Φmin + γ.
Define the random variables

V θ = 1{rθ(x, y1) > rθ(x, y2)}, P ⋆ = p⋆(x, y1, y2), P̂ = p̂(x, y1, y2),

The randomness for these variables is over the draw of a triple (x, y1, y2) according
to the underlying distribution (e.g., x ∼ DX , y1, y2 ∼ π0(· | x)). For any two random
variables X and Y (over triples), let

d(X,Y ) = Ex∼DX ,y1,y2∼π0(·|x)[|X − Y |].

First, we show that Φ(θ) = d(V θ, P ⋆). To this end, we can rewrite the disagreement
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score as

Pr
x∼DX ,y1,y2∼π0(·|x),

i∼N

[1[rθ(x, y1) > rθ(x, y2)] 6= 1[y1 �i y2 | x]]

= Ex∼DX ,y1,y2∼π0(·|x)

[
Pr
i∼N

[1[rθ(x, y1) > rθ(x, y2)] 6= 1[y1 �i y2 | x]]
]
.

Furthermore, for a fixed triple (x, y1, y2), the inner term is:

Pr
i∼N

[1[rθ(x, y1) > rθ(x, y2)] 6= 1[y1 �i y2 | x]]

= V θ ·
(
1− Pr

i∼N
[y1 � y2 | x]

)
+ (1− V θ) · Pr

i∼N
[y1 � y2 | x]

= V θ · (1− P ⋆) + (1− V θ) · P ⋆.

Since V θ is binary and P ⋆ ∈ [0, 1], this simplifies to |V θ − P ⋆|. Thus, the disagreement
score is indeed Φ(θ) = d(V θ, P ⋆).

Define Φ̂(θ) = d(V θ, P̂ ) and Φ̂min = infθ Φ̂(θ) as an analogous “disagreement score”
with respect to P̂ . Next, we claim that if θ is a (β, γ)-outlier, then d(V θ, P̂ ) > β · Φ̂min.
By the triangle inequality,

|d(V θ, P ⋆)− d(V θ, P̂ )| ≤ d(P ⋆, P̂ ).

The ensemble r is ε-pairwise calibrated, meaning E[(P̂ − P ⋆)2] ≤ ε. By Jensen’s
inequality,

E[|P̂ − P ⋆|]2 ≤ E[(P̂ − P ⋆)2] ≤ ε.

Hence, d(P ⋆, P̂ ) ≤
√
ε. So, for all θ, we have

|d(V θ, P̂ )− d(V θ, P ⋆)| ≤
√
ε.

This also implies that |Φmin − Φ̂min| ≤
√
ε.

Combining these observations, we see that if θ is a (β, γ)-outlier, then d(V θ, P ⋆) >

β · Φmin + (β + 1) ·
√
ε, which implies that d(V θ, P̂ ) > βΦ̂min.

Next, we claim that for a fixed θ ∈ Θ,

d(V θ, P̂ ) = Eθ′∼r[d(V
θ, V θ′)],
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where θ′ ∼ r denotes drawing from the ensemble, i.e., θj with probability αj . Expand-
ing the definitions:

Ex∼DX ,y1,y2∼π0(·|x)[|V
θ − P̂ |] = Eθ′∼r[Ex∼DX ,y1,y2∼π0(·|x)[|V

θ − V θ′ |]].

Swapping the order of the expectations:

Ex∼DX ,y1,y2∼π0(·|x)[|V
θ − P̂ |] = Ex∼DX ,y1,y2∼π0(·|x)[Eθ′∼r[|V θ − V θ′ |]].

For a fixed triple (x, y1, y2), the equality |V θ(x, y1, y2)−P̂ (x, y1, y2)| = Eθ′∼r[|V θ(x, y1, y2)−
V θ′(x, y1, y2)] holds, because V θ(x, y1, y2) is deterministic (in {0, 1}, and V θ′ is a
Bernoulli random variable whose expectation is p̂(x, y1, y2).

By Markov’s inequality, for any θ, we have that

Pr
θ′∼r

[d(V θ′ , V θ) ≥ (β − 1) · d(V θ, P̂ )]

= Pr
θ′∼r

[d(V θ′ , V θ) ≥ (β − 1) · Eθ′∼r[d(V
θ′ , V θ)]] ≤ 1

β−1 .

By the triangle inequality, d(V θ′ , P̂ ) ≤ d(V θ′ , V θ)+ d(V θ, P̂ ). Therefore, if d(V θ′ , P̂ ) ≥
β · d(V θ, P̂ ), that implies that d(V θ′ , P̂ ) ≥ (β − 1) · d(V θ, V θ′). This gives us that

Pr
θ′∼r

[d(V θ′ , P̂ ) ≥ β · d(V θ, P̂ )] ≤ 1

β − 1
.

Taking the infimum over choices of θ yields (e.g., using θ such that d(V θ, P̂ )→ Φ̂min)

Pr
θ′∼r

[d(V θ′ , P̂ ) > β · Φ̂min] ≤ 1
β−1 .

Finally, as (β, γ)-outliers must satisfy d(V θ′ , P̂ ) > β · Φ̂min, this immediately implies

Pr
θ′∼r

[θ′ is a (β, γ)-outlier] ≤ 1

β − 1
,

yielding the first part of the theorem.
Now, construct r′ as follows: Order the θ1, . . . , θk from r in non-decreasing order

by d(θ, P̂ ) as θi1 , . . . , θik . Remove θj if they are in the top 1
β−1 of total weight accord-

ing to this ordering (i.e., if j satisfies that
∑k

j′=j αj′ ≤ 1
β−1). Then, renormalize the

remaining αjs to sum to 1. The previously derived bound shows that at most 1
β−1 of
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the probability mass is on θ satisfying d(θ, P̂ ) > β · Φmin. Removing those with largest
d(·, P̂ ) values ensures all such θ are removed. By the above arguments, this also im-
plies that r′ contains no (β, γ)-outliers. Furthermore, this computation depended only
on r (i.e., we did not need access to true proportions p⋆).

It remains to show that r′ is (
√
ε + 1

β−1)
2-pairwise calibrated. To this end, let P̂ ′

be the analogous random variable to P̂ for r′, i.e., it takes on values p̂r
′
(x, y1, y2). We

claim that |P̂ ′ − P̂ | ≤ 1
β−1 surely.

Let Srem be the set of indices of removed θj . Let αrem =
∑

j∈Srem αj . We know
αrem ≤ 1

β−1 . Let αtot =
∑

j /∈Srem αj = 1 − αrem. For a fixed triple (x, y1, y2), let
Vj = V θj (x, y1, y2) ∈ {0, 1}. Then P̂ (x, y1, y2) =

∑
j /∈Srem αjVj +

∑
j∈Srem αjVj . And

P̂ ′(x, y1, y2) =
∑

j /∈Srem αjVj

αtot
.

Consider the difference:

P̂ ′ − P̂ =

∑
j /∈Srem αjVj

αtot
−

 ∑
j /∈Srem

αjVj +
∑

j∈Srem

αjVj


=

(
1

αtot
− 1

) ∑
j /∈Srem

αjVj −
∑

j∈Srem

αjVj

=
1− αtot
αtot

∑
j /∈Srem

αjVj −
∑

j∈Srem

αjVj

=
αrem
αtot

∑
j /∈Srem

αjVj −
∑

j∈Srem

αjVj .

Let A =
∑

j /∈Srem αjVj and B =
∑

j∈Srem αjVj . We know 0 ≤ A ≤
∑

j /∈Srem αj = αtot,
and 0 ≤ B ≤

∑
j∈Srem αj = αrem. So, P̂ ′ − P̂ = αrem

αtot
A−B.

Now, 0 ≤ A ≤ αtot and 0 ≤ B ≤ αrem, so this difference is bounded in [−αrem, αrem]

and thus bounded in [− 1
β−1 ,

1
β−1 ].

Finally, we show the pairwise calibration bound. We have just shown that |P̂ −
P̂ ′| ≤ 1

β−1 , which implies that

√
Ex∼DX ,y1,y2∼π0(·|x)[(P̂ − P̂ ′)2] ≤ 1

β − 1
.

Furthermore, ε-pairwise calibration implies that√
Ex∼DX ,y1,y2∼π0(·|x)[(P

⋆ − P̂ )2] ≤
√
ε.
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By the triangle inequality for L2 norms (Minkowski inequality),√
Ex∼DX ,y1,y2∼π0(·|x)[(P

⋆ − P̂ ′)2] ≤
√
ε+

1

β − 1
.

This implies that r′ is
(√

ε+ 1
β−1

)2
-pairwise calibrated, as needed.

This proof begins with a Markov-style argument: most reward functions in r can-
not deviate substantially from the ensembles aggregate predictions (p̂r). Furthermore,
we can bound the disagreement score of individual reward functions based on how
much they deviate from r and the initial pairwise calibration of r. Functions exceed-
ing this bound are identified as outliers. We then demonstrate that removing these
outliers — -a process requiring comparison only against p̂r (not the true p⋆ values) — -
has minimal impact on the overall pairwise calibration.

2.3.3 Generalization

In practice, we do not have direct access to the true preference proportions p⋆. Rather,
we typically work with a finite dataset D of pairwise comparisons. We assume the
dataset has the following form: D = {(x(i), y(i)1 , y

(i)
2 , p(i))}Ni=1, where each entry is

generated by sampling a context x ∼ DX , two candidate responses y1, y2 ∼ π0(· |
x), and n annotators i1, . . . , in ∼ N . The empirical preference is then set to p =
1
n

∑n
j=1 1[y1 �ij y2 | x], the fraction of annotators who prefer y1 over y2.

Let Rk be the set of all k-ensembles. Our goal is to, using the dataset, find an en-
semble r ∈ Rk that achieves small pairwise calibration error on the true population:

L(r) = Ex∼DX ,y1,y2∼π0(·|x)
[
(p̂r(x, y1, y2)− p⋆(x, y1, y2))

2
]
.

However, we only have access to the dataset, and the corresponding empirical loss:

L̂(r) = E(x,y1,y2,p)∼D
[
(p̂r(x, y1, y2)− p)2

]
.

Using L̂ to estimate L presents an inherent challenge: L̂ is a biased estimator of L.

Lemma 2.3.5. For any ensemble r ∈ Rk, ED[L̂(r)] = L(r) + C, where

C := Ex∼DX ,y1,y2∼π0(·|x),p∼Bin(n,p⋆(x,y1,y2)/n
[
(p− p⋆(x, y1, y2))

2
]
.
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Proof. First, note that by linearity over expectation,

ED[L(r)] = Ex∼DX ,y1,y2∼π0(·|x),p∼Bin(n,p⋆(x,y1,y2)/n[(p̂
r(x, y1, y2)− p)2].

Fix a triple (x, y1, y2). For brevity, we will write p⋆ and p̂r instead of p⋆(x, y1, y2) and
p̂r(x, y1, y2), respectively. The inner term then becomes

Ep∼Bin(n,p⋆)/n[(p̂
r − p)2].

Furthermore, observe that Ep∼Bin(n,p⋆)/n[p] = p⋆. Hence,

Ep∼Bin(n,p⋆)/n[(p̂
r − p)2] = Ep∼Bin(n,p⋆)/n[(p̂

r − p⋆ + p⋆ − p)2]

= Ep∼Bin(n,p⋆)/n[(p̂
r − p⋆)2 − 2(p̂r − p⋆)(p⋆ − p) + (p⋆ − p)2]

= (p̂r − p⋆)2 − 2(p̂r − p⋆)(p⋆ − p⋆) + Ep∼Bin(n,p⋆)/n[(p
⋆ − p)2]

= (p̂r − p⋆)2 + Ep∼Bin(n,p⋆)/n[(p
⋆ − p)2].

Taking expectation over x ∼ DX , y1, y2 ∼ π0(· | x) yields the lemma statement.

The term C represents an irreducible error introduced due to only n annotators
responding per data point. Even a perfectly pairwise calibrated ensemble r will incur
error C in expectation over D.

Despite this limitation, learning-theoretic tools allow us to provably estimate L up
to the constant shift C. This implies that minimizing the empirical loss L̂ remains a
sound strategy for obtaining a model with optimal pairwise calibration.

To formalize this, let F = {(x, y1, y2) 7→ 1[rθ(x, y1) ≥ rθ(x, y2)] | θ ∈ Θ} be the class
of binary comparison functions induced by the reward models, i.e., these are functions
parameterized by Θ, mapping triples (x, y1, y2) to {0, 1}, outputting 1 exactly when
rθ(x, y1) ≥ rθ(x, y2). Defining L′(r) = L(r) + C, we have:

Theorem 2.3.6. Suppose F has finite VC-dimension d. Then, for any δ > 0, with
probability at least 1− δ over a dataset D of N i.i.d. samples,

sup
r∈Rk

∣∣∣L′(r)− L̂(r)∣∣∣ ≤
√

2d′ log( eNd′ )

N
+

√
log 1

δ

2N
,

where d′ = 20(d+ 1)k · log(2(d+ 1)k) ∈ O(kd log(kd)).
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The proof applies uniform convergence bounds for agnostic PAC learning. However,
to do so requires bounding the pseudo dimension of the loss class {((x, y1, y2), p) 7→
(p̂r(x, y1, y2) − p)2 | r ∈ Rk}. To bound this, we apply a sequence of transformations
to F , bringing it closer to the loss class, and show each step individually does not
substantially increase the pseudo-dimension.

As a concrete example, suppose we have an embedding function φ : X × Y → Rℓ

which maps context-response pairs into Rℓ, and that the reward functions {rθ | θ ∈ Θ}
are linear functions over these embeddings: rθ(x, y) = θ · φ(x, y) where Θ = Rℓ.
This setup corresponds to the common practice of learning a reward model by remov-
ing the final layer of a pretrained language model (yielding an embedding function),
attaching a new linear head that maps the embedding to a scalar reward, and train-
ing only this final layer on preference data. Here, the comparison functions become
1[θ · φ(x) ≥ θ · φ(y))] = 1[θ · (φ(x) − φ(y)) ≥ 0] which correspond to linear classifiers
over the embedding space. This is known to have VC-dimension at most ℓ [149].

Proof of Theorem 2.3.6. We invoke the following uniform-convergence result:

Theorem 2.3.7 (Mohri et al. [149], Theorem 11.8 (rephrased)). Let H be a family of
real-valued functions and

G =
{
(x, y) 7→ L(h(x), y) | h ∈ H

}
the family of loss functions associated to H. Assume that Pdim(G) = d⋆ and that the
loss function L is non-negative and bounded by M . Let D be a distribution over (x, y)

and let D̄ be a sample of size N . Then, for any δ > 0, with probability at least 1 − δ

over the choice of samples,

sup
h∈H

∣∣∣E(x,y)∼D[L(h(x), y)]− E(x,y)∼D̄[L(h(x), y)]
∣∣∣ ≤M

√
2d⋆ log( eNd )

N
+M

√
log 1

δ

2N
4

For our purposes, H is the set of functions {p̂r | r ∈ Rk} where each p̂r maps
X × Y × Y → [0, 1]. The loss function L is the squared error. The domain points
are triples (x, y1, y2), drawn from the usual x ∼ DX , y1, y2 ∼ π0(· | x). The target the

4The theorem statement in Mohri et al. [149] states one-sided error, but the proof implies
two-sided one.
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label is the empirical proportion

p ∼ Bin
(
n, p⋆(x, y1, y2)

)
/n,

Since p ∈ [0, 1], L is bounded by M = 1.
Furthermore,

L̂(r) = E(x,y)∼D̄
[
L(h(x), y)

]
,

and by Lemma 2.3.5,
L′(r) = E(x,y)∼D

[
L(h(x), y)

]
.

It therefore suffices to show that Pdim(G) ≤ 20(d+ 1)k · log(2(d+ 1)k), where

G = {((x, y1, y2), p) 7→ (p̂r(x, y1, y2)− p)2 | r ∈ R}.

For notational convenience, inputs to function classes (e.g., (x, y1, y2) or ((x, y1, y2), p))

may be generically denoted by z.
Recall the following standard definitions and results from learning theory. Fix a

function class F ′ and a set of m points, {z1, . . . , zm}. For a binary vector b ∈ {0, 1}m,
called a sign pattern, F ′ realizes b if there exists f ∈ F ′ such that 1[f(zi) ≥ 0] =

bi for all i. We say F ′ shatters the set if all 2m sign patterns are realized. The VC-
dimension of F ′ is the size of the largest set it shatters. If F ′ is real-valued, its pseudo-
dimension is the VC dimension of {(z, t) 7→ f(z) − t | f ∈ F ′}. If the latter function
class shatters a set, we say that F ′ pseudo-shatters that set. We write Pdim(F ′) for
the pseudo-dimension of F ′. Finally, Sauer’s Lemma [179] states that a class of VC-
dimension d′ induces at most (em/d′)d

′ sign patterns on m points.
We upper-bound Pdim(G) by analyzing a sequence of function classes F1,F2,F3

and bounding their pseudo-dimensions d1, d2, d3:

1. Linear combinations: Let F1 = {
∑k

j=1 αj · fj(z) | fj ∈ F , αj ∈ Rk}, the set of
k-sized linear combinations of functions in F .

Fix m points (z1, t1), . . . , (zm, tm). First, consider the maximum number of sign
patterns of z1, . . . , zm which can be realized by (the binary-valued) F . Since F has
VC-dimension d, by Sauer’s Lemma, this is at most (e ·m/d)d. Thus, if we are picking
k such functions from F , this can induce (em/d)kd ≤ (em)kd combinations of sign
patterns.
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Fixing a choice of patterns v1, . . . ,vk ∈ {0, 1}m. We now consider how many sign
patterns of {(zi, ti)} can be induced by various choices of α. Note that a certain α

will induce sign pattern with bi = 1[α · (v1i, . . . , vki) − ti ≥ 0]. Consider the set of
k-dimensional linear functions mapping Rk → R, {z 7→ α · z | α ∈ Rk}. Note that
this class has pseudo-dimension k [149]. This immediately implies, by Sauer’s Lemma
and the definition of pseudo-dimension, that the number of sign patterns inducible on
{(zi, ti)} is at most (em/k)k ≤ (em)k.

Together, these imply that the total number of sign patterns realizable by F1 is at
most (em)(d+1)k. Thus, if F1 can pseudo-shatter this set, all sign patterns must be
realizable, so 2m ≤ (em)(d+1)k. Equivalently, log(2)m ≤ (d+ 1)k · log(m), implying

m ≤ (d+ 1)k

log(2)
· log(m) ≤ 2 · (d+ 1) · k · logm.

By Lemma A.1 of Shalev-Shwartz and Ben-David [182], m ≤ 4(d+ 1)k · log(2(d+ 1)k).
Hence, d1 ≤ 4(d+ 1)k · log(2(d+ 1)k).

2. Affine shifts: Let F2 = {(z, y) 7→ f(z)− y | f ∈ F1}.
If F2 pseudo-shatters

((z1, y1), t1), . . . , ((zm, ym), tm),

then F1 pseudo-shatters

(z1, t1 − y1), . . . , (zm, tm − ym),

implying that the pseudo-dimension of F2 is at most that of F1. Hence, d2 ≤ d1.

3. Squaring: Let F3 = {z 7→ f(z)2 | f ∈ F2}.
Fix m points S = {(z1, t1), . . . (zm, tm)} pseudo-shattered by F3. Assume each

ti > 0, as otherwise that point alone cannot be shattered. Furthermore assume that
f(zi) 6= ti for any f ∈ F3, otherwise we can adjust ti such that the set is still pseudo-
shattered and equality does not hold.

Now, consider the sign patterns of function f ∈ F2 on the 2m points

S′ = {(z1,
√
t1), . . . , (zm,

√
tm), (z1,−

√
t1), . . . , (zm,

√
tm)}.
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Observe that if two functions f, f ′ ∈ F2 have that f(z)2 and f ′(z)2 differ in sign
pattern on S, then f(z) and f ′(z) differ in sign pattern on S′, as if f(xi)2 < ti and
f ′(xi)

2 ≥ ti, then that implies −
√
ti < f(xi) <

√
ti and either f ′(xi) >

√
ti or

f ′(xi) <
√
ti, so f and f ′ must differ on at least one point. Therefore, the number of

sign patterns F2 can realize on S′ must be at least as large as the number of sign pat-
terns F3 can realize on S. By Sauer’s lemma, the number of sign patterns F2 can real-
ize on S′ is at most

(
e·2m
d2

)d2
. Since F3 pseudo-shatters these points, 2m ≤

(
e·2m
d2

)d2
,

and, equivalently, 2m/d2/(m/d2) ≤ 2e. Now if m ≥ 5d2, then, since 2z/z is increasing
for z ≥ 2, the LHS is at least 25/5 > 2e. Therefore, d3 ≤ 5 · d2.

Finally, observe that after all of these transformations, G is in fact a subset of F3.
Therefore,

Pdim(G) ≤ d3 ≤ 5d2 ≤ 5d1 ≤ 20(d+ 1)k log
(
2(d+ 1)k

)
,

as needed.

2.4 Implementation via Residual Reward Calibration

Given that only a small mixture is theoretically sufficient, the practical question is:
can we construct it in practice? In principle, we could learn an ensemble by solving
the full optimization problem:

min
α1,...,αk
θ1,...,θk

E(x,y1,y2)∼D

[
(p(x, y1, y2)− p̂(x, y1, y2))

2
]
.5 (2.2)

However, directly minimizing this objective requires a computationally intensive search
over both the mixture weights and the reward model parameters, rendering it imprac-
tical.

Instead, we propose a heuristic approach based on forward stagewise additive mod-
eling (FSAM) (see Hastie et al. [103] for an overview) that decomposes the problem
into a sequence of more tractable subproblems. At each step, we fit a new reward
model to the current residual error of the ensemble, keeping previously learned models
fixed; pick a mixing weight that best reduces that error, and append the new model
to the mixture. We observe that, despite its heuristic nature, this approach tractably

5Throughout this section, we use p(x, y1, y2) to denote the observed fraction of annotators
that responded y1 � y2 | x.
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recovers ensembles that are approximately pairwise-calibrated on real-world datasets.
We start by detailing how we train the first reward model (i.e., k = 1). Even in this

case, Equation (2.2) already departs from vanilla RLHF in two ways. First, the target
is the observed preference fractions, which we refer to as the soft labels. Even in cases
where multiple annotators disagreed on which response is better, typical alignment
datasets flatten these to binary labels p(x, y1, y2) ∈ {0, 1} by collapsing multiple an-
notators’ votes into a single “majority-decision” label [44, 80, 122, 123, 134, 135, 165].
In fact, several high-profile alignment deployments train exclusively on these binary
signals and treat them as a gold standard, discarding the underlying soft-label infor-
mation as noise [17, 196, 199].6 By contrast, we need access to this soft label data, as
we aim to match the observed preference fractions. This training regime is conceptu-
ally distinct from methods that merely smooth hard labels — such as label smooth-
ing [150, 201] — or from approaches that try to infer a latent consensus from soft la-
bels [48, 79]. Second, we present our method in terms of the MSE loss, while typical
RLHF uses cross-entropy. MSE aligns cleanly with later ensemble iterations, though
the same construction could be carried out with a cross-entropy loss as well.

Having defined the k = 1 special case, we now turn to the rest of the ensemble. At
iteration j > 1 we expand the current ensemble rj−1 = (rθ1 , . . . , rθj−1

;α1, . . . , αj−1) by
adding a new reward model rθj . Let

εj(x, y1, y2) = p(x, y1, y2)− p̂rj−1(x, y1, y2)

be the residual calibration error. We fit rθj by minimizing

E(x,y1,y2)∼D

[(
εj(x, y1, y2)− σ

(
rθj (x, y1)− rθj (x, y2)

))2]
,

using the sigmoid σ(z) = 1/(1 + exp(−z)) as a smooth proxy for the binary vote
indicator.

Each reward model starts from the same supervised fine-tuned (SFT) checkpoint:
we drop the token-prediction head, attach a freshly initialized single-node reward
head, keep all other parameters frozen from SFT, and then fine-tune on preference

6This choice is surprising because in the BT model, soft-label BCE matches the true log-
likelihood, and the vote fraction reveals how small the underlying score gap is between the
two responses (see Appendix E of the full version).
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Figure 2.2: MSE calibration error on held-out prompts as a function of ensemble size k. Each
curve is obtained by training a mixture of eight weak reward models with our FSAM procedure,
which greedily adds one base model at a time to minimize the residual calibration error. The
shaded band marks the floor for any single deterministic reward model,

∑
i min{p2i , (1 − pi)

2}.
Across all datasets, ensembles of only two to four rewards already beat this single-model bound.

pairs.7 Once rθj is trained, we add it to the ensemble, and reoptimize coefficients
(α1, . . . , αj) to minimize the training MSE, given rθ1 , . . . , rθj .

The method incrementally concentrates capacity on the “difficult’’ comparisons —
those with the largest residual magnitude. Residuals may be negative or exceed 1,
applying even more pressure to the subsequent reward model to converge toward the
soft labels.

The procedure can terminate after a fixed k iterations or, alternatively, via early
stopping when the validation loss stops improving. Each additional iteration adds one
fine-tuning pass, so runtime grows linearly with the number of reward models.

2.5 Empirical Results

We now evaluate the FSAM procedure to test whether this heuristic can learn pairwise-
calibrated ensembles on real alignment datasets. We focus on two questions: (i) Can
a small ensemble of weak reward models match the observed vote fractions more ac-
curately than any single reward model? (ii) Do the individual reward models in the
ensemble capture distinct preference patterns rather than duplicating one another? For
both, we find positive results.

Datasets. To be suitable for our experiments, datasets must satisfy two conditions:
(i) they must include — or allow us to reconstruct — pairwise comparisons between
distinct LLM outputs; and (ii) every comparison must be rated by more than one

7Training details appear in Appendix F.1 of the full version.
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annotator. We use four public datasets that satisfy these requirements and exhibit
annotator disagreement: MultiPref [146], PersonalLLM [217], HelpSteer2 [203], and
Reddit TL;DR [196]. Summary statistics appear in Table 2.1; further details about
the datasets, including pre-processing, can be found in Appendix F of the full version.
These datasets vary substantially in both domain and size.

Name Pref. Pairs Unique Prompts Annotation Avg # Annots. Avg p

MultiPref [146] 9,413 4,791 / 532 Human annotators 4.0 63%
PersonalLLM [217] 263,256 9,402 / 1,000 Model-based scores 10 76%
HelpSteer2 [203] 21,000 10,000 / 1,000 Human annotators 3.5 74%
Reddit TL;DR [196] 3,217 729 / 845 Human annotators 7.56 84%

Table 2.1: Summary statistics for the four preference datasets (see Appendix F.2 of the full ver-
sion for details). p is defined here as the mean majority-agreement score, i.e., the average share of
annotators who chose the majority option; by definition, this share is at least 0.5.

Ensemble of weak reward models vs. an optimal single reward model.
We fit an ensemble of k=8 reward models on each dataset, starting from supervised
fine-tuned checkpoints of Meta-Llama-3-8B [2] (a juggernaut in the small-model
bracket). We compare the ensemble to a theoretically optimal single deterministic
reward model that always selects the majority-preferred answer for every comparison.
Such a model minimizes binary error and its mean-squared calibration loss cannot fall
below

∑
imin{p2i , (1 − pi)

2}. A mixture of weak deterministic reward models offers a
finer-grained set of outputs but, a priori, need not perform better.

Our results (Figure 2.2) show that, in many cases, an ensemble of only 2-4 such
rewards already achieves noticeably better calibration on held-out prompts. Gains
tend to taper off around six models. Thus, combining a handful of weaker reward
models delivers a calibration accuracy that no single deterministic model can match.

Note that performance is reported as mean-squared calibration error. Other empiri-
cal pluralistic alignment experiments frequently report accuracy, but this is not mean-
ingful here because the task is not majority classification and annotator identities are
unavailable (see Appendix E of the full version).

Do the reward models capture distinct preferences? To test diversity at
the policy level, we use Best-of-N (BoN) sampling as a proxy for fine-tuning [90, 152].
Concretely, we select 50 prompts that the ensemble was not trained on, generate
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Figure 2.3: Pairwise Kendall — τ correlation scores between reward models in each ensemble,
obtained by ranking 100 high-temperature continuations for 50 prompts. A score of 0 corresponds
to random rankings, while a score of 1 corresponds to identical rankings; lower scores thus indicate
greater diversity. The Reddit dataset — the smallest and focused on summarization — records the
highest scores.

100 diverse continuations from the frozen SFT model using high-temperature sam-
pling, and score each response with every reward model in the ensemble. We quantify
distinctness by the normalized Kendall — τ rank correlation coefficient [119], which
counts the number of pairwise disagreements between two ranking lists, averaged
over all prompts. Prompts for the first three datasets were taken from the PRISM
dataset [125] (covering value-centric and controversial topics); prompts for the Reddit
dataset were taken from its validation set.

The reward models within each ensemble are distinct and qualitatively different
(Figure 2.3). This diversity is further illustrated by comparing the top-ranked re-
sponse chosen by each model (Appendix G of the full version).

2.6 Discussion

Our approach raises several important considerations regarding its scope, alternatives,
and limitations.

First, for highly contested or sensitive issues, pairwise calibration may not always
be appropriate. We are not aiming for the model to express its own opinion or mirror
the population; rather, a neutral answer — or, when necessary, outright refusal — s
often the safer choice. However, while refusal policy is a simple fallback for disallowed
or highly sensitive content, over‐reliance can hamper the system’s usefulness when
thoughtful, context-aware answers are needed. Even ostensibly neutral responses may
embed hidden framing biases, so it remains essential to understand and address those
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biases and to let the model meaningfully adapt to different user contexts, cultures,
and values whenever such adaptation is appropriate.

Second, one might ask whether a single, unified model could achieve similar plural-
istic alignment via alternate techniques. Indeed, one possible approach is to directly
instruct the model within its context to adopt a particular perspective — known as in-
context steering or persona modulation [42, 107, 113, 159]. However, recent empirical
evidence suggests that language models instructed to emulate specific viewpoints fre-
quently produce inconsistent or overly stereotyped responses, and often fail to capture
nuanced differences between distinct user groups [121]. By contrast, our approach ex-
plicitly incorporates architectural support for pluralism by training multiple distinct
reward functions.

Finally, while pairwise calibration ensures that the ensemble accurately reflects the
preferences of annotators for pairs of responses given a context, it does not guaran-
tee accurate representation of higher-order judgments over larger sets of responses.
Ideally, for any reasonably sized set of t responses, the proportion of reward func-
tions ranking a given response highest would (approximately) match this preference
in the population. However, recovering such higher-order preference structures is
information-theoretically infeasible using pairwise data alone. Capturing these rela-
tionships would require richer elicitation, such as rankings or best-of-ℓ judgments over
larger response sets.
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Part II

Efficient Preference Elicitation
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3
Representation with Incomplete Votes

3.1 Introduction

A recent surge of interest in empowering citizens through online civic participation
has spurred the development of a number of platforms [11, 76, 108, 110, 175, 183]. A
particularly successful example is Polis [193],1 an open-source “system for gathering,
analyzing, and understanding what large groups of people think in their own words.”
It has been widely used by local and national government agencies around the world.
Most notably, it is the basis of vTaiwan, a system commissioned by the government
of Taiwan, whose participatory process — involving thousands of ordinary citizens —
has led to new regulation of ride-sharing services and financial technology. A similar
(albeit commercial) system called Remesh2 allows users to “save resources by democ-
ratizing insights in live, flexible conversations with up to 1,000 people at the same
time.”3

The key idea underlying both systems is simple and broadly applicable: Partici-
pants can submit free-text comments about the discussion topic at hand and choose
to agree or disagree with others’ comments presented to them by the platform. An

1https://pol.is
2https://www.remesh.ai
3See also consider.it, citizens.is, make.org, kialo.com.
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essential part of the process is the aggregation of these opinions toward an “under-
standing of what large groups of people think.” Polis, for instance, displays a list of
comments that received the most support among participants to whom they were
shown. But this aggregation method may fail to represent minority groups, even those
that are very large: if 51% of participants agree with one set of comments, while 49%
of participants agree with another set of comments, only comments from the first set
will appear on this list. Polis has recognized this problem and sought to mitigate it by
employing a second, more elaborate procedure [193].4 While this procedure has pro-
duced interesting results in practice, it does not guarantee summarizations that are
representative of the discussion in a rigorous sense.

In this paper, we reexamine opinion aggregation in systems such as Polis and Remesh
through the lens of computational social choice [36]. We observe that selecting a sub-
set of comments based on agreements and disagreements is equivalent to electing a
committee based on approval votes. From this viewpoint, the primary aggregation
method used by Polis corresponds to classical approval voting (AV). There is substan-
tial work — starting with the paper of Aziz et al. [14] — on approval-based committee
elections that seeks to avoid the shortcomings of AV by guaranteeing that the selected
committee satisfies fairness notions. To define one such notion (which is not satisfied
by AV), note that if the size of the committee is k and the number of voters is n, a
subset of n/k voters is large enough to demand a seat on the committee if they agree
on at least one candidate. This intuition is captured by a property called justified rep-
resentation (JR), which guarantees that every such subset of voters has an approved
candidate on the committee.

There is a major gap, however, between the literature on approval-based commit-
tee elections and the reality of systems like Polis and Remesh: these systems only
have access to partial votes. For example, in the discussion facilitated by Polis around
ridesharing regulation in Taiwan, 197 comments were submitted, but each participant
only cast a vote on 10.57 comments on average — roughly 5% of all comments. Our
main conceptual insight is that we can overcome the partial-information gap via sta-
tistical estimation and adaptive querying (i.e., by deciding which comments to show
to incoming users based on previous votes).5

4The idea is to find clusters of participants with similar opinions and then ensure that each
cluster is represented by comments that distinguish it from the others.

5There is a body of work in computational social choice related to incomplete votes. For
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Our approach and results. In our model, each voter (user) can be asked to ex-
press their opinion (approval/disapproval) about at most t candidates (comments).
More formally, a query asks a randomly-chosen voter for their approval votes on a
subset of candidates S of size |S| ≤ t. Note that this query model is consistent with
how Polis works, where participants express their agreement or disagreement with the
comments shown to them by the system. We can view the response to such a query,
i.e., the approval votes of a single voter, as noisy information about the profile of the
entire population of voters (restricted to these t candidates). Therefore, we refer to
these real-world queries as noisy queries.

Before we discuss this setting, we consider a simplified setting in Section 3.3, where
queries yield the profile of the entire population of voters on the t candidates in the
query. While such exact queries are not realistic, they provide an abstraction that
is easier to study and allows us to derive lower bounds on the number of queries re-
quired to achieve JR (which apply also to the noisy-query setting, since it is strictly
harder). We start by studying the required number of queries of non-adaptive algo-
rithms, which decide on their queries before any votes are cast. While non-adaptive
algorithms may be preferable in some cases (e.g., because no voter can influence what
alternatives are shown to other voters or because computation can be performed
offline), we show that they are impractical because they must ask at least Ω(m11)

queries (and hence voters) to achieve JR, where m is the number of candidates.
Therefore, we focus on adaptive algorithms in the rest of the paper. In Section 3.3.2

we adapt a local-search algorithm of Aziz et al. [15] to the case of exact queries and
show that it can achieve JR (and even stronger properties) with O(mk2 log k) queries.

In Section 3.4, we move on to the realistic, noisy-query model, where a query cor-
responds to a single voter. Since we need to estimate the answer to each exact query
using multiple noisy queries to control uncertainty, the query complexity of the adap-
tive algorithm for the same guarantees increases to O

(
mk6 log k logm

)
. By applying

instance, some papers aim to find winning committees, given incomplete approval votes, or to
fill in the missing votes, given knowledge about the domain of approval profiles [109, 198, 214].
However, these papers are primarily concerned with the computational complexity of these
problems, while we focus on information-theoretic questions. There is also related work that
studies the problem of determining the winner given only partial rankings [73, 206], but this
setting is mathematically different from ours. Furthermore, prior work does not consider the
adaptive setting, where we query voters sequentially and decide on the next question based on
previous votes.
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martingale theory, we develop an extension of this algorithm that allows the reuse of
votes in a statistically sound way.

In Section 3.5 we show empirically (on real datasets from Polis and Reddit) that
this extension allows us to find committees satisfying (approximate) JR (and stronger
properties) despite access to little information (i.e., few voters, each voting on only a
small fraction of the comments).

3.2 Preliminaries

We begin by introducing the standard approval-based committee selection setting [14].
For s ∈ N, we use the notation [s] = {1, . . . , s}. We have a set N = [n] of n voters
and a set C of m candidates. Each voter i ∈ N approves a set of candidates Ai ⊆ C.
We refer to the vector A = (A1, . . . , An) as an approval profile. The goal is to choose
a committee W ⊆ C of size k ≤ m. The value k is called the target committee size.
We refer to an algorithm that takes as input the profile and candidates and outputs a
committee of size k as a k-committee-selection algorithm.

Notions of representation. We say that a group of voters V ⊆ N is ℓ-large if |V | ≥
ℓ · nk ; V is ℓ-cohesive if |

⋂
i∈V Ai| ≥ ℓ. Aziz et al. [14] introduced the following two

fairness notions:

Definition 3.2.1 (Justified Representation (JR)). A committee W provides JR if for
every 1-large, 1-cohesive group of voters V , there exists a voter i ∈ V who approves a
member of W , i.e., |Ai ∩W | ≥ 1.

Definition 3.2.2 (Extended Justified Representation (EJR)). A committee W pro-
vides EJR if for every ℓ ∈ [k] and every ℓ-large, ℓ-cohesive group of voters V , there
exists a voter i ∈ V who approves at least ℓ members of W , i.e., |Ai ∩W | ≥ ℓ.

We also study the following approximate version of EJR:

Definition 3.2.3 (α-Extended Justified Representation (α-EJR)). A committee W

provides α-EJR if for every ℓ ∈ [k] and every ℓ
α -large, ℓ-cohesive group of voters V ,

there exists a voter i ∈ V who approves at least ℓ members of W , i.e., |Ai ∩W | ≥ ℓ.

Fernández et al. [72] proposed another notion of representation called the aver-
age satisfaction of a group of voters V for a committee W , defined as avsW (V ) =
1
|V |
∑

i∈V |Ai ∩W |. Related to this quantity, we define the following property:
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Definition 3.2.4 (α-Optimal Average Satisfaction (α-OAS)). A committee W pro-
vides α-OAS if for every λ ∈ [0, k] and every λ+1

α -large, λ-cohesive group of voters V ,
we have avsW (V ) ≥ λ.

This property measures how close a committee is to the maximum average satisfac-
tion that can be guaranteed to hold for all elections. To see this, note that the condi-
tion above is equivalent to the following condition: for every ℓ ∈ [ 1α ,

k+1
α ] and every

ℓ-large, (αℓ − 1)-cohesive group of voters V , we have avsW (V ) ≥ αℓ − 1. This implies
a proportionality guarantee [191] of g(ℓ, k) = αℓ − 1. Since there is no selection rule
that satisfies a proportionality guarantee with g(ℓ, k) > ℓ− 1 for all elections [15, 191],
α = 1 is the best we can hope for, so we refer to 1-OAS simply as OAS.

Proportional approval voting. Proportional Approval Voting (PAV) is a widely-
studied committee selection algorithm: given an approval profile A and a committee
size k, it returns a committee W of size k maximizing the PAV score, defined as

pav-sc(W ) :=
1

n

∑
i∈N

|Ai∩W |∑
j=1

1

j
.

PAV satisfies EJR and OAS [15, 72], but is NP-hard to compute [16]. Consequently,
Aziz et al. [15] propose a local search approximation of PAV (LS-PAV), which contin-
ues to satisfy EJR and OAS, but, unlike PAV, runs in polynomial time. As we shall
see, LS-PAV is a useful basis for algorithms in our query model.

3.3 Exact Queries

In the exact-query setting, the response R to a query Q consists of a proportion pS

for every subset S ⊆ Q, where pS is the proportion of voters who only approve the
candidates in S among the queried candidates Q, i.e.,

pS :=
1

n

∑
i∈N

I[Ai ∩Q = S],

where I is the indicator function. We refer to an algorithm that makes queries of
size t, receives this type of response, and outputs a committee of size k as a (k, t)-
committee selection algorithm with exact queries. We say an algorithm is adaptive if
the queries it chooses depend on responses from previous queries. Note that we allow
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all of our algorithms to be randomized. In the following, we ask how many queries are
needed to guarantee the notions of representation introduced in Section 3.2.

3.3.1 Nonadaptive Algorithms

In this section, we think of m as large (many comments will be submitted to the sys-
tem), while we think of k and t as small constants (since we wish to select only a few
comments and voters have limited time). Since we are primarily interested in lower
bounds on the query complexity of non-adaptive algorithms, we consider only JR, the
weakest fairness criterion.

An initial observation is that, if t ≥ k, JR can always be guaranteed with O(mk)

queries, as simply querying every set of k candidates provides all the information nec-
essary to run PAV. For k = 1, this bound is tight, as voters could all approve only a
single candidate, which will take a linear number of queries to find. Our first result is
a tight quadratic lower bound for k = 2.

Theorem 3.3.1. For any constants k and t such that k ≥ 2, and any ε > 0, any
non-adaptive (k, t)-committee selection algorithm that makes fewer than Ω(m2) queries
satisfies JR with probability at most ε.

This result provides a separation between the non-adaptive and the adaptive set-
tings: In Section 3.3.2, we discuss an adaptive (k, t)-committee selection algorithm
guaranteeing JR with only O(m) queries for any k and t such that k < t.

Theorem 3.3.1 follows from a more general result that we present formally in Ap-
pendix B of the full version. Here, we illustrate the argument by considering the spe-
cial case where t = k = 2 and ε = 5

6 : Consider an adversary that picks a random
set of 3 candidates, call them 1, 2, and 3, and answers queries according to the ap-
proval matrix visualized in Figure 3.1(a): half of the voters approve only candidate 1,
and the other half of the voters approve only candidates 2 and 3. To satisfy JR, the
algorithm needs to include candidate 1 in the committee. However, if the algorithm
never queries {1, 2}, {1, 3}, or {2, 3}, it receives no information that can distinguish
candidates 1, 2, and 3 from each other, so it can do no better than selecting a random
pair from these three candidates, which will succeed with probability 2

3 . This problem-
atic case will occur frequently if the number of queries is not very large, say 1

18 ·
(
m
2

)
:

Since there are
(
m
2

)
pairs of candidates, the probability that the algorithm queries any
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randomly selected pair of candidates is at most 1
18 . By the union bound, the proba-

bility that the algorithm queries any of {1, 2}, {1, 3}, or {2, 3} is at most 3 · 1
18 = 1

6 .
To summarize, for the algorithm to succeed, it either needs to get lucky during the
querying phase, which happens with probability at most 1

6 , or during the selection
phase, which happens with probability at most 2

3 . By the union bound, the algorithm
succeeds with probability at most 1

6 + 2
3 = 5

6 .
A natural follow-up question is whether the O(mk) upper bound is tight for larger

k. Interestingly, this is not the case for k ≥ 3:

Theorem 3.3.2. For any t ≥ 2
3k, there exists a (k, t)-committee selection algorithm

guaranteeing JR with O(mt) exact queries.

Proof. Consider Algorithm 1, described below.

Algorithm 1 (k, t)-non-adaptive (for t ≥ 2
3
k)

1: Query every set of candidates of size t

2: for i← 1, 2, . . . , t do
3: ci ← approval winner among voters not approving c1,c2, . . . ,ci−1

4: for i← t+ 1, . . . , b3
2
tc do

5: ci ← arbitrary default candidate
6: for c ∈ C do
7: A← set of voters approving c but not any of {c1,c2, . . . ,ct−1}
8: B ← set of voters approving c but not any of {c1,c2, . . . ,ci−1} \
{c⌊t/2⌋, . . . , ct−1}

9: if |A| ≥ n
k

and |B| ≥ n
k

then
10: ci ← c

11: return {c1,c2, . . . ,ck}

Provided that t ≥ 2
3k, it is straightforward to verify that the if condition can be

checked using only information about sets of voters of size t. Thus, Algorithm 1 is
indeed a non-adaptive (k, t)-committee selection algorithm with exact queries.

For each i ∈ {1, 2, . . . , b32 tc}, we say that a voter is satisfied on round i if it ap-
proves of ci, but none of the previously selected candidates c1,c2, . . . ,ci−1, and we
say that a voter is satisfied by round i if it was satisfied on some round j ≤ i. We
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prove that the final committee satisfies JR by counting the fraction of voters that are
satisfied on each round. Indeed, JR is equivalent to the property that there is no 1-
cohesive 1

k -fraction of voters that is left unsatisfied by the kth round.
The case where k ≤ t is easy: on each of the first k rounds, either we satisfy a 1

k

fraction of voters, or there is no 1-cohesive set of n
k unsatisfied voters. Thus, by round

k, either all voters are satisfied, or the remaining set of unsatisfied voters has no 1-
cohesive set of size n

k .
Now suppose that k > t. For each i, let xi denote the fraction of voters that are

satisfied on round i. Note that the sequence of xi are weakly decreasing for i ≤ t.
Again, if any xi < 1

k , it means that there is no 1-cohesive 1
k -fraction of unsatisfied

voters after round i, so JR is already satisfied. So assume each xi ≥ 1
k for all i ≤ t.

Further, if on any round i > t we fail to find a candidate c making the if condition
true, we claim that JR is already satisfied. For if JR were not satisfied, then there
would be some candidate c approved by a 1

k -fraction of voters S who approve of no
previous candidates. Clearly, we would then have S ⊆ A and S ⊆ B, so A and B both
contain at least 1

k fractions of voters.
Thus, we may assume that, for each i > t, candidate ci satisfies the if statement

on round i. Consider an arbitrary round i. Let A and B denote the respective val-
ues of the variables on the iteration of the inner loop where ci was set to its ultimate
value. Observe that the candidates enumerated in the definitions of A and B cover
all previously selected candidates. This means that A ∩ B is precisely the set of vot-
ers approving ci and not any of the previous candidates; in other words, A ∩ B is the
set of voters satisfied on round i. On the other hand, since candidates c1,c2, . . . ,c⌊t/2⌋

are enumerated in the definitions of both sets, it follows that A ∪ B is a set of voters
approving ci but not any of c1,c2, . . . ,c⌊t/2⌋. This means that A ∪ B can contain at
most an x⌊t/2⌋ fraction of voters, for otherwise candidate ci should have been selected
earlier, on round bt/2c. Thus, we may lower bound the fraction of voters satisfied on
round i as

1

n
(|A ∩B|) = 1

n
(|A|+ |B| − |A ∪B|) ≥ 1

n

(n
k
+

n

k
− nx⌊t/2⌋

)
=

2

k
− x⌊t/2⌋.
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Summing over each of the first k rounds, the number of satisfied voters is

k∑
i=1

(# satisfied voters on round i) ≥
t∑

i=1

xi +
k∑

i=t+1

(
2

k
− x⌊t/2⌋

)

=

t∑
i=1

xi −
k∑

i=t+1

x⌊t/2⌋ + (k − t)
2

k

=
k−t∑
i=1

(
xi − x⌊t/2⌋

)
+

k∑
i=k−t+1

xi + (k − t)
2

k
.

Since the xi are decreasing and k − t ≤ bt/2c when t ≥ 2k/3, this first term is nonneg-
ative, and xi ≥ 1/k for i ≤ t in this case. Therefore we have

k∑
i=1

(# satisfied voters on round i) ≥
k∑

i=k−t+1

xi + (k − t)
2

k

≥ (t− (k − t))
1

k
+ (k − t)

2

k

=
2(k − t) + (2t− k)

k

= 1.

Since all voters are satisfied by round k, the final committee satisfies JR.

However, the exponent does have a dependence on k. In particular, we find that
guaranteeing JR requires Ω(m3) queries starting at k = 6. The adversary employs
an analogous strategy, now picking 7 random candidates and imposing the approval
matrix depicted in Figure 3.1(b). Satisfying JR requires that the algorithm include
candidate 1, which is indistinguishable from the other six candidates unless the algo-
rithm makes Ω(m3) queries, since every candidate is approved by 6

18 of the voters and
every pair of candidates is approved by 2

18 of the voters.
In Appendix B of the full version, we describe a computational search we con-

ducted to find similar instances for larger values of k. The best lower bound obtained
is as follows.

Theorem 3.3.3. For any ε > 0, there exists a target committee size k with k =

Θ(log 1/ε) such that for all t, any non-adaptive (k, t)-committee selection algorithm
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Figure 3.1: Adversarial approval matrices. Each region represents a disjoint, equally-sized set of
voters who approve only the candidates within the region. In (a), queries of size t ≥ 2 are needed
to distinguish the candidates; in (b), we need t ≥ 3.

with exact queries that makes fewer than Ω(m11) queries satisfies JR with probability
at most ε.

This theorem closes the book on the (im)practicality of non-adaptive committee
selection algorithms. We therefore turn our attention to adaptive algorithms.

3.3.2 An Efficient Adaptive Algorithm

In this section, we propose an adaptive algorithm based on LS-PAV [15], and we show
that it achieves EJR and OAS with a practically-feasible number of queries.

For convenience, we introduce the following notation: For a committee W and can-
didates c ∈W and c′ /∈W , let

∆(W, c′, c) := pav-sc(W ∪ {c′} \ {c})− pav-sc(W )

denote the difference in PAV score obtained by replacing c with c′ in W . Additionally,
let

∆(W, c) := pav-sc(W ∪ {c})− pav-sc(W )

denote the marginal gain in PAV score by adding c to W .
LS-PAV starts with an arbitrary committee W and repeatedly replaces a commit-

tee member c ∈ W with a candidate c′ /∈ W , provided the improvement to the PAV
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Algorithm 2 (k, t)-α-PAV
1: Choose W ∈

(
C
k

)
, c ∈ W , and c′ /∈ W arbitrarily

2: γ ←∞
3: while γ ≥ 1

αk
do

4: W ← W ∪ {c′} \ {c}
5: Choose Q = {Qi}i, with |Qi| = t, s.t. W ⊆

⋂
Q

and C ⊆
⋃
Q

6: c′ ← argmaxx/∈W ∆(W,x) ▷ (using Q)
7: c← argmaxx∈W ∆(W, c′, x) ▷ (using Q)
8: γ ← ∆(W, c′)

9: return W

score satisfies ∆(W, c′, c) ≥ 1
k2

. Aziz et al. [15] show that after at most O(k2 log k)
swaps, no such swap pairs c, c′ remain, at which point W satisfies OAS and EJR.

We first observe that LS-PAV can be implemented using exact queries: For any set
of candidates S, pav-sc(S) can be computed using any query Q ⊇ S, as it is sufficient
to know the proportion of voters that approve each subset of S. Hence, for any W ,
c ∈ W , and c′ /∈ W , ∆(W, c′, c) can be computed using a query Q that contains both
W and c′. Using

⌈
m−k
t−k

⌉
queries of size t, we can cover all m − k candidates that are

not in W , which leads to an overall query complexity of O
(
mk2 log k

)
.

We next present a version of LS-PAV, which we call α-PAV (Algorithm 2), that
has the same query complexity as LS-PAV for finding a committee that satisfies EJR
and OAS, but lower query complexity for approximate (α < 1) α-EJR and α-OAS.
Besides introducing the approximation parameter α, we make two other modifications
to LS-PAV: First, Algorithm 2 terminates when there is no candidate c′ such that
∆(W, c′) ≥ 1

k (for α = 1), while LS-PAV terminates when there is no pair c, c′ such
that ∆(W, c′, c) ≥ 1

k2
. As we shall see in Lemma 3.3.6, the termination condition of

Algorithm 2 is weaker than that of LS-PAV, implying that it may terminate earlier.
Second, instead of considering all possible swaps c, c′, we only consider adding the
candidate c′ with the largest ∆(W, c′). This modification makes the algorithm slightly
simpler and more computationally efficient (by a factor of k).

Theorem 3.3.4. For any m ≥ t > k, Algorithm 2 yields a committee satisfying
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α-OAS and α-EJR while making at most⌈
m− k

t− k

⌉
αk2

(1− α)k + 1
Hk

queries, where Hk is the kth harmonic number. For α = 1, this leads to a query com-
plexity of O

(
mk2 log k

)
while for any fixed α < 1, this leads to a query complexity of

O (mk log k).

The proof of Theorem 3.3.4 essentially follows from the following two lemmas, the
first of which uses the notation

∆∗(W ) := max
c∈C

∆(W, c).

Proofs of the lemmas and the formal implication can be found in Appendix D of the
full version.

Lemma 3.3.5. If a committee W satisfies ∆∗(W ) < 1
αk , then W satisfies α-EJR and

α-OAS.

Lemma 3.3.6. For any committee W and c /∈W , we have that maxx∈W ∆(W, c, x) ≥
(k+1)∆(W,c)−1

k . In particular, if ∆(W, c) ≥ 1
αk , then maxx∈W ∆(W, c, x) ≥ (1−α)k+1

αk2
.

Lemma 3.3.5 guarantees that when Algorithm 2 terminates the desired fairness
properties are satisfied. Lemma 3.3.6 establishes that the PAV score increases over the
algorithm’s run. This bounds the number of swaps it performs since pav-sc(W ) is at
most Hk.

Lemma 3.3.5 is a generalization of the lower bound from Lemma 1 of Skowron [191].
This generalization is useful because it states that to establish EJR and OAS of any
given committee W (no matter how it is derived), it is sufficient to prove that ∆∗(W )

is small; hence it can be used as a certificate of satisfaction. In Appendix E of the
full version, we show that standard PAV and LS-PAV satisfy ∆∗(W ) < n

k , which is
noteworthy in that it provides a simple proof of the known result that they satisfy
EJR and OAS.

We observe that, for exact queries, an α-approximation with α < 1 improves the
query complexity by a factor of k. In the next section, we will see that such an ap-
proximation yields an even larger improvement in query complexity for noisy queries,
as it also reduces the accuracy with which we need to estimate ∆(W, c′, c).
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3.4 Noisy Queries

We now turn to a query model that includes the noise we abstracted away in Sec-
tion 3.3. In order to represent voters arriving to the platform one-by-one, we assume
that each time the algorithm performs a query Q ⊆ C a voter i ∈ N is selected in-
dependently and uniformly at random6and then the algorithm observes their votes on
the queried candidates Q ∩ Ai. We refer to an algorithm that performs queries of size
t, receives as a response the votes of a single voter, and outputs a committee of size k

as a (k, t)-committee selection algorithm with noisy queries.
To see the connection between this query model and the previous one, note that an

algorithm with noisy queries can approximate an exact query Q by estimating the val-
ues of pS by taking the empirical proportion of repeated samples. By standard sam-
ple complexity bounds, using Θ

(
log(2t/δ)/ε2

)
queries, a noisy-query algorithm could

guarantee ±ε estimates of pS for all S ⊆ Q with probability 1 − δ. Hence if an exact-
query algorithm requires no more than poly(m) queries with additive ε error, then it
can be implemented using a factor of Θ(logm) more noisy queries and yield a correct
result with probability 1 − δ. What’s more, this log factor is in some cases necessary
when moving from the exact-query to the noisy-query setting. In Appendix C of the
full version, we demonstrate instances for which a non-adaptive exact-query algorithm
needs only Θ(m) queries, while in order to be correct with any fixed probability δ, a
non-adaptive noisy-query algorithm requires Ω(m logm) queries.

Conversely, notice that one can use exact queries to simulate noisy queries. Indeed,
pS is exactly the probability that an incoming voter will vote yes on candidates S and
no on Q \ S in response to a query Q. An algorithm with access to exact query values
can simply sample a voter response and feed it to a noisy-query algorithm. Therefore,
the lower bounds on the query complexity of exact-query, non-adaptive algorithms, in
particular Theorem 3.3.3, apply to noisy-query, non-adaptive algorithms as well. As
the number of candidates becomes large, adaptivity is therefore necessary to attain

6Note that a voter-profile Ai may be queried more than once during the run of the algo-
rithm because we sample with replacement. This model simplifies the statistical analysis and
has a natural interpretation: Rather than thinking of a finite population of voters, we draw
samples from an underlying population distribution where each profile A1, .., An has the same
frequency (probability). Furthermore, our model approaches sampling without replacement
if the size of the underlying population n is large compared to the number of queried voters,
hence both models are qualitatively interchangeable.
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Algorithm 3 (k, t)-noisy-α-PAV

1: ℓ←
⌈
288

(
αk2

(1−α)k+1

)2
log
(

8mk4

δ

)⌉
2: Choose W ∈

(
C
k

)
, c ∈ W , and c′ /∈ W arbitrarily

3: γ ←∞
4: while γ ≥ 1/(αk)− ((1− α)k + 1)/(12αk2) do
5: W ← W ∪ {c′} \ {c}
6: Choose Q = {Qi}i, with |Qi| = t, such that

W ⊆
⋂
Q and C ⊆

⋃
Q

7: Ask each query Q ∈ Q to ℓ new voters
8: ∆̂(W,x)← estimate of ∆(W,x) using ℓ voters

from query Q containing W ∪ {x} ▷ ∀x /∈ W
9: ∆̂(W,x, y)← estimate of ∆(W,x, y) using ℓ voters

from Q containing W ∪ {x} ▷ ∀x /∈ W, ∀y ∈ W
10: c′ ← argmaxx/∈W ∆̂(W,x)

11: c← argmaxx∈W ∆̂(W, c′, x)

12: γ ← ∆̂(W, c′)

13: return W

theoretical guarantees — mirroring the approach of online platforms in practice.
A natural starting point is the exact-query adaptive algorithm, namely Algorithm 2.

Indeed, it can be adapted to the noisy setting by replacing exact queries with a suf-
ficient number of noisy queries, ℓ, to obtain high-probability bounds on ∆, yielding
Algorithm 3.

The key is to choose ℓ large enough that if the termination condition is not met,
i.e., we have ∆̂(W, c′) < 1

αk −
(1−α)k+1
12αk2

, the resulting swap is guaranteed to yield a pos-
itive improvement in the PAV-score, such that the number of steps of the algorithm
is bounded. With the choice of ℓ in Algorithm 3, we obtain the following theorem,
whose proof can be found in Appendix F of the full version.

Theorem 3.4.1. For any m ≥ t > k, with probability at least 1 − δ, Algorithm 3
returns a committee that satisfies α-EJR and α-OAS after querying no more than

578Hk

⌈
m− k

t− k

⌉(
αk2

(1− α)k + 1

)3

log

(
4mk4

δ

)
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voters. For any fixed δ > 0, if α = 1, this leads to a query complexity of O
(
mk6 log k logm

)
,

and if α < 1, this leads to a query complextiy of O
(
mk3 log k logm

)
.

While Algorithm 3 achieves good worst-case query complexity, it may be subop-
timal on certain instances because of two reasons: (i) after each swap, Algorithm 3
discards all previous information so each candidate is reassessed from scratch, and (ii)
it presents each candidate c /∈ W to the same number of voters, even though it may
quickly become apparent that some candidates are more promising than others.

To address issue (i), we can use all past votes to compute bounds on ∆. A diffi-
culty with this approach is that past voters may not have voted on all candidates
in W (which is necessary to directly estimate ∆(W, c)), since they may have been
queried on a different committee W ′. But we can nonetheless use these past votes
to obtain upper and lower bounds on estimated values. To address issue (ii), we can
present promising candidates to voters more often. Further, it is possible to perform
swaps as soon as we are confident they yield an increase of the PAV-score of at least
some value ε, rather than first querying a predetermined number of voters as in Algo-
rithm 3.

These ideas are incorporated into an algorithm called ucb-α-PAV; see Appendix G
of the full versionfor a formal description of the algorithm and an analysis of its query
complexity.

3.5 Experiments

Since the analysis in the theoretical sections considers worst-case approval profiles,
it is possible that, in practice, we may be able to find good committees with fewer
queries than required by Theorem 3.4.1. We investigate this question empirically on
real data from online discussions with only a few hundred voters, each voting on only
a fraction of all comments.

Datasets. Polis provides open-use data from real deliberations hosted on their
platform.7 These include, for instance, a discussion organized by the government of
Taiwan, which led to the successful regulation of Uber. Since participants typically
only vote on a fraction of comments, most votes are missing. To be able to simulate

7https://github.com/compdemocracy/openData
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the proposed adaptive algorithms, we first infer these missing votes using a matrix
factorization library, LensKit.8 Importantly, we infer votes only for the purpose of
the experiments; if our algorithms were executed during the discussion, they would
adaptively query users about the relevant comments without relying on any inference
method.

In most datasets, we observe several comments that are nearly universally approved.
Since these comments make achieving EJR and OAS trivial, we remove comments ap-
proved by more than 60% of participants. This step may also be appropriate in prac-
tice to gain insights into participants’ opinions beyond uncontroversial issues.

The number of queried voters L ranges from 87 to 1000 across the 13 datasets (see
Appendix H of the full version for details). For all datasets, we assume that each
voter votes on t = 20 comments. Since the total number of comments m ranges
from 31 to 1719 across datasets, the percentage of comments each voter votes on, t/m,
ranges from 1% to 65%. For each dataset, we run the algorithms with target commit-
tee sizes k = 5, 7, 10. Hence, there are a total of 13 · 3 = 39 experiments (times 10

random seeds).
The second dataset we consider consists of Reddit discussions.9 To obtain an inter-

esting dataset, we combined voting data from two subreddits, r/politics and r/Conservative,
which are arguably situated at opposite ends of the American political spectrum.
More details about this dataset can also be found in Appendix H of the full version.

Algorithms. We evaluate noisy-α-PAV and ucb-α-PAV. Both query L voters in
random order, each of whom votes on t = 20 comments. To enable these algorithms
to swap candidates after querying only a small number of voters, we make the follow-
ing modifications: For both algorithms we treat ℓ, the number of times we ask voters
about each candidate, as a parameter. In addition, for ucb-α-PAV, we replace the
numerator in the confidence intervals errs with a parameter θ. Both ℓ and θ were cho-
sen based on validation on a separate dataset, see Appendix H of the full version for
details. We run both algorithms on all the L voters, rather than terminating as soon
as we can guarantee ∆∗(W ) < 1

αk (and hence EJR and OAS).
To obtain an upper bound on the attainable performance, we execute α-PAV with
8https://lenskit.org
9https://www.kaggle.com/datasets/

josephleake/huge-collection-of-reddit-votes
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access to exact queries. To obtain the best possible α, we let α-PAV run as long as
the swap increases the PAV score, i.e., ∆(W, c′, c) > 0, instead of terminating as soon
as ∆(W, c′) < 1/k (which would be sufficient to guarantee EJR and OAS).

To verify that the proposed algorithms do indeed take the complementarity of dif-
ferent candidates into account, we also compare against standard approval voting
(AV) with access to all votes, which simply selects the k candidates with the most
approval votes.

Performance Metric. As a performance metric, we use α̂ := 1
k∆∗(W ) , where

W is the committee selected by the respective algorithm. According to Lemma 3.3.5,
α > α̂, so this implies α̂-EJR and α̂-OAS. As discussed in Section 3.2, α = 1 is the
best that can be guaranteed across all possible approval profiles. Note that α may
be larger than α̂, hence obtaining α̂ = 1 is a sufficient, but not a necessary condi-
tion for OAS and EJR. Nevertheless, we will use α̂ as a metric for two reasons: first,
verifying whether α ≥ 1 (i.e., whether a committee satisfies EJR and OAS) is com-
putationally hard [14], which makes it impractical for evaluation; and the stronger
condition α̂ ≥ 1 provides the additional benefit that EJR and OAS can easily be veri-
fied through Lemma 3.3.5. Second, one could argue that α̂ is a meaningful quantity in
its own right since it (or rather its inverse 1/α̂) measures how much voter satisfaction
could be improved by adding another candidate (giving lower weight to voters who
already have many approved candidates).

Polis Results. In Figure 3.2, we show the α̂ achieved on all the Polis datasets for
each of the four algorithms. Recall that higher α̂ is better and that α̂ ≥ 1 implies
OAS and EJR. As expected, α-PAV performs best since it has access to exact queries.
Note that it often achieves an α substantially larger than 1, which means that the
corresponding instance allows for better representation than can be guaranteed in
the worst case. AV performs surprisingly well in most experiments, but in 38% of the
cases, it yields α̂ smaller than 1 (and sometimes much smaller). We conclude that for
some datasets, it is important to take the complementarity of candidates into account
rather than selecting them individually. The challenge for the proposed algorithms is
to do so while being sample-efficient. We see that noisy-α-PAV often fails to achieve
an α̂ ≥ 1. We know from Theorem 3.4.1 that given enough queries, noisy-α-PAV
achieves α̂ ≥ 1, so this failure is due to the low number of queried voters. By con-
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Figure 3.2: Boxplots where datapoints correspond to the 39 Polis problems (×10 random seeds).
The top / bottom whiskers indicate the maximal / minimal points (except outliers, which are
marked by circles), the line in the middle is the median, and the bottom and top of the boxes are
the 1st and 3rd quartiles, respectively. The numbers in parenthesis are the fractions of problems
where the respective algorithm yields a α̂ ≤ 1.

trast, ucb-α-PAV yields α̂ ≥ 1 in 83% of the cases, and α̂ ≥ 0.75 in all cases, which
indicates that the proposed extensions (i.e., querying promising candidates more often,
swapping as soon as possible, and reusing voters) indeed lead to more efficient use of
data.

Reddit Results. To illustrate why approval voting can perform poorly despite
having access to the full votes, we execute the algorithms on the Reddit dataset de-
scribed above. In this experiment, AV achieves only α̂ = 0.68. To understand why
this happens, we show in Figure 3.3 the fraction of voters who have at least 1, . . . , 10

approved comments in the committee. We see that AV yields a committee where a
high fraction of voters approve many candidates, e.g., about 60% of voters approve
7 or more candidates, whereas for α-PAV, this is the case for only about 40%. This
comes at the cost of a high fraction of voters who are poorly represented by AV, e.g.,
about 25% of voters get at most one approved candidate, whereas for α-PAV, this per-
centage is less than 10%. This is to be expected as approval voting does not take the
complementarity of candidates into account and can therefore lead to less equitable
results. Finally, we observe that ucb-α-PAV achieves an α̂ close to 1, and its approval
fractions look similar to α-PAV, i.e., more equitable than AV. It is interesting that
ucb-α-PAV performs well on this example, since it only has access to t = 20 votes for
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Figure 3.3: Results on Reddit dataset (with L = 608,m = 2135, k = 10): the fraction of voters
(y-axis) that approve of at least 1, 2, .., 10 candidates (x-axis) among the selected committee of
size k = 10.

each of the L = 608 queried candidates, while it has to select from a large number of
comments, m = 2135.

3.6 Discussion

This work bridges the gap between online civic-participation systems, such as Polis,
and committee-election methods by enabling them to handle incomplete votes. To
deploy the proposed algorithms on such platforms, two practical issues must be con-
sidered.

First, our adaptive approach requires control over what the Polis creators call com-
ment routing [193]: the algorithm that decides which comments are shown to which
participants. If on a given platform a comment-routing algorithm is already in place,
shared control is possible: each algorithm could determine part of the slate of com-
ments shown to a participant, or the participants themselves can be divided between
the algorithms.

Second, in our analysis, we assumed that all comments have been submitted — or
all candidates are known — at the time we run our algorithms. Nevertheless, our algo-
rithms can be extended straightforwardly to a growing set of comments, but we would
inevitably lose the representation guarantees for comments that were submitted late
if not enough participants could vote on them. In practice, this could be resolved by

83



setting a comment submission deadline, which has been done previously by Polis.
An alternative to our approach would be to complete partial approval votes using

collaborative filtering [171]. The completed approval votes can then be aggregated
through any approval-based committee election rule, such as PAV. The disadvantage
of this approach is that it is unlikely to lead to worst-case guarantees of the type we
establish in this paper.

Finally, we emphasize that our approach may be applicable to social media more
generally. For instance, as mentioned in Section 3.5, Reddit users also approve or
disapprove comments through upvotes and downvotes. However, Reddit uses these
inputs to produce a ranking of the comments, in contrast to our goal of selecting a
subset. There is work on obtaining justified-representation-type guarantees for rank-
ings [190], which could possibly be extended to the setting of incomplete votes using
the techniques developed in this paper. More broadly, this article provides insights
into how to fairly represent opinions of groups given incomplete information, which
may be relevant for the design of more constructive online ecosystems.
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4
Computing Voting Rules with

Incomplete Votes

4.1 Introduction

While Chapter 3 focused on opinion aggregation, the difficulty of expressing prefer-
ences over a large set of alternatives extends well beyond that context. Traditional
social choice frameworks typically assume that voting rules have access to each voter’s
complete ordinal preferences over all candidates. Indeed, this is seen in practice as
well with the widening adoption of ranked-choice voting systems [70], requiring vot-
ers to submit such information. Whether such information can actually be reliably
elicited depends significantly on the context. If the number of candidates is small and
voters have strong opinions, it may indeed be reasonable for them to provide a com-
plete ranking. However, these assumptions do not hold in many scenarios. Primary
elections in the United States, for example, routinely field large numbers of candi-
dates, with many being unfamiliar to voters [104].

A classic line of work in behavioral economics and psychology supports the premise
that individuals struggle in such scenarios. In his seminal work, Schwartz [181] puts
forth the paradox of choice: individuals incur increased anxiety when faced with too
many alternatives, which often leads them to take a default action, defer, or not par-
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ticipate altogether [111]. Recent literature has shown this phenomenon to hold specif-
ically in the voting and social choice setting. Cunow et al. [58, 59] experimentally
show that even increasing the number of candidates from 3 to 6 leads voters to spend
less effort learning candidates’ policy positions and instead rely on arbitrary heuris-
tics. This voter frustration is also evidenced in practice: incomplete ballots are quite
common, which are often completely exhausted under elimination voting long before
the final candidate is elected [38].

In Chapter 3, specifically for opinion aggregation, we asked the questions: what
meaningful conclusions can be drawn from querying users over such limited data?
And how should the platform select such queries? This was done in the context of
approval votes, where the goal is to select a representative “committee” of size k. Vot-
ers from the population arrive randomly and can be presented with at most t < m

candidates (opinions) at a time, over which they can express their approval or disap-
proval.

Our paper extends this framework to consider ordinal preferences, with the more
classic goal of selecting a single winner (rather than a committee) under a given rule.
There is a distribution over rankings of the m candidates representing the underlying
voter preferences that is unknown to the algorithm. It may, however, query randomly
arriving individuals about any subset of t candidates, where t < m; with suitable
samples, the algorithm can determine the corresponding ranking distribution over
this subset.1 This leads to the fundamental question: what is the set of voting rules
that are implementable with such small-sized queries chosen by the platform? Con-
ceptually, this question asks about the axiomatic implications of cognitive barriers to
preference elicitation in social choice.

4.1.1 Contributions

We begin our investigation with the ubiquitous plurality rule. Here, we find a surpris-
ingly negative result: determining a plurality winner cannot be done using queries of
any size t < m (Theorem 4.4.3). That is, even if one has access to the distribution
of the population’s rankings over every m − 1 subset of the m candidates, it is still
impossible to correctly identify who received the most first-place votes. In fact, even

1Clearly, having access to the exact distribution is strictly more informative than having to
approximate it through repeated samples. Our negative results hold for this idealized setting
and thus immediately apply to the weaker and more realistic query model.
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a randomized algorithm can only correctly choose a plurality winner with probabil-
ity 1

m in the worst case, i.e., there are instances where, no matter which queries an
algorithm makes, it can do no better than picking a candidate uniformly at random.
The proof follows from a novel construction of pairs of profiles that have different plu-
rality winners but induce the same distribution on any subset of m − 1 candidates.
Section 4.3 is dedicated to explaining this construction, which forms the basis for all
of the impossibility results in this paper.

Plurality is just one example of a positional scoring rule, whereby candidates re-
ceive points corresponding to their rank position in each ballot, with the winner be-
ing the candidate with the most aggregated points [209]. While plurality requires
queries of size m, it is known that another positional scoring rule, the Borda count,
only requires pairwise margins to determine a winner and, hence, can be computed
with queries of size 2. For general t-sized queries, one straightforward algorithm is to
query every subset of size t and give each candidate a certain number of points de-
pending on which of the t positions they appear. Under a different query model, Ben-
tert and Skowron [27] give a family of scoring rules for each size t for which this algo-
rithm works.2 A similar argument for the same families of rules holds for our model
as well, which we prove in Lemma 4.4.4 for completeness, along with a more detailed
comparison between our work and theirs. We then proceed to our second main re-
sult (Theorem 4.4.5) that shows that these rules are, in fact, the only ones that can
be implemented with queries of size t. We thus obtain a complete characterization
of all computable positional scoring rules under a limited query model and also give
visualizations of this space. Our analysis is then extended to the single transferrable
vote (STV) rule (also known as instant-runoff voting) wherein we find a negative re-
sult akin to Plurality: algorithms with limited query size (t < m) cannot correctly
implement this rule. All of these negative results again hold not only for deterministic
algorithms but for randomized ones that are correct with probability strictly better
than 1

m (i.e. better than randomly guessing).
We next use our characterization to study the rules that are computable with small-

sized queries. Specifically, for any scoring rule requiring t∗-sized queries, we lower
bound the number of t-sized queries (t∗ ≤ t < m) needed to compute the winner
under this rule (Theorem 4.5.1). If t and t∗ are treated as constants, then Θ(mt∗)

queries are needed in the worst case. This asymptotic bound holds even for random-
2In their model, each voter submits a ranking over a randomly selected set of t candidates.
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ized algorithms that are correct with probability 1
m + ε for any constant ε > 0. If

on the other hand an algorithm covers a δ fraction of all t∗-subsets, we give an upper
bound on the success probability. Although this is not tight, we exactly determine
the optimal success probability for Borda count with m = 3 (Theorem 4.5.2) with a
surprisingly intricate construction, and leave open the general case.

4.1.2 Related Work

Our work contributes to a line of literature on the information-theoretic aspects of
voting and elections, specifically on what can be accomplished with incomplete in-
formation. There are a variety of lenses through which to study this problem. One
line of work considers the communication complexity of computing various voting
rules [54]. Another studies when using incomplete votes can guarantee a candidate
must or cannot be the winner, regardless of the missing information [130, 206]. Oth-
ers consider different “approximation” objectives such as minimax regret [139] and
distortion [168]. For a more complete survey, see chapter 10 by Brandt et al. [36].

More specific to our work are models where the partial information given is t-wise
comparisons. The special case of t = 2 corresponds to only being given pairwise
comparisons. All information about pairwise comparisons can be summarized in a
weighted tournament graph, a widely studied object in social choice theory [36]. For
example, there is a classification of common voting rules into those that can be com-
puted using just the tournament graph (such as Borda Count, Minimax, Kemeny, and
Copeland) and those that cannot [75]. Any of these weighted tournament solutions
can trivially be computed with queries of size t = 2. Beyond information-theoretic
results, there are even bounds on query complexity, such as how many queries to the
tournament graph are needed to compute Condorcet winners [167]. Our paper is a
natural extension of this literature to the realm of more powerful t-wise comparison
queries for t > 3.

Related, but technically incomparable, is when voters reveal a ranking of their top
t candidates for a fixed value of t [73, 156]. This was one of the two models studied by
Bentert and Skowron [27]. The other has voters revealing a ranking over a random set
of t candidates. Positive results here translate to our model, although negative ones
do not. We describe this connection and their results more in-depth in Section 4.4.1.

Finally, note that we largely study information-theoretic impossibilities and thus
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do not focus on the randomized arrivals aspect; other works do consider the sample
complexity of computing various rules [61]; however, they assume randomly sampled
voters reveal their complete preferences over all candidates.

4.2 Preliminaries

4.2.1 Voter preferences

For a positive integer s, let [s] := {1, . . . , s}. A ranking or preference over a set C of
m candidates is a bijection σ : [m]→ C, where σ(j) represents the j’th most-preferred
candidate according to σ. We use the standard notation a �σ b to denote that a

is preferred to b under σ, i.e., σ−1(a) < σ−1(b), where σ−1 is the inverse mapping
from candidates to rankings. We write L(C) to denote the set of all m! rankings over
the candidates in C. For a subset of candidates S ⊆ C, we write σ|S to denote the
ranking σ restricted to the candidates in S, i.e., σ|S ∈ L(S), with σ|S(j) being the
j’th most preferred among those in S according to σ.

For a permutation over the candidates π : C → C, we will write π ◦ σ for the
ranking σ permuted by π, i.e., (π ◦ σ)(j) = π(σ(j)). Of particular interest will be per-
mutations that swap a single pair of candidates. For this reason, for two candidates a

and b, we define πab to be the (a, b)-transposition, the permutation that swaps a and
b, i.e., πab(a) = b, πab(b) = a, and πab(c) = c for all c 6= a, b. Further, we will write
σa↔b for πab ◦ σ.

A preference profile (or simply a profile) is a distribution σ over preferences L(C),
representing the proportion of voters in the population that have each ranking. For
example,

Pr
σ∼σ

[σ = a � b � c] =
1

5

means that 1
5 of the voters have the ranking a � b � c.3 We denote by Π(C) the

space of all possible preference profiles over a candidate set C. For a profile σ ∈ Π(C),
σ ∼ σ denotes sampling a preference σ from distribution σ. For a set of rankings
R ⊆ L(C), we will also use the notation σ ∼ Unif(R) to denote sampling a ranking

3More often in social choice, a profile is a ranking assignment for a finite number of n
agents. The distributional definition is essentially equivalent insofar as voter identity is not
important (as is the case for all rules we study) while having the additional benefit of making
our query model and proof techniques easier to understand. However, we could have equiva-
lently used the more traditional definitions, and all of our results would still hold.
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σ uniformly from R. We extend the restriction σ|S , permutation π ◦ σ, and transposi-
tion σa↔b operations from rankings to profiles in the natural way. More formally, for
restrictions, we write σ|S to denote the distribution σ when restricted to candidates
in S, i.e., σ|S is an element of Π(S) induced by sampling σ ∼ σ and outputting σ|S .
For permutations, π ◦ σ is the distribution induced by sampling σ ∼ σ and outputting
π◦σ. For transpositions, σa↔b = πab◦σ. For a set S, we also use the notation Unif(S)
to denote the uniform distribution over elements of S.

4.2.2 Voting rules

A voting rule f maps preference profiles to a set of winning candidates. If a candi-
date c is amongst the winners for a voting rule f , we refer to this candidate as an
f -winner.

We will primarily focus on positional scoring rules (or simply scoring rules), which
are a very practical and well-studied class. These are parameterized by a scoring vec-
tor α = (α1, . . . , αm) ∈ Rm.4 Intuitively, a voter with ranking σ gives α1 points to
their first place candidate σ(1), α2 points to their second place candidate σ(2), and
so on, with the winner of the profile being the candidate with the most aggregated
points. Written in our distributional notation, the score of a candidate c on profile σ

is scoreασ(c) := Eσ∼σ[ασ−1(c)], and the winning candidates on a profile σ are those
with maximal score. Some common scoring rules include plurality, parameterized by
(1, 0, . . . , 0), veto, parameterized by (0, . . . , 0,−1), and Borda count, parameterized
by (m − 1,m − 2, . . . , 0). Since the plurality score will come up quite frequently, we
will write pluσ(c) instead of using the scoreασ(c) notation, and note that this simplifies
to pluσ(c) = Prσ∼σ[σ(1) = c]. For conciseness, we will use α-winner, plurality win-
ner, veto winner, and Borda winner to refer to f -winners of the scoring rule induced
by α, plurality, veto, and Borda count, respectively. Note that α-winners are invari-
ant under modifying α via translation or multiplication by a positive constant, e.g.,
veto-winners (with vector (0, . . . , 0,−1)) coincide with both (1, . . . , 1, 0)-winners and
( 1
m−1 , . . . ,

1
m−1 , 0)-winners.

In addition to scoring rules, we will also consider the rule Single Transferable Vote
(STV), which is defined as follows. For a profile σ, if there is a single candidate, it

4Often, scoring vectors are restricted to be nonnegative and nonincreasing, but, for our
purposes, it will be more convenient to allow for arbitrary vectors.
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returns that candidate. Otherwise, it chooses a candidate c with minimal plural-
ity score, deletes them from the profile, and recurses on the rest. More formally, it
chooses c ∈ argminc′ pluσ(c

′), and runs STV on σ|C\{c}. This must eventually termi-
nate, as a candidate is removed at each iteration. Further, for m = 2, this coincides
with plurality. Note that in some cases, there are ties for the minimal score candidate.
Hence, we will say that c is an STV winner if some sequence of valid eliminations re-
sults in c being the winner.

4.2.3 Query model

We consider (possibly randomized) algorithms that are allowed to adaptively submit
queries to the underlying distribution σ. For a fixed parameter t, each query consists
of a subset of candidates Q ⊆ C with |Q| ≤ t (referred to as a query of size t, or a
t-query for short) and returns the distribution σ|Q. As mentioned previously, having
access to the exact distribution is strictly more informative than one approximated by
a random voter arriving (a voter σ ∼ σ arrives, and the algorithm learns σ|Q). All our
impossibility results hold in this idealized setting and thus immediately apply to the
more realistic one.

Two profiles σ1 and σ2 are said to be t-indistinguishable if for all subsets Q ⊆ C

with |Q| ≤ t, σ1|Q = σ2|Q. That is, regardless of whether the profile is σ1 or σ2,
any query Q with |Q| ≤ t will have the same response. Importantly, if σ1 and σ2 are
t-indistinguishable, but f(σ1) ∩ f(σ2) = ∅, then no t-query algorithm can always out-
put an f -winner. Note that to check whether two profiles are t-indistinguishable, it
suffices to check only queries Q of size exactly t, as if Q′ ⊆ Q, then σ|Q′ = (σ|Q)|Q′ ,
so σ1|Q = σ2|Q implies σ1|Q′ = σ2|Q′ . Finally, notice that the special case of 2-
indistinguishable is equivalent to σ1 and σ2 having the same weighted tournament
graph, the complete-directed graph, where the nodes are candidates, and the weight
on edge (a, b) is the proportion of voters that prefer a to b [36]. In this sense, the col-
lection of distributions {σ|Q}Q⊆C:|Q|=t are a generalization of the weighted tourna-
ment graph to arbitrary t ≥ 2 (e.g., for t = 3, rather than consisting of proportions of
people that prefer a to b, it consists of the proportions of people that prefer a to b to
c for all such combinations).
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Choose S ∼ Unif(P(C−ab))

Choose τS ∼ Unif(L(S))
and τS ∼ Unif(L(S))

τS � a � b � τS τS � b � a � τS

|S|
is eve

n |S| is odd

Figure 4.1: A process inducing the distribution over rankings for σ.

4.3 An Indistinguishable Construction

We begin with a construction of two indistinguishable profiles which will be used
throughout our technical results.

Lemma 4.3.1. For any m and pair of candidates a, b ∈ C, there is a profile σ such
that (i) pluσ(a) 6= pluσ(b) and (ii) σ and σa↔b are (m− 1)-indistinguishable.

Proof. Fix m, a, and b. Let C−ab = C \ {a, b} be the set of remaining candidates.
We have that |C−ab| = m − 2. We define σ to be the distribution induced by the fol-
lowing random process. First, pick a set S ⊆ C−ab uniformly at random (i.e., each of
the 2m−2 sets with equal probability). Formally, let P(C−ab) denote the power set of
C−ab, and we will sample S ∼ Unif(P(C−ab)). Then choose a uniformly random rank-
ing τS of the candidates in S and a uniformly random ranking τS of the candidates in
S := C−ab \ S. Finally, if |S| is even, output τS � a � b � τS and if |S| is odd, output
τS � b � a � τS . This process is visually represented in Figure 4.1.

First, observe that it is indeed the case that pluσ(a) 6= pluσ(b). The only way that
either a or b could be ranked first is if the set S is empty. In that case, |S| is even, so
a will be ranked first. This does happen with positive probability (1/2m−2), so the
plurality score of a is positive. However, this can never happen for candidate b.

Next, we show that σ and σa↔b are (m− 1)-indistinguishable. Note that a ranking
from σa↔b can be sampled by running the process for σ but swapping the outcomes
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of the “|S| is even” and “|S| is odd” branches.
Fix any Q ⊆ C with |Q| = m− 1 and fix some ranking τ ∈ L(Q). We want to show

that observing τ is equiprobable under both σ|Q and σa↔b|Q.
First, suppose Q contains only one of a or b. Without loss of generality, suppose it

contains a. Since Q does not contain b, if we run the process of Figure 4.1 and pick
τS and τS , regardless of whether we follow the “|S| is even” or “|S| is odd” branch
the output when restricted to Q is the same. This is due to σ and σa↔b differing only
in which branch to follow, and both branches are identical apart from the ordering
of a and b, which occur consecutively in both. Thus, outputting τ is equiprobable in
both restricted profiles.

Next, suppose Q contains both a and b. Again, since in any ranking of σ or σa↔b,
a and b always appear adjacent to each other, if a and b are not adjacent in τ , it oc-
curs with probability 0 in both profiles. As such, suppose they are adjacent in τ , and
without loss of generality, let a �τ b (the other case is symmetric). Let T be the set of
candidates ranked above a in τ , and L be the set of candidates ranked below b. There-
fore, Q = T ∪ L ∪ {a, b}. Note to sample σ with σ|Q = τ under either σ or σa↔b, it
must be the case that when selecting S, S ∩ Q = T . Further, conditioned on this, the
probability of getting both T and L in the order matching τ is simply 1

|T |!|L|! . Finally,
the order of a and b will match τ exactly when |S| is even. Putting this together, we
have that the probability of sampling σ with σ|Q = τ under σ is exactly

1

|T |!|L|!
Pr[(S ∩Q = T ) ∧ (|S| is even)].

For σa↔b, it is identical but with “even” switched with “odd.” Hence, to show equal-
ity, it suffices to show that:

Pr[(S ∩Q = T ) ∧ (|S| is even)] = Pr[(S ∩Q = T ) ∧ (|S| is odd)].

This is equivalent to showing that

Pr[|S| is even |S ∩Q = T ] = Pr[|S| is odd |S ∩Q = T ].

Let us now consider how to sample S from the conditional distribution given S ∩Q =

T . Note that S satisfies this exactly when T ⊆ S and L ∩ S 6= ∅. Hence, to sample
such an S, we can sample S′ uniformly from C−ab \ (T ∪ L) and output S′ ∪ T . By
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the assumptions that |Q| = m − 1 < |C| and {a, b} ⊆ Q, we have that C−ab \ (T ∪ L)

is nonempty. It is known that when sampling a subset uniformly at random from a
non-empty set, it is equiprobable whether it is of even or odd carnality.5 Hence, |S′| is
equally likely to be even or odd, which implies that |S| conditioned on S ∩ Q = T is
equally likely to be even or odd, as needed.

4.4 Uncomputable Voting Rules

In this section, we prove that there is a family of voting rules that cannot be com-
puted using limited query sizes. In particular, we give a complete characterization of
which positional scoring rules can be computed in our query model for each choice
of t. In addition, we analyze the widely adopted STV rule. We begin, however, with
two lemmas, which together give sufficient conditions for a scoring rule to not be com-
putable using limited queries. The second will also be helpful for the STV impossibil-
ity.

Lemma 4.4.1. Fix a vector α, and suppose there exists a profile σ and two candi-
dates a and b such that scoreασ(a) 6= scoreασ(b) yet σ and σa↔b are t-indistinguishable.
Then, there exists a family of profiles, {σc}c∈C such that all are t-indistinguishable
from one another, but each candidate c ∈ C uniquely maximizes scoreασc.

Proof. Let σ, a, and b be the profile and candidates satisfying the lemma conditions.
Fix a candidate c. We describe the distribution σc as follows. Assume without loss
of generality that scoreασ(a) > scoreασ(b). We first sample a permutation over the
candidates π uniformly at random. If π(b) = c, we return a ranking sampled from
π ◦ σa↔b; otherwise, we return a ranking sampled from π ◦ σ. A visual representation
can be found in Figure 4.2. We will compare this constructed profile with respect to
another, which we call σunif. The profile σunif is constructed by picking a permutation
π uniformly at random and returning a sample σ ∼ π ◦ σ regardless of π, shown in
Figure 4.3.

We first claim that σunif is in fact the uniform distribution over L(C). Indeed, an
equivalent way of sampling from σunif is to sample in the reverse order, first sampling

5Fix an element x. For any subset S of the remaining elements, it is equally likely to pick
S and S ∪ {x}. One of these has even parity and the other has odd.
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Choose permutation π
uniformly at random

Sample σ ∼ π ◦ σ

Sample σ ∼ π ◦ σa↔b

π(b) 6= c

π(b
) =

c

Figure 4.2: A process inducing the distribution over rankings for σc.

Choose permutation π
uniformly at random Sample σ ∼ π ◦ σ

Figure 4.3: A process inducing the distribution over rankings for σunif.

σ ∼ σ and then applying a randomly selected permutation π to σ. This makes it clear
that σunif is a mixture over uniform distributions and is hence uniform.

We can think of both σc and σunif as a mixture of m! different profiles, the one
associated with each choice of π. Abusing notation slightly, we will write σc

π and σunif
π

for the profile sampled when we had the permutation π. More concretely,

σc
π =

π ◦ σ if π(b) 6= c

π ◦ σa↔b if π(b) = c
,

while σunif
π = π ◦ σ for all π.

Note that the scores scoreα
σunif(c

′) are equal for all c′ by symmetry. We will show
both (i) scoreασc(c) > scoreα

σunif(c) while scoreασc(c′) ≤ scoreα
σunif(c

′) for all c′ 6= c and
(ii) σc is t-indistinguishable from σunif. The first shows that the c is the unique score
maximizer, and the second shows that all the constructed profiles are t-indistinguishable
from each other since each is t-indistinguishable from σunif.

For the first, consider the difference scoreασc(c′) − scoreα
σunif(c

′) for an arbitrary can-
didate c′. Because scores are linear, we can split them across our mixture definitions
to get

scoreασc(c′) = Eπ[score
α
σc

π
(c′)] and scoreασunif(c

′) = Eπ[score
α
σunif

π
(c′)].
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Plugging this into the difference, by linearity of expectation, we have that

scoreασc(c′)− scoreασunif(c
′) = Eπ[score

α
σc

π
(c′)− scoreασunif

π
(c′)].

Now, for any π with π(b) 6= c, the difference inside the expectation is 0 because σc
π =

σunif
π . Fix some π such that π(b) = c. In this case, σc

π = π ◦ σa↔b while σunif
π = π ◦ σ.

Note that

scoreαπ◦σa↔b(c
′) = scoreασa↔b(π

−1(c′)) = scoreασ(π
ab(π−1(c′)))

where the first equality moves the application of π and the second does the same, us-
ing the fact that σa↔b is simply achieved by the πab permutation (which is its own
inverse). We also have:

scoreαπ◦σ(c
′) = scoreασ(π

−1(c)).

Hence, this difference is only nonzero if πab(π−1(c′)) 6= π−1(c′), i.e., π−1(c′) ∈ {a, b}.
If π−1(c′) = a, then the difference is scoreασ(b) − scoreασ(a), while if π−1(c′) = b,
then the difference is scoreασ(a) − scoreασ(b). By the lemma assumptions, scoreασ(a) >
scoreασ(b); hence, the difference is positive in the first case and negative in the second.
To summarize, scoreασc

π
(c′) − scoreα

σunif
π

(c′) is nonzero only when π(b) = c and either
π(b) = c′ (in which case it is positive) or π(a) = c′ (in which case it is negative). From
this description, we see that when c′ = c, this can only take on positive values (and
does whenever π(b) = c), and when c′ 6= c, this can only take on negative values (and
does whenever π(b) = c and π(a) = c′). Hence, scoreασc(c′) − scoreα

σunif(c
′) is positive

when c′ = c and negative when c′ 6= c, as needed.
To complete the proof, we show that σc and σunif are t-indistinguishable. To that

end, fix Q ⊆ C of size t. The key fact we will use is that if σ1 and σ2 are t-indistinguishable,
then π◦σ1 and π◦σ2 are t-indistinguishable for all π. This implies that (π◦σa↔b)|Q =

(π ◦ σ)|Q for all π. Therefore, both σc|Q and σunif|Q are mixtures over the exact same
m! distributions, and are hence equal, as needed.

Lemma 4.4.2. Fix a voting rule f and suppose there are m profiles that are all t-
indistinguishable, but each has a distinct singleton f -winner. Then, for all (possibly
randomized) algorithms A which on input profile σ can make queries of size at most t
to σ and output a candidate, there is a profile σ∗ with a unique f -winning candidate
c, such that the probability A outputs c on σ∗ is at most 1/m.
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Proof. Let {σc}c∈C denote the set of m profiles that are all t-indistinguishable, and
let c be the f -winner on profile σc. Note that an algorithm run on any of these pro-
files will receive the exact same responses to queries. Hence, its output must be identi-
cal for all of them. There must be some candidate a∗ which it outputs with probabil-
ity at most 1/m, and hence, σa∗ satisfies the desired properties.

Taken together, these two lemmas outline sufficient conditions wherein limited
query algorithms cannot compute the winner. Combined with the construction pre-
sented in Lemma 4.3.1, it allows us to immediately conclude the following result about
the impossibility of computing a plurality winner with any restricted query size.

Theorem 4.4.3. For any number of candidates m ≥ 2, for all t < m, no random-
ized t-query algorithm can always output a plurality winner with probability more than
1/m.

Proof. In Lemma 4.3.1, we proved the existence of a profile σ that has distinct plural-
ity scores for two candidates a, b, and is m − 1 indistinguishable from its transposed
profile σa↔b. As such, we can apply Lemma 4.4.1 and show the existence of m pro-
files with distinct plurality winners that are all m − 1 indistinguishable. Applying
Lemma 4.4.2 on these m profiles directly gives us the desired result for plurality.

While the result for plurality follows immediately, the question of computing arbi-
trary scoring rules with a limited query size requires a more involved approach. This
is tackled next.

4.4.1 Characterization of scoring rules

We now consider an arbitrary scoring vector α and determine the exact query size
needed to compute an α-winner. Fix 1 ≤ t ≤ m, and fix a candidate set C of size m.
The following notation will be convenient for discussing arbitrary positional scoring
rules. For any preference profile σ ∈ Π(C) and candidate c ∈ C, we define pos(σ, c) ∈
Rm to be the vector of positional occurrences of candidate c across all rankings in
profile σ. More formally, for each j ∈ [m],

pos(σ, c)j := Pr
σ∼σ

[σ(j) = c].
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Thus, a positional scoring rule is a voting rule parameterized by scoring vector α

which selects a candidate c maximizing scoreασ(c) = α · pos(σ, c). Now for each k ∈ [t],
consider the scoring vector αk ∈ Rm given by:

αk
j =

(
j − 1

k − 1

)(
m− j

t− k

)
.

We define the subspace spanned by these k vectors as Rm,t. Formally,

Rm,t := span(α1,α2, . . . ,αt) ⊆ Rm.

To build some intuition for this space, it can be shown that for t ≥ 2, Rm,t contains
the commonly used Borda score, corresponding to α = (m − 1,m − 2, . . . , 0) (see
Figure 4.5 for a visualization). We next show that any scoring rule in this space can
be computed with t-sized queries and give a constructive algorithm. This is essentially
shown in Theorem 1 of Bentert and Skowron [27] but under a different model. For
completeness, we present the proof for our setting below:

Lemma 4.4.4 (Theorem 1 of Bentert and Skowron [27]). For any t ≤ m and α ∈
Rm,t, given σ ∈ Π(C) and a candidate c ∈ C, it is possible to compute scoreασ(c) with
queries of size t.

Proof. We will show that for each k ≤ t, it is possible to compute scoreα
k

σ (c). For
any α ∈ Rm,t, since α = λ1α

1 + · · · + λtα
t for some scalars λ1, . . . , λt, by linearity,

scoreασ(c) = λ1 score
α1

σ (c) + · · · + λt score
αt

σ (c). Hence, as long as we can compute the
score for each of the basis vectors, we can do so for any vector in the span.

Fix a candidate c and index j ∈ [m], and let σ be any ranking such that σ(j) = c.
Since there are m candidates in C, there are

(
m
t

)
possible sets S ⊆ C of size t. The

number of such subsets S for which the restricted ranking σ|S puts c in a position k is
given by

(
j−1
k−1

)(
m−j
t−k

)
, since S must contain the special candidate c, along with k − 1 of

the j − 1 candidates ranked above c in σ, and t − k of the m − j candidates ranked
below c in σ. Thus, the probability that σ|S(k) = c for a uniformly random subset S

of size t is (
j−1
k−1

)(
m−j
t−k

)(
m
t

) .

Consider the following algorithm. For any input preference profile σ ∈ Π(C) and
candidate c ∈ C, we first compute the probability that, if we draw a set S of t dis-
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Sample σ ∼ σ Output c21 � · · · c2i−1 � σ � c2i � · · · � c2|C2|

Figure 4.4: A process inducing σi. This is parameterized by two disjoint sets, C1 and C2 and
two candidates a, b ∈ C1. The profile σ ∈ Π(C1) satisfies the conditions of Lemma 4.3.1 with
C1, a, and b. The indexing c21 � · · · � c2|C2| is an arbitrary order of the candidates in C2.

tinct candidates uniformly at random from C and draw a preference σ ∼ σ, candi-
date c will be at position k in the ranking σ restricted to S - i.e the event σ|s(k) = c.
Clearly, this probability can be determined with queries of size t by brute-forcing over
all subsets S of size t. We then output this probability multiplied by

(
m
t

)
. Observe

that we may write the output of this algorithm as

(
m

t

)
Pr

S⊆C, |S|=t
σ∼σ

[σ|S(k) = c] =

(
m

t

) t∑
j=1

Pr
σ∼σ

[σ(j) = c] Pr
S⊆C, |S|=t

σ∼σ

[σ|S(k) = c | σ(j) = c]

=

(
m

t

) t∑
j=1

pos(σ, c)j
(
j−1
k−1

)(
m−j
t−k

)(
m
t

) by the calculation above

=
t∑

j=1

αk
jpos(σ, c)j = αk · pos(σ, c) = scoreα

k

σ (c).

We now move to our main result which generalizes Theorem 4.4.3 by proving that
Rm,tis exactly the space of all scoring rules computable with limited queries of size t,
thus giving a complete characterization.

Theorem 4.4.5. For any number of candidates m ≥ 2, any 1 ≤ t ≤ m, and any
vector α ∈ Rm

1. If α ∈ Rm,t then there a t-query algorithm that always outputs a candidate c

maximizing scoreασ(c) on any input profile σ.

2. If α /∈ Rm,t, then no randomized t-query algorithm can always output an α-
winner with probability more than 1

m .

Statement (1) is the easier part and follows immediately from Lemma 4.4.4. Our
main focus here is statement (2), which leverages the construction from Section 4.3.
We define a sequence of m − t profiles as follows. We partition the candidate set
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C into two disjoint pieces, a set C1 of size t + 1 with two distinguished candidates
a, b ∈ C1, and a set C2 of size m − t − 1. Let σ ∈ Π(C1) be a profile satisfying the
conditions of Lemma 4.3.1 with C1, a and b, i.e., pluσ(a) 6= pluσ(b) and σ and σa↔b

are t-indistinguishable. Let c21 � · · · � c2|C2| be an arbitrary order of the candidates
in C2. For each i ∈ [m − t], we extend σ to a profile on all m candidates σi ∈ Π(C)

by inserting it in the C2 order after the first i − 1 candidates. A visual representa-
tion of this can be found in Figure 4.4. Note that, for each i ∈ [m − t], we clearly
have that σi is t-indistinguishable from (σi)a↔b since σ is t-indistinguishable from
σa↔b, as for any t-query query Q, the candidates from C2 are all in the same order,
and σ|Q∩C1 = σa↔b|Q∩C1 because |Q∩C1| ≤ t. We now show for any vector not in the
span, the score for a and b on one of these t-indistinguishable profiles is not the same.

Lemma 4.4.6. For any α /∈ Rm,t, there exists some i ∈ [m− t] such that scoreα
σi(a) 6=

scoreα
σi(b).

Proof. For each i ∈ [m− t], we define the vector

si := pos(σi, a)− pos(σi, b) ∈ Rm.

Suppose toward a contradiction that candidates a and b have the same scores in each
σi according to α. This implies that

α · pos(σi, a) = α · pos(σi, b).

Since the score under each basis vector scoreα
k

σi for k ∈ [t] can be computed with
queries of size t by Lemma 4.4.4 and each σi is t-indistinguishable from (σi)a↔b, we
know that a and b must have the same scores in scoreα

k

σi for each σi and k ∈ [t] as
well. In other words, for each 0 ≤ k ≤ t, and for each i ∈ [m− t], we have

αk · pos(σi, a) = αk · pos(σi, b).

We can therefore equivalently write for all α′ ∈ {α,α1,α2, . . . ,αt} and all i ∈ [m− t],

α′ · si = 0.
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Consider the following two subspaces of Rm:

R := span(α,α1,α2, . . . ,αt)

S := span(s1, s2, . . . , sm−t)

What we have just shown is that the vectors generating R are each orthogonal to the
vectors generating S, so the spaces are orthogonal to each other. Therefore, dim(R) +

dim(S) ≤ m. To obtain a contradiction, we will show that dim(R) = t + 1 and
dim(S) = m− t.

First consider R. For each k ∈ [t], observe that the jth entry of αk is zero for all
j < k, since

(
j−1
k−1

)
= 0. On the other hand, the kth entry of αk is(

k − 1

k − 1

)(
m− k

t− k

)
=

(
m− k

t− k

)
> 0

because k ≤ t ≤ m. Thus, arranging the vectors α1,α2, . . . ,αt as the rows of a
matrix, we have a triangle of zeros below nonzero diagonal entries of the form

M =


α1

α2

...
αt

 =


α1

1 > 0 α1
2 · · · α1

t

0 α2
2 > 0 · · · α2

t
...

... . . . ...
0 0 · · · αt

t > 0


Clearly, M has full rank, so the αk vectors are all linearly independent. Furthermore,
α is independent of all of these t basis vectors, since we are assuming α /∈ Rm,t.
Hence, the t+ 1 vectors generating R are independent, so R has dimension t+ 1.

Now consider S. For each i ∈ [m − t], there is no way that either of the two spe-
cial candidates a and b could be ranked above position i in any preference σ in the
support of σi, since a and b belong to C1, not C2. Thus, for each j < i, we have

sij = pos(σi, a)j − pos(σi, b)j = 0− 0 = 0.

On the other hand, a and b occur exactly at position i in σi with the same probabil-
ity that they occur first in σ satisfying Lemma 4.3.1. By Lemma 4.3.1, the probabil-
ity of a occurring at the first position is different than the probability of b occurring
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at the first position. In other words,

sii = pos(σi, a)i − pos(σi, b)i = pos(σ, a)1 − pos(σ, b)1 = pluσ(a)− pluσ(b) 6= 0.

Thus, by the same triangle-of-zeros argument as before, we conclude that the si vec-
tors are independent, so dim(S) = m− t.

Proof of Theorem 4.4.5. First suppose α ∈ Rm,t. By Lemma 4.4.4, on input σ, we
can compute scoreασ(c) for each candidate c using queries of size t. Therefore, we can
output a candidate maximizing this score.

On the other hand, suppose α /∈ Rm,t. Then let σi be as in Lemma 4.4.6. Since
scoreα

σi(a) 6= scoreα
σi(b), yet σi is indistinguishable from (σi)a↔b, the conclusion fol-

lows immediately from Lemmas 4.4.1 and 4.4.2.

To make this space of computable scoring rules interpretable, we visualize the sub-
spaces Rm,t for m = 4. Since translating a scoring vector by a constant and scaling
by a positive value do not affect the induced rule, all rules in R4 can be normalized
such that they are contained within the 3-dimensional simplex (a tetrahedron). For
instance, the scoring vector (3, 2, 1, 0) for Borda is equivalent to (12 ,

1
3 ,

1
6 , 0) while the

one for veto (0, 0, 0,−1) corresponds to (13 ,
1
3 ,

1
3 , 0). Figure 4.5 depicts this 3-simplex

of scoring rules for m = 4 candidates and highlights its intersection with the sub-
spaces R4,3, R4,2, and R4,1 along with other rules of interest.6 Note that R4,4 corre-
sponds to the whole simplex.

4.4.2 Single Transferrable Vote

Next, we consider the Single Transferrable Vote (STV) which cannot be parameter-
ized by a scoring vector. Nonetheless, similar to plurality, we find a strong negative
result about its computability with any limited-sized queries.

Theorem 4.4.7. For any number of candidates m ≥ 2, for all t < m, no randomized
t-query algorithm can always output an STV winner with probability more than 1

m .

Proof. Observe that when m = 2, the STV winner is equivalent to the plurality win-
ner, so this is directly implied by Theorem 4.4.3. Fix m ≥ 3. We would like to apply

6Although as a subspace of Rm, Rm,t is t-dimensional, when we restrict to the simplex, we
lose a dimension. Hence R4,4 becomes 3-dimensional, R4,3 becomes 2-dimensional and so on.
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Figure 4.5: The space of positional scoring rules for m = 4 candidates. The corners represent
rules that give all weight to a single position, with the top being Plurality. The red kite-shaped re-
gion is the 2-dimensional subspace R4,3 spanned by the vectors α1 = (3, 1, 0, 0), α2 = (0, 1, 1, 0),
and α3 = (0, 0, 1, 3), which are normalized in the simplex as the three red points at the corners of
the kite. As we have shown, this subspace does not contain Plurality. Nested within this subspace
is R4,2, the green 1-dimensional subspace spanned by the Borda and Anti-Borda scoring vectors.
The purple point at the middle of this line is the trivial voting rule that gives every candidate the
same score, which is the only element of the 0-dimensional subspace R4,1.

Lemma 4.4.2, and to do so, we will construct m profiles {σc1
STV , . . . ,σ

cm
STV } that are

all (m − 1)-indistinguishable, but the STV winner on profile σci
STV is candidate ci.

The construction of such profiles is as follows. Let α = (−1, 0, . . . , 0), the negation of
the plurality score vector. Since on any profile σ and any candidate pair a, b, we have
that pluσ(a) 6= pluσ(b) ⇐⇒ scαa (σ) 6= scαb (σ), we can use Lemmas 4.3.1 and 4.4.1
to obtain a set of (m − 1)-indistinguishable profiles {σc}c∈M , where candidate c is
the unique α score maximizer on profile σc; correspondingly, it is the unique plurality
minimizer on profile σc due to the choice of α.

Next, fix a directed cycle of the candidates D := c1 → c2 → · · · → cm → c1. Let R

be the set of all rankings such that the first and last candidates are consecutive in the
cycle, i.e., R = {σ ∈ L(C) | (σ(1), σ(m)) ∈ D}. Choose ε > 0 such that ε < 1−ε

m(m−1)

(ε = 1
m2 will do). Fix a candidate c, and let next(c) be the subsequent candidate in
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Sample σ ∼ Unif(R)

Sample σ ∼ π ◦ σnext(c)

w.p. 1− ε

w.p. ε

Figure 4.6: A process inducing σc
STV .

the cycle, i.e., the unique candidate c′ such that (c, c′) ∈ D. Define σc
STV as follows:

with probability ε, output a sample σ from σnext(c), with remaining probability 1 − ε,
select σ from Unif(R). A visual representation of this can be found in Figure 4.6.

Observe that for any pair c, c′, the profiles σc
STV and σc′

STV are (m−1)-indistinguishable.
Indeed, their generating processes are the same with probability 1 − ε (when we sam-
ple uniformly from R), and with probability ε they differ due to σc and σc′ which are
themselves (m− 1)-indistinguishable.

We next show that on each profile σc
STV , the unique STV winner is c. Without loss

of generality, consider the candidate c = cm (so next(c) = c1, next(c1) = c2, and
so on) as the argument holds symmetrically for any other c. We will show by strong
induction that the k’th candidate to be eliminated is ck. This implies that cm will be
the final candidate remaining, and thus the STV winner.

We begin with the base case, that c1 is the first to be eliminated. Note that when
sampling uniformly from R, by symmetry, each candidate has the same plurality
score. On the other hand, in σnext(c), candidate next(c) = c1 is the unique plurality
minimizer. Thus, in the mixed profile σc

STV , c1 has the lowest plurality score and is
eliminated first.

Next, suppose candidates c1, . . . , ck−1 for k ≥ 2 (and k ≤ m − 1) have been elimi-
nated. We will show that the next to be eliminated is ck. Let Ck = C \ {c1, . . . , ck−1}
be the set of uneliminated candidates. We first consider the proportion of first-place
votes each candidate c ∈ Ck gets in Unif(R)|Ck . Let R = R1 t · · · t Rm be a parti-
tion of R such that Ri contains the rankings with ci ranked first. By symmetry, these
are each the same size. Note that for i ≥ k, ci ∈ Ck, so rankings in Ri will continue to
rank ci first, each accounting for a 1/m proportion of the rankings. For i ≤ k−2, since
next(ci) /∈ Ck, by symmetry, the first place votes of Ri will be distributed equally
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among all candidates in Ck. For Rk−1 however, every σ ∈ Rk−1 ranks ck last, and,
since |Ck| ≥ 2, no votes will go to ck; instead, they will be spread equally among
Ck \ {ck}. Hence, the plurality score of ck on Unif(R)|Ck will be 1

m·(|Ck|−1)
≥ 1

m(m−1)

smaller than all other candidates. By the choice of ε, (1− ε) 1
m(m−1) > ε, so no matter

how many first place votes ck gets on σnext(c), ck has the smallest plurality score on
σc
STV |Ck . Therefore, it is the next to be eliminated.
Finally, we apply Lemma 4.4.2 to this set of m profiles to conclude that there ex-

ists a profile where no (m − 1)-query algorithm can determine the STV winner with
probability greater than 1

m .

4.5 Query Complexity

In the previous section, we characterized when it was information-theoretically pos-
sible to find winning candidates using a certain query size. We turn now to focusing
on those cases when it is possible and prove bounds on the query complexity. In other
words, when it is possible to determine the winner with limited-sized query size, how
many such queries are needed?

For an integer k ≤ m, we use the notation
(
S
k

)
to denote the set of all subsets of S

of size k. Fix a scoring vector α and let t∗ be the minimal value such that α ∈ Rm,t∗ .
Suppose we can make queries of size t ≥ t∗ and wish to find a candidate maximizing
scoreασ . As a benchmark, note that if we make enough queries to be able to deduce
σ|S for all possible S ∈

(
C
t∗

)
, then it is information-theoretically possible to find this

winning candidate. Indeed, one could simulate any t∗-query algorithm using this (say
the one from Lemma 4.4.4) as they would have the responses for all t-sized query. Let
cov(m, t, t∗) be the minimum number of subsets of size t needed to cover all subsets of
size t∗ out of a set of size m. This value is referred to as a covering number; comput-
ing such covering numbers and optimal subset structures that induce them is a canon-
ical problem in combinatorics with a rich history (see, e.g., Mills and Mullin [145]).
For our purposes, a reasonable (and nearly tight) lower bound on covering numbers is

cov(m, t, t∗) ≥
(
m
t∗

)(
t
t∗

) .
This follows from a simple argument: There are

(
m
t∗

)
subsets of size t∗, and each sub-

set of size t can cover at most
(
t
t∗

)
subsets them. When t and t∗ are treated as con-
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stant, then this value is Ω(mt∗).
Our primary question is whether we can cleverly choose queries to use fewer than

cov(m, t, t∗) queries. As a motivating example, consider instead finding a Condorcet
winner under our model. A Condorcet winner on profile σ is a candidate a that beats
all others in a pairwise competition. More formally, for all b 6= a, Prσ∼σ[a �σ b] >

1/2. Note that Condorcet winners need not exist,7 however when they do, they are
unique. From the definition, we can see that using queries of size t∗ = 2 is sufficient
to determine whether a Condorcet winner exists and, if so, determine this candidate
as this only depends on pairwise margins. One option is to make all possible queries
of size 2; this requires cov(m, 2, 2) =

(
m
2

)
= Θ(m2) queries. However, as shown by

Procaccia [167], there is a more clever way, requiring only O(m) queries to compute
this winner.8

We now ask whether such improvements can be found for scoring rules. Unfortu-
nately, we show that for both deterministic and randomized algorithms, they cannot.

Theorem 4.5.1. Fix α ∈ Rm and let t∗ be the minimal value such that α ∈ Rm,t∗.
For t∗ ≥ 2, any deterministic t-query algorithm that always outputs a candidate maxi-
mizing scoreασ must make at least cov(m, t, t∗) queries in the worst case9. Further, any
randomized algorithm making at most δ (

m
t∗)
( t
t∗)

queries outputs an α-winner with probabil-

ity at most min(δ + 1
m , δ + (1− δ) 1

t∗ ) in the worst case.

Proof. Fix α and t∗. Let C1 be a set of candidates of size t∗ with two distinguished
candidates a, b ∈ C1, and let C2 = C1 be the remaining candidates. We construct
σ1, . . . ,σm−t∗ just as in Figure 4.4 from Section 4.4.1. Recall that each profile σi has
a profile σ ∈ Π(C1) satisfying the conditions of Lemma 4.3.1 with a and b “contained”
in it. In addition, it has i − 1 of the C2 candidates ranked in a fixed order before σ,
and the rest are in a fixed order after. After describing these profiles in Section 4.4.1,

7The classic example is when a third of the voters have each of the rankings a � b � c, c �
a � b, and b � c � a.

8The algorithm runs in two phases. First, run a knockout tournament among the candi-
dates, where the candidate receiving more pairwise votes makes it on to the next round. If
there is a Condorcet winner, then that candidate must be the winner of the knockout tourna-
ment. In the second phase, compare this winner to all other candidates they did not play. If
they win all of these comparisons, they are the Condorcet winner, if not, there is no winner.
This requires 2m− blogmc − 2 queries.

9It is only when α is a constant vector does t∗ = 1, a degenerate case that we ignore since
any candidate can be considered the winner.
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Choose permutation π
uniformly at random

Sample σ ∼ π ◦ σi

Sample σ ∼ π ◦ (σi)a↔b

∃c ∈ C1, π(c) 6= c

∀c ∈ C1, π(
c) =

c

Figure 4.7: A process inducing σ∗.

Choose permutation π
uniformly at random Sample σ ∼ π ◦ σi

Figure 4.8: A process inducing σunif.

we observed that each σi and (σi)a↔b are (t∗ − 1)-indistinguishable. However, we
claim that an even stronger property is true: For any t sized query Q that does not
contain C1, σi and (σi)a↔b are indistinguishable (note t may be much larger than t∗).
More formally, for all Q such that C1 6⊆ Q, σi|Q = (σi)a↔b|Q. Indeed, the candidates
of C2 ∩ Q are always in the same order, either before or after the candidates of C1.
The candidates in C1 will follow the distribution according to σ|Q∩C1 and σa↔b|Q∩C1 .
By Lemma 4.3.1, since Q ∩ C1 ⊊ C1, these are identical.

By definition of t∗, α /∈ Rm,t∗−1. Hence, Lemma 4.4.6 implies that for one of these
profiles, scoreα

σi(a) 6= scoreα
σi(b). Fix such an i, and without loss of generality, assume

scoreα
σi(a) > scoreα

σi(b). Consider the profile σ∗ induced by sampling a permutation π

uniformly at random, and, if π(c) = c for all c ∈ C1, sample σ ∼ π◦(σi)a↔b, otherwise,
sample σ ∼ π ◦ σi. This is shown in Figure 4.7.

Next, we will compare σ∗ to another profile, σunif, defined in Figure 4.8, where
we sample from π ◦ σi regardless of i. Note that σunif is the uniform distribution
over all rankings which can be equivalently achieved by first sampling σ ∼ σi, and
then outputting π ◦ σ for a π that is uniformly selected.10 We will show two things
(i) σ∗|Q = σunif unless C1 ⊆ Q, and (ii) b is the unique α-winner on σ∗. Note that
(i) implies that on any query Q with C1 6⊆ Q, σ∗|Q is the uniform distribution over
rankings in L(Q).

10Note that although the generating process for σunif here is different than the one used in
Lemma 4.4.1 and Figure 4.3, the resulting distribution is still the same.
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For (i), fix a query Q with C1 6⊆ Q. Since the π(c) 6= c for some c ∈ C1 branch
of σ∗ is identical to σunif, it suffices to focus on π such that π(c) = c for all c ∈ C1.
When this holds, π can only reorder the candidates of C2, leaving candidates in C1

unchanged. Therefore, (π ◦ (σi)a↔b)|Q = (π ◦ σi)|Q. Hence, sampling from σ∗|Q is
equivalent to sampling π uniformly at random and sampling from (π ◦ σi)|Q, equiva-
lent to sampling from σunif|Q.

For (ii), we will show that scoreασ∗(b) > scoreα
σunif(b) while scoreασ∗(c) ≤ scoreα

σunif(c)

for all c 6= b. By symmetry, the scores of all candidates in σunif are the same, hence,
this shows that b is the unique winner. To that end, note that the only time in sam-
pling σ∗ and σunif that the scores will differ, is if we take the top branch, in which
case π(c) = c for all c ∈ C1. By assumption, π(a) = a and π(b) = b as a, b ∈ C1, so
we are simply swapping a and b. Since scoreα

σi(a) > scoreα
σi(b), this strictly increases

the score of b on average, and strictly decreases the score of a. Hence, scoreασ∗(b) >

scoreα
σunif(b), scoreασ∗(a) < scoreα

σunif(a), and scoreασ∗(c) = scoreα
σunif(c) for all c 6= a, b,

as needed.
Fix a deterministic algorithm t-query algorithm A that outputs a candidate after

making strictly fewer than cov(m, t, t∗) queries. We will show that it cannot always
output an α-winner. Consider a run of the algorithm where on every query Q, it re-
ceives in response the uniform distribution over L(Q). Suppose on this run, it outputs
candidate c. Now, by the definition of the covering number, there must be a set C ′

with |C ′| = t∗ such that C ′ was not contained in any query made by the algorithm.
Since t∗ ≥ 2, C ′ \ {c} is not empty. Let c∗ ∈ C ′ \ {c}. Let π be a permutation
such that π(b) = c∗ and π maps C1 \ {b} to C ′ \ {c∗}. Consider the running A on
π ◦ σ∗. Note that on every query Q not containing C1, the response will be indistin-
guishable from σunif, and hence, the uniform distribution over Q. Therefore, by above,
A will return candidate c on this instance. However, by construction, c∗ is the unique
α-winner, and c∗ 6= c, a contradiction.

Next, we will show that a randomized algorithm making at most δ
(m
t∗)
( t
t∗)

queries will

output an α-winner with probability at most min(δ + 1
m , δ + (1 − δ) 1

t∗ ). We will
make use of Yao’s Minimax Principle [208]. More specifically, will show that there is
a distribution over profiles such that no deterministic algorithm can be correct with
larger probability. This implies that no randomized algorithm can achieve a larger
probability on a worst-case profile.

The distribution over instances we will choose is simply uniform over π ◦ σ∗ for all
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permutations π. Fix an arbitrary deterministic algorithm A that always outputs a
candidate after at most δ

(
m
t∗

)
/
(
t
t∗

)
queries. Consider a run of this algorithm where the

response to every query Q is the uniform distribution over L(Q), and suppose on this
run, the output candidate is c. Let Q be the set of queries asked on this run. We have
that |Q| ≤ δ

(
m
t∗

)
/
(
t
t∗

)
by assumption. Observe that since each query of size t can cover(

t
t∗

)
sets of size t∗, at most a δ-fraction of the

(
m
t∗

)
t∗-sets are covered by Q.

We claim that the algorithm must be incorrect for all π ◦ σ∗ such that both (i)
π(C1) 6⊆ Q for all Q ∈ Q and (ii) π(b) 6= c. Indeed, (i) ensures that the run of the
algorithm will always lead to uniform responses, meaning A must output c, and (ii)
ensures this is the incorrect choice. More formally, let

E1 = {π | π(C1) 6⊆ Q for all Q ∈ Q}

be the event that the first property holds, and

E2 = {π | π(b) 6= c}

be the event that the second does. The probability of success is at most 1−Pr[E1∩E2].
We will upper bound this in two ways. First,

1− Pr[E1 ∩ E2] = Pr[E1 ∪ E2] ≤ Pr[E1] + Pr[E2] ≤ δ +
1

m
,

where the first inequality holds by the union bound, Pr[E1] ≤ δ because at most a
δ-fraction of all t∗-subsets are covered, and Pr[E2] ≤ 1

m by symmetry. Second,

1− Pr[E1 ∩ E2] = 1− Pr[E2 | E1] · Pr[E1]

≤ 1−
(
1− 1

t∗

)
· (1− δ)

= 1− (1− δ) + (1− δ) · 1
t∗

= δ + (1− δ) · 1
t∗
.

Again, Pr[E1] ≥ 1 − δ holds because at most a δ-fraction are covered. The other term
Pr[E2 | E1] · Pr[E1] holds because conditioned on π(C1) = C ′ for any uncovered C ′, the
probability that π(b) = c is at most 1 − 1

t∗ . Indeed, this holds exactly if c ∈ C ′, and
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Figure 4.9: Success probabilities for randomized algorithms computing the Borda winner on
m = 3 candidates making queries of size t = t∗ = 2. The red piecewise-linear curve, which
has similar shapes for larger parameters and other computable scoring rules, represents the upper
bound on the success probability of any algorithm from Theorem 4.5.1. The blue curve is the best-
known general lower bound obtained by the algorithm that makes no queries and simply guesses a
candidate at random. The green points are the true success probabilities of the optimal algorithm
given by Theorem 4.5.2.

is 0 otherwise. Together, these two bounds imply that the probaility of success is at
most min(δ + 1

m , δ + (1− δ) 1
t∗ ).

Theorem 4.5.1 completely settles the query complexity of deterministic algorithms
for computing all positional scoring rules. However, for randomized algorithms, the
story is not quite complete. On the one hand, if t∗ and t are constants, and an algo-
rithm would like to be correct with probability 1

m + c for a constant c, then Ω(mt∗)

queries are needed (hiding constants depending on t∗, t, and c), and O(mt∗) clearly
suffice, as regardless of t,

(
m
t∗

)
are certainly enough to cover all sets. On the other

hand, if an algorithm can make δ
(m
t∗)
( t
t∗)

queries for a fixed δ, we do not know the ex-
act probability with which it can be correct. Figure 4.9 depicts the gap between the
upper bound and the best general lower bound as functions of the parameter δ. This
lower bound is essentially the naive algorithm achieving 1

m by simply picking a can-
didate at random. However, as the following result shows, even for the simplest non-
trivial case of m = 3 and t = t∗ = 2, the true query complexity of computing the
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(essentially unique) scoring rule in R3,2 is strictly between our general bounds when
δ = 2

3 .

Theorem 4.5.2. With m = 3 candidates, the optimal randomized algorithm making
queries of size t = 2 to compute the Borda count winner succeeds with

1. worst-case success probability 1
3 when allowed to make exactly one query, and

2. worst-case success probability 1
2 when allowed to make exactly two queries.

Before giving the proof, we note that the measure of worst-case optimality here is a
bit finicky. On the negative side, we show that for all algorithms and any ε > 0, there
are instances where they do not succeed with probability more than 1

3 + ε for (1), and
1
2 + ε for (2). At least for (1), this relaxation is necessary. Consider the algorithm that
makes a single query to a uniformly random pair of candidates and selects between
them with the probabilities given by the query response (i.e., if the algorithm learns
that Prσ∼σ[a �σ b] = p, it picks a with probability p and b with probability 1 − p).
It can be shown that this process selects each candidate with probability proportional
to its Borda score.11 Given any fixed profile, unless all three candidates have the same
score, a maximal one will be selected with probability strictly greater than 1

3 (and
if they are all the same, then all are Borda winners, and hence the algorithm suc-
ceeds with probability 1). However, there are instances where the best Borda score
is arbitrarily close to the others, resulting in a success probability no constant greater
than 1

3 . Thus, by saying that “the optimal” randomized algorithm that makes a single
query achieves a worst-case success probability of 1

3 , we really mean that it is not pos-
sible to surpass 1

3 by any constant. In the proof of Theorem 4.5.2, we must construct
a family of increasingly more difficult instances that bring the success probabilities
closer to 1

3 and 1
2 . This becomes quite complicated, involving a construction based on

Fibonacci numbers to ensure query responses do not leak cardinal information about
the relative strengths of candidates.

Proof of Theorem 4.5.2: Fix a set of candidates C = {a, b, c}. Throughout the
proof, we use the scoring vector (1, 0,−1) to compute Borda scores (which is equiv-
alent to the more traditional choice of (2, 1, 0) by translation). When writing scores,

11The probability it picks a candidate c is equal to 1

(m2 )

∑
c′ ̸=c Prσ∼σ[c � c′]. It is well

known that the Borda score of c is equal to
∑

c′ ̸=c Prσ∼σ[c � c′] [36].
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we drop the (1, 0,−1) superscript in the score notation, using scoreσ(c
′) to refer to

score
(1,0,−1)
σ (c′). We also use the convention that when σ is queried on {a, b}, the al-

gorithm learns Prσ∼σ[a �σ b], on {b, c}, the algorithm learns Prσ∼σ[b �σ c], and
on {a, c}, the algorithm learns Prσ∼σ[c �σ a]. These single numbers completely pa-
rameterize the distribution σ|Q for each Q of size 2. One can check that the following
equalities hold for scores

scoreσ(a) = Pr
σ∼σ

[a �σ b]− Pr
σ∼σ

[b �σ c],

scoreσ(b) = Pr
σ∼σ

[b �σ c]− Pr
σ∼σ

[c �σ a],

scoreσ(c) = Pr
σ∼σ

[c �σ a]− Pr
σ∼σ

[a �σ b].

We begin with the lower bounds on the probabilities. First, note that it is always
possible to succeed with probability 1

3 by just picking a random one of the three can-
didates. This establishes the lower bound on (1).

For (2), consider the following algorithm. We pick a random candidate c′ and query
both sets of size 2 containing that candidate. From this information, we are able to
learn the Borda score of candidate c′. If the score is positive, we return c′. Other-
wise, we randomly return one of the other two candidates. Observe that, with our
choice of scoring vector (1, 0,−1), the sum of all three Borda scores must be zero, so
at most two are strictly positive. If none of them are positive, then they must all be
zero, in which case every candidate is a Borda winner, and the algorithm succeeds
with probability 1. If one Borda score is positive, then if that candidate is chosen as
c, the algorithm succeeds with probability 1, and otherwise the algorithm succeeds
with probability 1

2 . Since the former case happens with probability 1
3 , the total ex-

pected success probability is 2
3 . Finally, if two Borda scores are positive, then if the

true Borda winner is chosen as c′, the algorithm succeeds with probability 1; if the
other candidate with positive Borda score is chosen as c′, the algorithm incorrectly
returns it, succeeding with probability 0; and if the candidate with negative Borda
score is chosen as c, the algorithm succeeds with probability 1

2 . In total, the success
probability is 1

3 · 1 +
1
3 · 0 +

1
3 ·

1
2 = 1

2 . Thus, the worst-case success probability is 1
2 .

For the upper bounds, we again use Yao’s Minimax principle. That is, we will show
that there are distributions over instances where no deterministic algorithm can out-
put a Borda winner with probability more than 1

3 + ε for any ε > 0. This implies that
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no randomized algorithm can do so on every instance.
Define a family of distributions over profile D1, D2, D3, . . . as follows. To generate

Dn, we first sample three values, p1, p2, p3 ∈ [13 ,
2
3 ] and return an arbitrary profile σ

where

p1 := Pr
σ∼σ

[a �σ b],

p2 := Pr
σ∼σ

[b �σ c],

p3 := Pr
σ∼σ

[c �σ a].

Before showing how to sample p1, p2, p3, we first show that such a profile σ satisfy-
ing the pairwise margins always exists. We claim that the following preference profile
suffices.

Ranking Probability
a � b � c p2 − 1

3

a � c � b 2
3
− p2

b � c � a p3 − 1
3

b � a � c 2
3
− p3

c � a � b p1 − 1
3

c � b � a 2
3
− p1

The reader may verify that:

• All probabilities lie in [0, 1] for p1, p2, p3 ∈ [13 ,
2
3 ].

• The sum of all six probabilities is 1.

• The pairwise ranking probabilities are indeed given by p1, p2, and p3.

As shown above, the pi values contain all relevant information for computing the
Borda scores of each candidate: scoreσ(a) = p1 − p3, scoreσ(b) = p2 − p1, and
scoreσ(c) = p3 − p2, along with the responses for all the queries. Hence, the exact
construction of σ will not be important for the remainder of the proof.

Let F1, F2, F3, . . . be the Fibonacci sequence shifted to the left by one, beginning
with F1 := 1, F2 := 2, F3 := 3, F4 := 5, and so on. For any positive integer n,
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we generate p1, p2, and p3 for Dn using the following process. First, sample i uni-
formly from {1, 2, . . . , n}, sample s uniformly from {0, 1, 2, . . . , nFn+2} (all integers
from 0 to nFn+2), and sample r uniformly from {1, 2, 3, 4, 5, 6}. Then output the pro-
file σ(i, s, r) defined by the table below, where p1, p2, and p3 are defined from the
auxiliary values p̂1, p̂2 and p̂3 by the correspondence

pj :=
1

3
+

1

3
· 1

((n+ 1)Fn+2)
· p̂j .

Profile True Borda winner Scaled probabilities (p̂1, p̂2, p̂3)

σ(i, s, 1) a (s+ Fi+2, s, s+ Fi)

σ(i, s, 2) c (s+ Fi+2, s, s+ Fi+1)

σ(i, s, 3) b (s+ Fi, s+ Fi+2, s)

σ(i, s, 4) a (s+ Fi+1, s+ Fi+2, s)

σ(i, s, 5) c (s, s+ Fi, s+ Fi+2)

σ(i, s, 6) b (s, s+ Fi+1, s+ Fi+2)

Note that each pj ∈ [13 ,
2
3 ] if and only if p̂j ∈ [0, (n + 1)Fn+2], so any pair (i, s) is

valid. We leave the reader to verify that the Borda winners are as stated in the table.
We explicitly compute the winner in the final profile as an example:

scoreσ(s,i,6)(a) = p1 − p3 =
1

3
+

1

3
· 1

((n+ 1)Fn+2)
· (p̂1 − p̂3)

=
1

3
+

1

3
· 1

((n+ 1)Fn+2)
· ((s)− (s+ Fi+2))

=
1

3
+

1

3
· 1

((n+ 1)Fn+2)
· (−Fi+2)

scoreσ(s,i,6)(b) = p2 − p1 =
1

3
+

1

3
· 1

((n+ 1)Fn+2)
· (p̂2 − p̂1)

=
1

3
+

1

3
· 1

((n+ 1)Fn+2)
· ((s+ Fi+1)− (s))

=
1

3
+

1

3
· 1

((n+ 1)Fn+2)
· (Fi+1)

scoreσ(s,i,6)(c) = p3 − p2 =
1

3
+

1

3
· 1

((n+ 1)Fn+2)
· (p̂3 − p̂2)
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=
1

3
+

1

3
· 1

((n+ 1)Fn+2)
· ((s+ Fi+2)− (s+ Fi+1))

=
1

3
+

1

3
· 1

((n+ 1)Fn+2)
· (Fi)

Thus, the winner is b, since Fi+1 is the largest out of {−Fi+2, Fi+1, Fi}.
Fix a deterministic algorithm A making at most one query of size 2. Observe that

Dn is completely symmetric with respect to p1, p2, and p3 (in the sense that permut-
ing p1 7→ p2, p2 7→ p3, and p3 7→ p1 gives the same distribution on preference profiles).
Thus, we may assume without loss of generality that an algorithm queries {a, b} and
learns p̂1 ∈ {0, 1, 2, . . . , (n + 1)Fn+2}. Let E be the event that i ∈ {3, 4, 5, . . . , n − 2}
and s ∈ [Fn+2, (n − 2)Fn+2]. By the union bound, the probability that E does not
occur is at most

Pr[E ] ≤ Pr[i ∈ {1, 2, n− 1, n}] + Pr[s ∈ [0, Fn+2] ∪ [(n− 2)Fn+2, nFn+2]]

≤ 4

n
+

Fn+2 + 2Fn+2

nFn+2
=

7

n
.

When E occurs, we will have p̂j ∈ [Fn+2, (n − 1)Fn+2] for each j, so in particular this
holds for p̂1. Suppose that the algorithm additionally learns i, which only makes it
stronger. Then there are exactly six possible choices of the parameters s and c that
could have led to the specific realization p̂1:

• r = 1 and s = p̂1 − Fi+2 =⇒ a is the winner.

• r = 2 and s = p̂1 − Fi+2 =⇒ c is the winner.

• r = 3 and s = p̂1 − Fi =⇒ b is the winner.

• r = 4 and s = p̂1 − Fi+1 =⇒ a is the winner.

• r = 5 and s = p̂1 =⇒ c is the winner.

• r = 6 and s = p̂1 =⇒ b is the winner.

Since each possibility is equally likely, no matter which candidate the algorithm picks
it succeeds with probability 1

3 . Thus, overall,

Pr[success] = Pr[E ] Pr[success | E ] + Pr[E ] Pr[success | E ]
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≤ Pr[success | E ] + Pr[E ]

≤ 1

3
+

7

n
.

By picking n sufficiently large, we see that no algorithm that makes a single query can
achieve a worst-case success probability of 1

3 + ε for any ε > 0.
For an algorithm that makes two queries, we similarly assume without loss of gen-

erality that the queries yielded the values of p̂1 and p̂2 in some order. Regardless of
whether the second query was made adaptively or nonadaptively, we will argue that,
from these responses the algorithm cannot determine the winner with probability
greater than 1

2 + 7
n . As before, it suffices to show that the algorithm succeeds with

probability at most 1
2 when p̂1, p̂2 ∈ [Fn+2, (n − 1)Fn+2]. Here there are two cases to

consider, depending on which observed value is larger.
First suppose p̂1 > p̂2, and let j ∈ {3, 4, 5, . . . , n} be such that p̂1 − p̂2 = Fj . Then

there are exactly two possible choices of the parameters s, i, and c that could have led
to the specific realizations p̂1 and p̂2:

• r = 1, i = j − 2, and s = p̂1 − Fi+2 =⇒ a is the winner.

• r = 2, i = j − 2, and s = p̂1 − Fi+2 =⇒ c is the winner.

Thus, a and c are equally likely to be the winner, so no matter which candidate the
algorithm returns, it will be correct with probability at most 1

2 .
Now suppose p̂1 < p̂2, and let j ∈ {3, 4, 5, . . . , n} be such that p̂2 − p̂1 = Fj . Then

there are exactly four possibilities for s, i, and c:

• r = 3, i = j−1, and s = p̂1−Fi+i =⇒ b is the winner. Note that this is the first
place we make use of the Fibonacci recurrence: p̂2− p̂1 = (s+Fi+2)− (s+Fi) =

Fi+1 = Fj .

• r = 4, i = j, and s = p̂1 − Fi+1 =⇒ a is the winner (again using the Fibonacci
recurrence).

• r = 5, i = j, and s = p̂1 =⇒ c is the winner.

• r = 6, i = j − 1, and s = p̂1 =⇒ b is the winner.

Clearly, b is the best guess here, but it is still only correct with probability 1
2 .
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Thus, picking n sufficiently large as before, we conclude that no algorithm making
only two queries can achieve a worst-case success probability of 1

2 + ε for any ε >

0.

4.6 Discussion

Voting rules are increasingly applied to aggregate preferences across a large range of
candidates, from primary elections to online opinions. This can, however, be at odds
with the cognitive and implementation challenges that exist when requiring individu-
als to specify preferences across a large selection. Naturally, in such scenarios, voters
end up specifying preferences over a limited set, whether by explicit design or implic-
itly by submitting incomplete votes. Our work studies the implications of this phe-
nomenon on the computability of voting rules.

For the large class positional scoring rules, we provide an exact information-theoretic
characterization of what can and cannot be correctly computed under this model.
Specifically, a decrease in query size equivalently diminishes the dimension of the com-
putable scoring vector space. We explicitly characterize these spaces, finding that,
while the Borda count is included for t ≥ 2, Plurality is not for any limited-sized
query. We also extend this strong impossibility to STV. From a practical perspective,
these results demonstrate the pitfalls of common rules like Plurality and STV within
the setting incomplete votes and point to the space of alternative rules. Future work
could go beyond voting and further investigate this question of computability with
limited-sized queries for other social choice rules or other more general functions, such
as committee selection with rankings.

For rules computable with at least t∗-sized queries, we also give bounds on the
query complexity of any deterministic or randomized algorithm making t ≥ t∗ sized
queries. While we show that deterministic algorithms must cover the space of all t∗

sized queries in the worst-case, thus giving a tight bound, the picture for randomized
algorithms is far less clear. We give an upper bound on the success probability when
using a given number of queries, yet no known general-purpose algorithm achieves
anything close to it. In Theorem 4.5.2, we close this gap for a special case of the
Borda rule by constructing surprisingly intricate hard instances. Closing the general
query complexity gap in our randomized setting is an intriguing open problem whose
technical depth is illustrated by this result.
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5
Metric Distortion with Elicited Pairwise

Comparisons

5.1 Introduction

As we have discussed in the preceding chapters, when aggregating a population’s pref-
erences to make a decision, we must contend with the fact that our access to prefer-
ences may be limited. One canonical example are platforms such as Polis, discussed in
Chapter 3. Another includes RLHF, discussed in Part I. Recall, the goal is to choose
model parameters that yield desirable outcomes according to the participants, and
we typically learn what is “desirable’’ by asking comparison queries, i.e., on prompt
x, do you prefer output y or output z? However, notice that these responses only give
us partial information about the individuals’ true underlying preferences. It would be
completely infeasible to learn, say, a ranking for each person over all possible prompt-
output combinations. In both these examples, human input is a scarce resource that
must be carefully allocated.

When selecting the queries to show participants, it is crucial to consider various
constraints that a designer might need to satisfy. For example, on platforms like Polis,
it is not guaranteed that we can interact with a user, then acquire more information
from other users, and later return to the original user for a second round of queries.
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For this, we may want algorithms that are single-pass: the queries asked to earlier
users do not depend on queries to ones arriving later. Another desirable property a
practitioner might want to satisfy is a notion of fairness, say, the queries asked for
each agent to be independent of the responses of other agents; this can help ensure
that interaction with the system remains unaffected by the arrival time. The same
need may also arise from temporal concerns: if agents all answer simultaneously, we
simply do not have data from the other agents. Conversely, we may want to have
queries be independent of an agent’s own answers, ensuring an unbiased interaction
with the system. Therefore, our main research questions are:

How can we design a limited number of pairwise comparison queries to
achieve efficient outcomes? Furthermore, how well can we do so under
various restrictions such as limited rounds of interactions and which an-
swers a query can depend on?

To understand the effectiveness of various query choices, we need a way to mea-
sure the quality of the outcome. For this, we turn to the celebrated distortion frame-
work [168]. Here, it is assumed that the comparison feedback submitted by the agents
is derived from more expressive underlying preferences, typically scalar values. The
more expressive values give rise to concrete objective values for each of the outcomes.
The goal is to design a procedure that minimizes distortion, the worst-case ratio be-
tween the best possible objective value and the objective value of the chosen outcome.
Without additional assumptions, achieving bounded distortion becomes impossible,
even with complete knowledge of each agent’s ranking. In this work, we make the
frequently-made natural assumption that agents have costs induced by distances in an
underlying metric space [7]. Beyond just a theoretical necessity, this restriction seems
especially aligned with the motivating examples discussed.1 To summarize, our goal is
to optimize metric distortion using a limited number of pairwise comparison queries.

1In Polis, as part of the aggregation process, users and comments are mapped to a common
low-dimensional feature space representing “opinion” space summarizing the various views.
Within opinion space, voters are more likely to approve comments near them. Hence, Polis
is implicitly assuming it is possible to map users/comments to a metric space. In RLHF, the
possible models generating input/output prompts live in a feature space. An agent is assumed
to give feedback according to a reward function of these features. If the reward function is
concave, it is natural to assume that an agent has an ideal point maximizing their reward
function and prefers inputs closer to this point.
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5.1.1 Our approach and results

We assume there are m alternatives, and we can ask each agent up to t pairwise com-
parison queries. A pairwise comparison query (or simply a query) involves two alter-
natives that an agent is asked to rank. Note that if t is quite large relative to m (e.g.,
at least m log2(m)), we can learn the full ranking of an agent.2 However, in applica-
tions like RLHF and Polis, t is much smaller.

We first show that a query algorithm making at most t queries to each agent, even
if it can ask these in an arbitrary order with arbitrary dependencies, will incur distor-
tion Ω(m/t) (Section 5.3.1).

Next, we consider algorithms that match this lower bound. We are especially in-
terested in algorithms that require few rounds of interactions, as it may not be rea-
sonable to assume that agents return later in the process after answering queries. Of
particular importance is the extreme case: single-pass algorithms needing only one
round of interaction. Strikingly, we show that there exists a single-pass algorithm
that achieves optimal distortion of O(m/t) (Section 5.3.2).

Finally, we consider other kinds of restrictions on the adaptivity of the algorithm,
i.e., how the queries depend on previous answers. We focus on two types of adaptiv-
ity. The first, called inter-agent adaptivity, indicates whether the queries made to
an agent can depend on responses from other agents. The second, called intra-agent
adaptivity, indicates whether the queries made to an agent can depend on previous
responses from that agent. Here, we devise nearly tight (up to logarithmic factors) up-
per and lower bounds for the optimal distortion achievable under all combinations of
these restrictions (Section 5.4). The results are summarized in Table 5.1. Note that
all upper bounds are induced by single-pass algorithms, while the lower bounds hold
for all algorithms, regardless of the number of passes.

5.1.2 Related Work

The most closely related work is that of Anagnostides et al. [5], who also consider the
metric distortion problem while eliciting preferences. However, the preference elicita-
tion method differs from ours; they assume that an algorithm can query two candi-
dates {a, b} and, in response, learns which of the two candidates a majority of voters

2This is equivalent to using comparison-based queries to sort a list. Hence, this can be
done via any sorting algorithm, e.g., MergeSort which takes at most m log2(m) queries [56].
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Inter-agent Intra-agent
Yes No

Yes Θ
(
m
t

)
O
(
m
t
+ logm

)
, Ω
(
m
t

)
No O

(
m2 log2 t

t2

)
, Ω
(
m2

t2

)
Θ
(
m2

t

)
Table 5.1: Summary of results for different inter- and intra-agent adaptivity combinations. All
upper bounds are achieved with single-pass rules. All lower bounds hold regardless of the number
of passes.

prefer. While this could be implemented in our model, note that this would require
multiple rounds of interaction and also makes additional restrictions, e.g., all voters
will be asked the same queries, and only the majority winner is given, rather than the
magnitude of this majority. Hence, we are interested in similar questions under a dif-
ferent query model, which we view as more suited for our motivating applications.

Slightly further afield is considering metric distortion, where only partial infor-
mation about each agent’s ranking is given. For example, the same work [5] builds
on work by Kempe [117] where voters reveal their top-k candidates for a fixed value
k ≤ m. Kempe [117] also considers the more general problem of b bits of information
being communicated about a ranking using a communication scheme fixed upfront.

Metric distortion itself (using complete rankings) was introduced by Anshelevich
et al. [6]. They show that no social choice rule has distortion better than 3, while the
well-known Copeland rule achieves distortion 5, among bounds for other well-known
rules. Followup work proved bounds for even more rules [85, 189], but none beat this
barrier of 5. Significant progress was made by Munagala and Wang [151], who intro-
duced a rule achieving distortion 4.236. The gap was finally closed by Gkatzelis et al.
[84], who gave a rule achieving distortion 3. Anshelevich et al. [8] provide a survey of
these results, as well as progress in non-metric distortion more broadly.

In addition to improvements in lowering distortion, other progress has been made.
Kempe [118] gives an LP-duality framework for analyzing the distortion of existing
rules. Kizilkaya and Kempe [127] and Kizilkaya and Kempe [128] both provide new
rules achieving optimal metric distortion requiring much simpler analyses. We build
on techniques from Kempe [118] as well as the rule of Kizilkaya and Kempe [127]; a
more in-depth description can be found when we use them.

Preference elicitation, more broadly, has a rich history in computational social
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choice with several variations. A more general summary can be found in Brandt et al.
[36]; however, we focus on the most closely related works here. Lu and Boutilier [139]
has the most similar style pairwise queries to our model; however, their objective is
quite different from metric distortion. Amanatidis et al. [4] study the tradeoff of dis-
tortion and query complexity; however, their queries are quite dissimilar, directly elic-
iting cardinal values and relative magnitudes rather than information about the rank-
ing. Preference elicitation questions are also often studied through the lens of commu-
nication complexity, i.e., the number of bits that need to be revealed rather than the
number of queries of a specific type. For example, Conitzer and Sandholm [54] give
the communication complexity of determining the winner of several common voting
rules (where each agent privately knows their ranking). This has also been applied to
non-metric distortion, where voters can reveal a certain number of bits about their
utilities rather than just the rankings [141, 142].

5.2 Model

For s ∈ N, define [s] = {1, 2, . . . , s}.

Metric Voting. We consider the setting of single-winner elections where we have
a set C of m candidates and a set V = [n] of n voters. We assume there is a (pseudo)metric3

over C t V characterized by a distance function d : (C t V ) × (C t V ) → R≥0.
That is, for all i, j, k ∈ C t V , we have that d(i, i) = 0, d(i, j) = d(j, i), and
d(i, j) ≤ d(i, k) + d(k, j) (the triangle inequality). Furthermore, each voter i ∈ V

has a preference ranking σi = σi(1) �i · · · �i σi(m) such that a �i b implies that
d(i, a) ≤ d(i, b) — we allow ties to be broken arbitrarily. We write a �i b for a �i b

or a = b. The collection of all voters’ preference rankings form a preference profile
σ = (σ1, . . . , σn). An instance is a tuple (d,σ).

Utilitarianism. Given an instance (d,σ), the social cost (or simply cost) of a can-
didate c ∈ C is defined as costd(c) :=

∑
i∈V d(i, c). When d is clear from context,

we may drop it from the notation by simply writing cost(c). Under this measure,
3A pseudometric is a generalization of a metric that allows two distinct points to be dis-

tance 0 from each other. In other words, we allow voters and candidates to be at the same
location.
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the optimal candidate is the one minimizing social cost. We will use the notation
opt(d,σ) := minc∈C costd(c) for the minimum cost.

Algorithms with Pairwise Comparison Queries. We consider algorithms that
do not have direct access to the underlying metric nor the preference profile; rather,
they are only aware of C and V and can learn of voters’ preferences via a sequence
of pairwise comparison queries. That is, the algorithm can choose a voter i and two
candidates {a, b} and learn which candidate voter i prefers, a �i b or b �i a. After
receiving the responses, the algorithm (i.e., a voting rule) returns a candidate c as
the winner. More formally, by a slight abuse of notation, we let A(d,σ) denote the
candidate returned by an algorithm A on instance (d,σ).

We are interested in algorithms that do not make too many queries to each voter.
If an algorithm makes at most t queries to each voter i, we call it a t-query algorithm.

Distortion. The quantitative measure of efficiency we investigate in this work is
distortion. For a given instance (d,σ), the distortion of candidate c is defined as

dist(c | (d,σ)) =
costd(c)
opt(d,σ) ,

i.e., the ratio of the social cost of c to the optimal social cost. This value is always at
least one, and the lower the ratio, the more efficient the candidate. The distortion of
an algorithm A is defined as

distm(A) = sup(d,σ),|C|=m dist(A(d,σ) | (d,σ)),

where the supremum is over all instances with m candidates and any number of vot-
ers. In other words, the distortion of an algorithm A is its worst-case guarantee in
terms of the multiplicative approximation to the optimal social cost.

5.2.1 Algorithm Restrictions

In the setup described so far, an algorithm can make queries to voters in an arbitrary
order, with the option to revisit voters it has already queried or choose each subse-
quent query based on arbitrary prior responses. This flexibility may be costly or even
impractical in certain scenarios. Hence, we are interested in the optimal distortion
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of algorithms subject to various constraints. We describe the restrictions of interest
below.

Number of passes. We will say an algorithm is p-pass if the sequence of queries
can be partitioned into at most p contiguous sequences where agent indices are non-
decreasing. We will call it single-pass if it is 1-pass.

Inter-agent adaptivity. An algorithm is inter-agent nonadaptive if the queries it
makes to voter i do not depend on responses from other voters i′ 6= i. In other words,
the choice of queries can be decomposed into n subprocedures A1, . . . , An such that
Ai only makes queries and learns the responses of voter i (the aggregation given these
responses can be arbitrary). Note that an inter-agent nonadaptive algorithm can al-
ways be implemented as a single-pass algorithm because we can run these procedures
sequentially (first A1, then A2, and so on).

Intra-agent adaptivity. An algorithm is intra-agent nonadaptive if the queries
asked to voter i do not depend on responses to previous queries to that agent.

Full nonadaptivity. If an algorithm is inter- and intra-agent nonadaptive, we
will call it fully nonadaptive. Such an algorithm can be implemented such that all
queries are fixed upfront without depending on any of the responses.

5.3 t-Query Algorithms

We begin by considering optimal distortion bounds for t-query algorithms. First, we
establish a lower bound for any algorithm. Then, we present an algorithm that not
only matches this lower bound but is also single-pass.

5.3.1 Lower Bound

We start by establishing a lower bound on distortion when each agent can answer up
to t queries without any other restrictions on the algorithm.

Theorem 5.3.1. All t-query algorithms incur a distortion of at least m
t − 1.
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V \ S
C \ {a}

S a

Figure 5.1: Metric for the case where the algorithm returns a.

C \ {a} S
V \ S
a

Figure 5.2: Metric for the case where the algorithm does not return a.

In fact, we show an even stronger result. This holds for any algorithm that makes
at most tn queries in total regardless of how they are distributed among the agents.
Any algorithm making t queries per voter trivially makes at most tn queries.

Proof. Let R = {a1 �i1 b1, a2 �i2 b2, . . .} with |R| ≤ tn be an arbitrary sequence of
responses the algorithm has queried and learned, and let c be the candidate returned
given these responses. Since there are at most 2|R| ≤ 2tn candidate appearances in
|R|, there exists a candidate a ∈ C that appears in less than 2tn/m many queries. Let
S ⊆ V be the set of voters that were ever queried on a. We have that |S| ≤ 2tn/m.

We do a case analysis based on c = a or c 6= a. The metrics are shown in Fig-
ures 5.1 and 5.2, where the distance function is defined by the path length. First, we
show that there are profiles for both metrics that are consistent with the responses in
R. In both metrics, voters in S are equidistant from all candidates, and voters in V \S
are equidistant from all candidates except a. We construct the profile as follows. We
choose rankings for voters in S in an arbitrary way consistent with R. For the voters
in V \ S, depending on the case, we either place a at the top or bottom of their rank-
ing and complete the rest of the ranking arbitrarily in a way consistent with R. Since
no voter in V \ S was queried on a, this is always possible, and by the equal distances,
these profiles are consistent with the metrics.

Case c = a. Consider the metric in Figure 5.1. Note that cost(a) = 2(|V | − |S|) +
|S| = 2n− |S|. For any candidate c′ ∈ C \ {a}, cost(c′) = |S|. Therefore,

dist(c) ≥ cost(c)
cost(c′) =

2n− |S|
|S|

≥ m

t
− 1.
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Case c 6= a. Consider the metric in Figure 5.2. Note that cost(a) = |S| and, since
c 6= a, cost(c) = |S| + 2(|V | − |S|). As in the previous case, we get a lower bound of
m/t− 1.

5.3.2 A Matching Upper Bound

Next, we consider designing algorithms to match this lower bound. Recall that using
m log2m queries, it is possible to learn an agent’s entire ranking. Hence, if t is suffi-
ciently large (≥ m log2m), we can simply learn all of the agents’ complete rankings
and then run any constant-distortion rule such as Copeland [6] or Plurality Veto [127].

In fact, Plurality Veto can be implemented using O(m) queries. As this will be use-
ful to our later analysis, we describe the rule and query implementation in more de-
tail. Plurality Veto runs in two phases. In the first, it determines the plurality score
of each candidate, i.e., the number of voters that ranks that candidate first. The sec-
ond begins with each candidate having a number of points equal to their plurality
score. It sequentially goes through the voters (in an arbitrary order), and for each,
asks the voter their least favorite candidate who still has a nonzero number of points;
it then decrements that candidate by one point. The winning candidate is the last one
remaining just before the final voter is asked to decrement.4

Note that both determining a favorite or least favorite candidate among a set S

requires |S| − 1 pairwise queries. Hence, this can be implemented by asking each voter
at most 2m − 2 pairwise queries. Therefore, when t ≥ 2m − 2, Plurality Veto has
optimal distortion.

However, there are still two drawbacks to this result. First, even though Plurality
Veto requires only O(m) queries, it needs to do this in two phases. Hence, its naïve
implementation requires two passes. We may wonder if the same can be done with a
single-pass algorithm. Second, and more important, this gives us no insight for how to
handle t < 2m− 2, a crucial case for many applications. Our next result handles both
of these matters, devising a single-pass algorithm that yields asymptotically optimal
distortion for all t.

4Note that the total number of points given out is n, and each voter decreases by one.
Hence, just before the final voter is asked, exactly one candidate will remain with a single
point.
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Algorithm 4 Single-Pass Plurality Veto
1: Initialize plu(c) = 0
2: for each voter i among the first d|V |/2e voters do
3: ci ← top(σi, C)
4: plu(ci)← plu(ci) + 1

5: for each voter i among the next d|V |/2e − 1 voters do
6: C ← {c ∈ C | plu(c) ≥ 1}
7: c′i ← bottom(σi, C)
8: plu(c′i)← plu(c′i)− 1

return the unique candidate a with plu(a) ≥ 1.

Algorithm 5 t-Query Single-Pass Adaptive
1: R← d(m−1)/te; Cactive ← C
2: for each round r = 1 to R do
3: Cr ← min{t+ 1, |Cactive|} candidates from Cactive

4: Vr ← the next bn/Rc voters
5: c∗r ← Algorithm 4(C ← Cr, V ← Vr)
6: Cactive ← (Cactive \ Cr) ∪ {c∗r}return the unique candidate a ∈ Cactive

Theorem 5.3.2. For n ≥ dm−1
t e and t ≤ m− 1, Algorithm 5 is a single-pass, t-query

algorithm achieving distortion 6
⌈
m−1
t

⌉
+ 1.

The formal proof of the theorem appears later in this section. Algorithm 5 uses Al-
gorithm 4 as a subroutine on subsets of candidates over a sequence of dm−1

t e rounds.5

This subroutine is essentially a variant of Plurality Veto which runs in a single pass.
In the special case of t = m − 1, there is only one round, and the subroutine is used
“as is” on the entire candidate set. To better illustrate the ideas, we first prove lem-
mas that are sufficient to show Algorithm 4 achieves the desired distortion bound in
this special case. We then build on these ideas to handle the general case of t ≤ m− 1.

5Note that the n ≥ dm−1
t e requirement simply ensures that we can use at least one distinct

voter per round.
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Warm-up Case: t = m− 1

In this case, Algorithm 5 simply runs Algorithm 4 and returns the chosen candidate.
Hence, we directly analyze Algorithm 4.

Algorithm Description. Algorithm 4 uses two sequences of adaptive queries:

• top(σi, C
′): A sequence of adaptive queries that finds the most preferred candi-

date of voter i among a subset of candidates C ′ ⊆ C. This can be done using
|C ′| − 1 queries (compare the first two candidates, then compare the preferred
one with the third candidate, and so on).

• bottom(σi, C
′) : Similar to above but for the least preferred alternative of voter

i among C ′ ⊆ C.

Algorithm 4 accumulates plurality scores of the first d|V |/2e voters in plu(c) (lines 2–
4). Then, for each of the second d|V |/2e − 1 voters, among the remaining candidates
with positive plurality score Cactive, the voter indicates her least preferred candidate
c′i by decreasing the candidate’s plurality score by one (lines 5-8). Since the number
of increments is exactly one more than the number of decrements, only one candidate
remains with a positive score, which subsequently is returned.

Distortion Analysis. To prove the distortion bound, we need the following techni-
cal definition and lemmas.

Definition 5.3.3 ((a, b)-path). Fix two candidates a, b ∈ C. A sequence of distinct
voters v1, . . . , vk is called a voter path from a to b (or an (a, b)-path for short) if there
exists a sequence of k + 1 not necessarily distinct candidates beginning with a and
ending with b, a = c0, c1, . . . , ck−1, ck = b such that, for each j ∈ [k], cj−1 �ij cj.
Slightly abusing notation, we will refer to a set of voters V ′ ⊆ V as an (a, b)-path if
some order of V ′ is an (a, b)-path. We will say two (a, b)-paths are disjoint if they do
not share any voters.

The following is essential to the distortion analysis of Algorithms 4 and 5.

Lemma 5.3.4. Fix a, b ∈ C. Suppose there exist ℓ disjoint (a, b)-paths. Then,

cost(a)
cost(b) ≤

2n

ℓ
+ 1.
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Proof. Fix a, b ∈ C. We first show a useful property about (a, b)-paths. Namely, if V ′

is an (a, b)-path, then,
d(a, b) ≤ 2 ·

∑
i∈V ′

d(i, b). (5.1)

Indeed, let k := |V ′|, i1, . . . , ik be the order of agents in V ′, and a = c0, . . . , ck = b be
the corresponding candidate sequence. The inequality follows from the following:

d(a, b) = d(c0, ck)− d(ck, ck) (d(ck, ck) = 0)

=
k∑

j=1

(d(cj−1, ck)− d(cj , ck))

≤
k∑

j=1

(d(cj−1, ij) + d(ij , ck)− d(cj , ck)) (Triangle inequality)

≤
k∑

j=1

(d(cj , ij) + d(ij , ck)− d(cj , ck)) (cj−1 �ij cj)

≤
k∑

j=1

(d(ij , ck) + d(ij , ck)) (Triangle inequality)

= 2
k∑

j=1

d(ij , b).

With Inequality (5.1) in hand, we are ready to prove the lemma. Let V1, . . . , Vℓ be
the disjoint voter sets of the ℓ (a, b)-paths. By the disjointness of Vj ’s we have

cost(b) =
∑
i∈V

d(i, b) ≥
ℓ∑

j=1

∑
i∈Vj

d(i, b) ≥
ℓ∑

j=1

d(a, b)

2
= ℓ · d(a, b)

2
,

where the first inequality follows because of disjointness, and the second from Inequal-
ity (5.1). Using the triangle inequality, we have cost(a) ≤

∑
i∈V (d(i, b) + d(a, b)) =

cost(b) + n · d(a, b). Hence,

cost(a)
cost(b) ≤

cost(b) + n · d(a, b)
cost(b) = 1 + n · d(a, b)cost(b) ≤ 1 + n · d(a, b)

ℓ · d(a, b)/2
=

2n

ℓ
+ 1.

The definition of (a, b)-paths and the result of Lemma 5.3.4 are similar to the def-
inition of chains of preferences and Corollary 5.3 of Kempe [118]. The key difference
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is that we require the voters along each path to be distinct, which allows us to prove
stronger properties.

Next, using Lemma 5.3.4, we show that there are dn/2e disjoint voter paths from
the candidate returned by Algorithm 4 to each other candidate.

Lemma 5.3.5. There exist d|V |/2e disjoint voter paths from the candidate selected by
Algorithm 4 to any other candidate.

Proof. Let a be the candidate returned by Algorithm 4 and b ∈ C \ {a} be an arbi-
trary candidate. Let V1 be the first d|V |/2e voters initializing the plurality scores and
V2 be the second set of voters decreasing the scores. Note that |V1| − 1 = |V2|. Create
a one-to-one function g : V2 → V1 as follows. As per the algorithm, for i ∈ V1, ci is
the most favorite candidate for i; and, for i ∈ V2, c′i is the candidate indicated by i as
her least favorite among the still active candidates (line 7). Map i to a corresponding
voter g(i) increasing the plurality score of c′i. This way, g is injective and c′i = cg(i).

Next, we show there exist dn/2e disjoint voter paths from a to b. First, we claim
that for each i ∈ V2, {i, g(i)} is an (a, b)-path via the candidate sequence a, c′i, b. In-
deed, for the first comparison, a �i c′i because i indicates c′i as her least preferred
alternative among the active set which necessarily contains a as it remained active
until the end. For the second, c′i �g(i) b because c′i = cg(i), and cg(i) was g(i)’s most
preferred alternative. In addition, consider the single voter i∗ ∈ V1 \ {g(i′) | i′ ∈ V2}
who does not appear in the range of f . Her top vote must have been a as a is the
only candidate with positive score in the end. Thus, a �i∗ b and the set {i∗} alone is
a voter path from a to b. Note that each of the above voter paths are disjoint, so we
have constructed |V2|+ |{i∗}| = d|V |/2e disjoint voter paths from a to b.

As an aside, note that if we directly apply Lemma 5.3.4 to Lemma 5.3.5, this shows
that Algorithm 4 achieves distortion 5.

General Case: t ≤ m− 1

Now, we analyze Algorithm 5 in full generality.
Algorithm Description. Algorithm 5 runs in R = d(m− 1)/te rounds. In each round

r ∈ [R], it takes up to t + 1 candidates from the active candidate set Cactive, denoted
Cr. It then runs Algorithm 4 with a new set of bn/Rc voters, denoted Vr, along with
the candidates in Cr, which return a candidate c∗r ∈ Cr. Then, Algorithm 5 removes
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all candidates in Cr from the active candidate set Cactive except for c∗r . Because of
this removal procedure, in each of the first R − 1 rounds, it eliminates t candidates
from the active set. In the final round, there are at most m− (R− 1)t ≤ 1+Rt− (R−
1)t ≤ t+ 1 candidates remaining, from which a single winning candidate is kept in the
active set and subsequently returned.

Distortion Analysis. To utilize Lemma 5.3.4 similar to that in Lemma 5.3.5, we
find a sufficient number of disjoint voter paths from the candidate returned by Algo-
rithm 5 to each of the other candidates.

Proof of Theorem 5.3.2. Let a be the candidate returned by Algorithm 5 and b ∈
C \ {a} be an arbitrary candidate.

Consider a directed graph G over candidates described as follows. At each round r,
draw a directed edge from the winning candidate c∗r to all candidates Cr \ {c∗r}. Note
that each candidate c 6= a has exactly one incoming edge, i.e., if c is eliminated at
round r, the directed edge c∗r → c is in G. Thus, G forms a directed rooted tree at a.
Let a = c0 → . . . → ck = b be the unique directed path in G from a to b. For all j ∈
[k], the edge cj−1 → cj is created in a different round rj . By Lemma 5.3.5, there are
ℓ := d⌊n/R⌋/2e voter paths from cj−1 to cj on a disjoint set of voters Vrj . We have that
ℓ ≥ n/(3R) because n ≥ R and d⌊x⌋/2e ≥ x/3 for x ≥ 1. Note that Vrj ’s are disjoint
as the algorithm selects a new set of voters at each round. Thus, we can extend the ℓ

paths from c0 to c1 with the ℓ paths from c1 to c2 by arbitrarily matching those two
sets of paths and get ℓ disjoint paths from c0 to c2. Then, we extend the paths from
c0 = a to c3 and so on to ck = b. Therefore, by Lemma 5.3.4 and that this holds for
all b ∈ C \ {c} we have

dist(a) ≤ 2n

ℓ
+ 1 ≤ 6R+ 1 = 6

⌈
m− 1

t

⌉
+ 1.

where in the last inequality we used n ≥ R =
⌈
m−1
t

⌉
and that bxc ≥ x

2 for x ≥ 1.

5.4 Algorithms with Adaptivity Constraints

We now turn to varying restrictions on algorithm adaptivity. We begin with a tight
analysis of the fully nonadaptive setting (Section 5.4.1). Then, we relax the constraints
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by requiring only one of inter- and intra-agent nonadaptivity at a time (Sections 5.4.2
and 5.4.3).

Note that when algorithms are intra-agent nonadaptive (Sections 5.4.1 and 5.4.3),
we can no longer learn each agent’s full ranking with O(m logm) queries. To do so,
we instead may have to ask about all

(
m
2

)
= Θ(m2) possible pairwise comparisons.

Hence, even for t = ω(m logm), we may not be able to achieve constant distortion.
Furthermore, recall that any inter-agent nonadaptive algorithms can trivially be im-
plemented to be single-pass.

5.4.1 Fully Nonadaptive Algorithms

We show that the optimal distortion value for t-query fully nonadaptive algorithms is
Θ(m2/t). This is a factor of m worse than the unrestricted setting.

Theorem 5.4.1. All fully nonadaptive t-query algorithms incur a distortion of at
least m2

t − 1. Furthermore, for t ≤
(
m
2

)
and n ≥

(
m
2

)
/t, there exists a fully nonadaptive

t-query algorithm bound with distortion at most 3m2/t+ 1.

Below, we outline the algorithm and then analyze its distortion.
Algorithm Description. There are

(
m
2

)
pairs of candidates. The algorithm distributes

queries among voters as equally is possible in a way that each pair of candidates
(c, c′) ∈

(
C
2

)
is given to at least bnt/

(
m
2

)
c voters. This can be done in various ways.

For instance, concatenate dnt/
(
m
2

)
e copies of the list of all

(
m
2

)
pairs and assign the

ith voter the pairs in range [(i − 1)t + 1, (i + 1)t]. Such a distribution can be deter-
mined beforehand and, thus, is fully nonadaptive.

The algorithm aggregates the results as follows. For each pair c, c′ ∈ C, draw a
directed edge from c to c′ if a majority of voters queried on {c, c′} preferred c to c′

(in the case of a tie, pick an arbitrary direction). Note that this is now a tournament
graph, where between every two nodes, there is one directed edge. Finally, from this
graph, select a king vertex a. A vertex is a king if it reaches all other vertices by at
most two edges. In other words, a is a king if for all other candidates b ∈ C \ {a},
either a has an edge to b or there exists another candidate c such that a has an edge
to c and c has an edge to b. It is well-known that king vertices exist in tournament
graphs (e.g., West [205]).

Distortion Analysis. To prove Theorem 5.4.1, we utilize the following lemma de-
rived in Kempe [118] (a special case of Corollary 5.3).
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Lemma 5.4.2 ([118]). If at least ℓ voters prefer a to b, then cost(a)
cost(b) ≤

2n
ℓ − 1. Further-

more, if there is a candidate c ∈ C \ {a, b} such that f voters prefer a to c, and also ℓ

voters prefer c to b, then cost(a)
cost(b) ≤

2n
ℓ + 1.

Proof of Theorem 5.4.1. Let a be the king vertex in the pairwise-majority graph de-
scribed above. Fix a candidate b ∈ C \ {a}. Since a is a king vertex, there is a path of
length at most 2 from a to b. Each edge indicates the existence of d12bnt/

(
m
2

)
ce voters

preferring the candidate on the tail of the edge to the candidate on the head. Since
n ≥

(
m
2

)
/t and d12bxce ≥ x for x ≥ 1, d12bnt/

(
m
2

)
ce ≥ nt/(3

(
m
2

)
) ≥ (2nt)/(3m2). By

Lemma 5.4.2, we have dist(a) ≤ 3m2/t+ 1.

5.4.2 Inter-Agent Nonadaptive Algorithms

Moving away from the most restricted case of full nonadaptivity, we find that by al-
lowing intra-agent adaptivity, we can design algorithms that achieve better distortion
by a factor of roughly Õ(t) (up to logarithmic factors).

Theorem 5.4.3. For t ≤ m log2m and n ≥ 2m2 log22(t + 1)/t2, there exists an inter-
agent nonadpative t-query algorithm achieving a distortion of 10m2 log22(t+1)

t + 1.

Proof. Let ℓ = max{ℓ′ | (2ℓ′) log2(2ℓ′) ≤ t}, so that we can sort a group of 2ℓ can-
didates using up to t queries. We first claim that ℓ ≥ t

2 log2(t+1) . Indeed, plugging in
ℓ′ = t

2 log2(t+1) , we have

(2ℓ′) log2(2ℓ
′) =

t

log2(t+ 1)
log

(
t

log2(t+ 1)

)
≤ t

log2(t+ 1)
log(t) ≤ t.

Further, note that 2ℓ ≤ m because t queries are only sufficient to sort at most m

candidates.
Partition the candidate set into dm/ℓe groups of size ≤ ℓ denoted by C = {C1, . . . , C⌈m/ℓ⌉}.

Divide the voters as equally as possible among pairs (Cj1 , Cj2) ∈
(C
2

)
, i.e., each pair of

candidate groups is assigned at least bn/
(|C|
2

)
c voters. Note that

(
|C|
2

)
=
dm/ℓe · (dm/ℓe − 1)

2

≤ (dm/ℓe − 1/2)2

2

133



≤
(
5m
4ℓ

)2
2

dxe − 1/2 ≤ 5x
4 for x ≥ 2

=
25m2

32ℓ2

≤ 25m2 log22 t

16t2
.

The voters assigned to (Cj1 , Cj2) will be queried to learn their full preference rank-
ing over Cj1 ∪ Cj2 . This way, all pairs of candidates c, c′ ∈ C are compared by at least
bn/
(|C|
2

)
c voters.

Similar to the algorithm for Theorem 5.4.1, we create the majority pairwise compar-
ison graph and select a king node of this complete directed graph. Each edge of this
graph indicates d12 · bn/

(|C|
2

)
ce voters preferring one candidate to another. Note that

since n ≥ 2m2 log22 t
t2

, n/
(|C|
2

)
≥ 1, so d12 · bn/

(|C|
2

)
ce ≥ n

3(|C|
2
)

since d12bxce ≥ x/3 for all
x ≥ 1.

Thus, by Lemma 5.4.2, the king vertex of this graph achieves a distortion of at
most

2n
n

3(|C|
2
)
+ 1 ≤ 6

(
|C|
2

)
+ 1 ≤ 10m2 log22(t+ 1)

t
+ 1.

We complement the above theorem by showing its optimality up to logarithmic
factors with a surprisingly-intricate lower bound.

Theorem 5.4.4. All inter-agent nonadaptive algorithms have distortion at least
m2/(4t2).

Proof. Fix an inter-agent nonadaptive, t-query algorithm A. Without loss of gen-
erality, suppose that A always makes exactly t queries to each agent (if it does not,
we can add arbitrary queries at the end and ignore the responses). Since the queries
made by the algorithm to agent i can only depend on responses from i, we can decom-
pose the query-making portion of A into n subroutines, A1, . . . An. The subroutine
Ai decides which pair of candidates to query agent i on next, given their previous re-
sponses. We can represent each Ai as a binary decision tree with height t + 1. Each
internal node is labelled by a pair of candidates. Depending on the response of which
candidate is preferred, either the left or right branch is followed.6 Note that some-

6This is very similar to representations of comparison-based sorting algorithms used to
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times only one of the two branches can be induced by a ranking, e.g., if a certain re-
sponse would lead to a cycle in the preferences. In such cases, a node has only one
child.

Each ranking σ that agent i could have corresponds to a path in this tree from the
root to a leaf, where, at each internal node, the branch is taken based on the compari-
son query response according to σ. Note that if two rankings σ and σ′ follow the same
path down the tree, they are indistinguishable according to Ai, i.e., they lead to the
exact same queries asked and responses received.

We will say a pair of candidates {a, b} ⊆ C deceive Ai if there are two rankings σ

and σ′ such that σ(1) = σ′(2) = a, σ(2) = σ′(1) = b, and σ and σ′ follow the same
path in Ai. In other words, there is a run of the algorithm Ai such that it is plausible
that a is ranked first and b is second or that b is first and a is second, and these two
scenarios are indistinguishable. The property that {a, b} ⊆ C deceive Ai is equivalent
to there exists a path in Ai such that neither a nor b lose in a pairwise comparison.
Indeed, taking any ranking corresponding to this path and then moving a to the top
and b second or a second and b to the top will lead to the exact same responses and
correspond to the same path.

Let Di = {{a, b} | {a, b} deceive Ai} be the set of pairs that deceive Ai and let
Ei = Di be its complement, i.e., the remaining pairs that do not deceive Ai. We will
show that |Ei| ≤ t2, that is, there are at most t2 pairs that do not deceive Ai.

Consider an arbitrary path down the decision tree in Ai. Let T be the set of can-
didates that lost a pairwise comparison at least once on this path. Since the path is
of length t and each node results in one candidate losing, |T | ≤ t. By the above def-
inition, if {a, b} ∈ Ei, we have that {a, b} ∩ T 6= ∅. In other words, every pair in Ei

must contain at least one member of T . Indeed, if {a, b} ∩ T = ∅, then this is a path
in which neither lost a nor b lost. Let Ea

i = {b | {a, b} ∈ Ei} be the set of candidates
who are paired with a in Ei. The above implies that |Ei| ≤

∑
a∈T |Ea

i |.
Fix some a∗ ∈ T . We next show that |Ea∗

i | ≤ t. Combined with the above ar-
gument, this implies that |Ei| ≤ |T | · t ≤ t2. Let σ be an arbitrary ranking with
σ(1) = a∗, and consider the path induced by σ. Let T a∗ be the set of candidates who
lose at least once on this path. We have that a∗ /∈ T a∗ because a∗ is ranked first in
σ. Furthermore, note that if b ∈ Ea∗

i , then b ∈ T a∗ . Indeed, if not, the above path
would have neither a∗ nor b losing, contradicting that {a∗, b} ∈ Ei. This means that

prove lower bounds on query complexity.
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Ea∗
i ⊆ T a∗ . Finally, notice that |T a∗ | ≤ t because the path is of length t. This implies

the desired bound.
Since |Ei| ≤ t2, and |Di| + |Ei| =

(
m
2

)
, this implies that |Di| ≥

(
m
2

)
− t2. By an

averaging argument, there must be a pair {a, b} that deceives at least (m
2
)−t2

(m
2
)
· n =

(1− 2t2

m(m−1)) · n of the algorithms Ai.
Fix such a set {a, b}. Let V ′ = {i | {a, b} ∈ Di} be the set of agents whose al-

gorithms are deceived. By the above, we have that |V ′| ≥ (1 − 2t2

m(m−1)) · n. For
each i ∈ V ′, let σab

i and σba
i be a pair of rankings indistinguishable to Ai such that

σab
i (1) = σba

i (2) = a and σab
i (2) = σba

i (1) = b.
We can now construct a pair of profiles σab and σba where, in the first, each i ∈ V ′

has ranking σab
i , and in the second, each i ∈ V ′ has ranking σba

i . The remaining voters
V \ V ′ will have arbitrary rankings (but the same in both profiles). Note that σab

and σba lead to the exact same queries and responses. Hence, the chosen candidate
must be the same on both. Therefore, for at least one of a and b was not chosen to be
winner. Without loss of generality, suppose it was a.

We will consider the profile σab along with the following metric. Each i ∈ V ′

has d(i, a) = 0. For all remaining pairs of voters and candidates (i′, c), we will have
d(i′, c) = 1. Note that these distances are consistent with σab. Furthermore, the cost
for a is at most |V \ V ′| ≤ 2t2

m(m−1) · n, while the cost for any other candidate is n.
Therefore, the distortion on this instance is at least

n
2t2

m(m−1) · n
≥ m2

4t2
,

as needed.

5.4.3 Intra-Agent Nonadaptive Algorithms

We now turn to designing t-query algorithms that are intra-agent nonadaptive, i.e.,
each voter is asked up to t pairwise comparison queries all at once and returns her
answers to all the t queries together. Its distortion guarantee is as follows.

Theorem 5.4.5. For n ≥ bm/tc + dlog2 te and t ≤ m − 1, Algorithm 6 is a single-
pass, intra-agent nonadaptive, t-query algorithm that achieves a distortion of at most
6(bm/tc+ dlog2 te) + 1.
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Algorithm 6 t-Query Single-Pass Intra-agent Nonadaptive
1: R← bm/tc+ dlog2 te; Cactive ← C
2: for each round r = 1 to R do
3: ℓr ← min{t, b |Cactive|/2 c}
4: Let Cr ← {(ar,1, br,1), (ar,2, br,2), . . . , (ar,ℓr , br,ℓr)} be ℓr pairs of distinct

candidates from Cactive

5: for each voter i among the next bn/Rc voters do
6: Present the ℓr pairs (ar,1, br,1), . . . , (ar,ℓr , br,ℓr)

7: for each pair in {(aj, bj) | j ∈ [ℓr]} do
8: Let cr,j be the candidate losing the majority of comparisons (ties

broken arbitrarily)
9: Cactive ← Cactive \ {cr,j}

return the unique candidate a ∈ Cactive

Algorithm 6 runs in R rounds (for R that will be determined later) querying an
equal number of bn/Rc new voters in each. For round r ∈ [R], the corresponding group
of voters are queried on ℓr disjoint pairs of candidates, arbitrarily selected from the
active candidate set Cactive. For each of the ℓr pairs, the candidate losing the majority
of the bn/Rc votes is eliminated from Cactive. This process goes on until one candidate
remains, which is subsequently returned.

Since we want at most t queries made to each voter, in each round, we can ask
about at most t pairs (i.e., ℓr ≤ t). While |Cactive| ≥ 2t, there are enough candi-
dates such that the algorithm can, in fact, make all t queries (i.e., ℓr = t). However,
after bm/tc−1 rounds, fewer than 2t candidates will remain. Then, the algorithm pairs
up as many candidates as possible in Cactive (one candidate will be unpaired when
|Cactive| is odd), and ℓr = b|Cactive|/2c candidates are eliminated. This can go on for at
most dlog2 2te ≤ dlog2 te + 1 many rounds until a single candidate remains. Hence,
there will be at most bm/tc+ dlog2 te rounds.

To prove the distortion bound, we again utilize Lemma 5.3.4 by finding a sufficient
number of disjoint voter paths from the chosen candidate to the other candidates.

Proof of Theorem 5.4.5. Let a be the candidate returned by Algorithm 6 and b ∈
C \ {a} be an arbitrary candidate. Create the elimination directed graph G as follows.
For each candidate c 6= a, there is a candidate g(c) that won over c in a pairwise
majority comparison by bn/Rc voters; draw a directed edge from g(c) to c. Since each
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candidate has a single incoming edge, G forms a directed tree rooted at a.
There is a unique path from a = c0 → c1 . . . → ck = b. For all j ∈ [k], let Vj

be the set of voters Vj who made the (cj−1, cj) comparison resulting in elimination of
cj . The sets Vj ’s are disjoint since cj−1 must be eliminated after cj is eliminated (in
an earlier round). Let V ′

j ⊆ Vj be the voters preferring cj−1 to cj . For each i ∈ V ′
j ,

there is a voter path from cj−1 to cj on {i}. Hence, there are |V ′
j | ≥ d⌊n/R⌋/2e many

disjoint voter paths from cj−1 to cj . We can connect the voter paths from c0 to c1

and c1 to c2 by arbitrarily matching and extending them to voter paths c0 to c2. We
can continue to make voter paths from c0 = a to ck = b. All of these paths consist of
unique sets of voters. By Lemma 5.3.4 and that the above holds for all b ∈ C, we have

dist(a) = max
b∈C

cost(a)
cost(b) ≤

2n

d⌊n/R⌋/2e
+ 1 ≤ 6n

n
R

+ 1 = 6R+ 1 = 6(bm/tc+ dlog2 te) + 1,

where the last inequality holds by n ≥ R = bm/tc+dlog2 te and bxc ≥ x/2 for x ≥ 1.

While the lower bound of Theorem 5.3.1 shows the optimality of the above re-
sult for t = O(m/ logm), it is unclear what the best achievable distortion is for
t = ω(m/ logm). Theorem 5.4.5 continues to give a O(logm) upper bound, but the
lower bound becomes O(m/t), and only constant once t = Ω(m). For t = Ω(m2), we
know it is possible to achieve O(1) distortion because, at this point, it is possible to
learn all agents’ complete rankings and run any of the well-known constant-distortion
rules. However, we leave it as an interesting open question to close this gap for inter-
mediate values of t, or find the minimum t with constant distortion.

5.5 Discussion

To summarize, we have studied the design of a limited number of pairwise queries to
optimize metric distortion. We considered a variety of constraints on our algorithms
regarding both the rounds of interactions and the dependency of queries on previous
answers. In all cases, we provide either tight or nearly tight upper and lower bounds.
In the case of inter- and intra-agent nonadaptivity, there remain logarithmic gaps.

As for follow-up work, the most direct would be to close these gaps. However, more
broadly, while requiring few rounds of interaction and both inter- and intra-agent
nonadaptivity capture an interesting set of constraints on the algorithms, there are
a plethora of reasonable notions one could consider. For example, we may wish for
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the algorithm to be anonymous, demanding that each agent’s queries depend only on
their ranking, σi, rather than their identity. An even stricter property is to require
that all agents receive the exact same queries, ensuring a strong notion of equality in
how different agents interact with the system. We leave optimizing distortion in these
settings and the development of new desirable properties as intriguing directions for
future work.

Lastly, in certain applications, there can be such an enormous number of alterna-
tives that our bounds become completely impractical. For instance, in variations of
Polis, the domain of alternatives can be extended beyond just submitted comments to
any statement from a natural language, a seemingly limitless domain. In such cases,
when it is impossible to ensure that each candidate is queried by at least one voter,
achieving bounded distortion is hopeless. We need to either (i) make additional as-
sumptions about the domain of alternatives (say, they arise from a low-dimensional
feature space), (ii) consider queries that are more powerful than pairwise comparisons,
or (iii) use other measures of efficiency. We again leave these as exciting directions for
further work.
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Part III

Liquid Democracy
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6
Tracking Truth with Liquid Democracy

6.1 Introduction

Liquid democracy is a voting paradigm that is conceptually situated between direct
democracy, in which voters have direct influence over decisions, and representative
democracy, where voters choose delegates who represent them for a period of time.
Under liquid democracy, voters have a choice: they can either vote directly on an is-
sue like in direct democracy, or delegate their vote to another voter, entrusting them
to vote on their behalf. The defining feature of liquid democracy is that these dele-
gations are transitive: if voter 1 delegates to voter 2 and voter 2 delegates to voter 3,
then voter 3 votes (or delegates) on behalf of all three voters.

In recent years, liquid democracy has gained prominence around the world. The
most impressive example is that of the German Pirate Party, which adopted the Liq-
uidFeedback platform in 2010 [129]. Other political parties, such as the Net Party in
Argentina and Flux in Australia, have run on the wily promise that, once elected,
their representatives would be essentially controlled by voters through a liquid democ-
racy platform. Companies are also exploring the use of liquid democracy for corpo-
rate governance; Google, for example, has run a proof-of-concept experiment [101].
Blockchain systems have also been experimenting with related weighted decentralized
voting systems [26, 137].
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Practitioners, however, recognize that there is a potential flaw in liquid democ-
racy, namely, the possibility of concentration of power, in the sense that certain voters
amass a relatively large number of delegations, giving them pivotal influence over the
final decision. This scenario seems inherently undemocratic — and it is not a mere
thought experiment. Indeed, in the LiquidFeedback platform of the German Pirate
Party, a linguistics professor at the University of Bamberg received so many delega-
tions that, as noted by Der Spiegel,1 his “vote was like a decree.”

Kahng et al. [115] examine liquid democracy’s concentration-of-power phenomenon
from a theoretical viewpoint and establish a troubling impossibility result in what
has been called the epistemic setting, that is, one where there is a ground truth.2 In-
formally, they demonstrate that, even under the strong assumption that voters del-
egate only to more “competent” voters, any “local mechanism” satisfying minimal
conditions will, in certain instances, be subject to concentration of power, leading to
relatively low accuracy. More specifically, Kahng et al. model the problem as a deci-
sion problem where voters decide on an issue with two outcomes, {0, 1}, where 1 is
correct (the ground truth) and 0 is incorrect. Each of the voters i ∈ {1, . . . , n} is
characterized by a competence pi ∈ [0, 1]. The binary vote Vi of each voter i is drawn
independently from a Bernoulli distribution, that is, each voter votes correctly with
probability pi. Under direct democracy, the outcome of the election is determined by
a majority vote: the correct outcome is selected if and only if more than half of the
voters vote for the correct outcome; that is, it is correct if and only if

∑n
i=1 Vi ≥ n/2.

Under liquid democracy, there exists a set of weights, weighti for each i ∈ [n], which
represent the number of votes that voter i gathered transitively after delegation (if
voter i delegates, then weighti = 0). The outcome of the election is then determined
by a weighted majority; it is correct if and only if

∑n
i=1 weightiVi ≥ n/2.

Kahng et al. also introduce the concept of a delegation mechanism, which deter-
mines whether voters delegate and, if so, to whom they delegate. They are especially
interested in local mechanisms, where the delegation decision of a voter depends only
on their local neighborhood according to an underlying social network. They assume
that voters delegate only to those with strictly higher competence, which excludes the
possibility of cyclic delegations. To evaluate liquid democracy, Kahng et al. test the

1See https://tinyurl.com/y52j6nfs.
2The use of the term “epistemic” in this context is well-established in the social choice

literature [138, 162].
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intuition that society makes more informed decisions under liquid democracy than
under direct democracy (especially given the foregoing assumption about upward dele-
gation). To that end, they define the gain of a delegation mechanism to be the differ-
ence between the probability the correct outcome is selected under liquid democracy
and the probability the correct outcome is selected under direct democracy. A delega-
tion mechanism satisfies positive gain if its gain is strictly positive in some cases, and
it satisfies do no harm if, for all ε > 0, its gain is at least −ε for sufficiently large in-
stances. Assuming that competence after delegation remains strictly above 1/2, this
will follow from the law of large number that applies to the weighted majority with
weights relatively spread out [91]. The main result of Kahng et al. is that local mech-
anisms can never satisfy these two requirements. Caragiannis and Micha [40] further
strengthen this negative result by showing that there are degenerate instances where
local mechanisms perform much worse than either direct democracy or dictatorship
(the most extreme concentration of power).3

These results undermine the case for liquid democracy: the benefits of delegation
appear to be reversed by concentration of power. However, the negative conclusion
relies heavily on worst-case modeling assumptions. Our research represents a signifi-
cant advance as it offers a comprehensive framework that not only captures the worst-
case scenarios of previous works, but also provides insights into more intriguing ”high
probability” cases. In particular, in this paper, we provide a new theoretical model
and extensive experiments that show that liquid democracy will typically satisfy a
probabilistic version of positive gain and do no harm under minimal assumptions.

6.1.1 Our Contributions and Techniques

Our contributions are the following. First, building on the work of Kahng et al. [115],
we provide a general framework to analyze the stochastic network dynamics of transi-
tive delegations that captures liquid democracy’s intricate interactions between local-
delegation choices and global properties. Second, we identify large classes of delega-

3The former constructs an instance where even with arbitrarily many voters, a constant
number will receive a majority of the delegations. The group has an average competence
above 1/2. The probability liquid democracy gives the right answer can be upper bounded
by a constant strictly below 1, while direct democracy is correct with probability approaching
one. In the latter case, the voters’ numbers and relative competence are chosen so that liquid
democracy almost always gives the incorrect answer (as does direct voting), while dictatorship
is correct with a constant probability.
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tion models where liquid democracy performs well, in that delegations induce a suf-
ficiently small amount of concentration of power and liquid democracy almost surely
results in correct outcomes. Along the way, we prove new high-probability bounds on
the size of the largest component in an infinite Pólya urn process;4 this result may be
of independent interest. Finally, we conduct the first series of lab experiments on liq-
uid democracy that can test epistemic performance. This involved over 11, 000 votes
from 168 participants in six experimental groups, where each group had pre-existing
social ties. Our novel experimental design allows us to compare the performance of
direct and liquid democracy, as well as to analyze properties of real voter delegation
behavior. Importantly, the behaviors we observe align with one of the models we in-
troduce, thus lending support to this approach. Taken together, these results exhibit
a regime in which liquid democracy displays promising performance. We next elabo-
rate on some of our specific techniques.

Stochastic Delegations

Our point of departure from the existing literature is the way we model delegation
in liquid democracy. To emphasize these differences, instead of calling these delega-
tion functions mechanisms, we instead call them delegation models, as they are in-
tended to capture independent voter behavior rather than prescribing to each voter to
whom they must delegate. Our delegation models are defined by M = (q, φ), where
q : [0, 1] → [0, 1] is a function that maps a voter’s competence to the probability
they delegate and φ : [0, 1]2 → R≥0 maps a pair of competencies to a weight. In this
model, each voter i votes directly with probability 1 − q(pi) and, conditioned on del-
egating with probability q(pi), delegates to voter j 6= i with probability proportional
to φ(pi, pj). These delegation functions do not model explicit reasoning; rather, they
model behaviors that may be influenced by tacit knowledge captured by q and φ. A
voter does not need to “know” the competence of another voter to decide whether
to delegate; rather, the delegation probabilities are influenced by competence, as cap-
tured by φnote that delegation cycles are possible, and we take a worst-case approach
to dealing with them: If the delegations form a cycle, then all voters in the cycle are

4An infinite Pólya urn process models an urn process where each new ball picks its urn
with a probability proportional to the size of the urn or creates its own urn with constant
probability.

144



assumed to be incorrect (vote 0).5

The most significant difference between our model of delegation and that of Kahng
et al. [115] is that in our model, each voter has a chance of delegating to any other
voter, whereas in their model, an underlying social network restricts delegation op-
tions. Our model captures a connected world where, in particular, voters may have
heard of experts on various issues even if they do not know them personally. Al-
though our model eschews an explicit social network, it can be seen as embedded
into the delegation process, where the probability that i delegates to j takes into ac-
count the probability that i is familiar with j in the first place. Another difference
between our model and that of Kahng et al. [115] is that we model the competencies
p1, . . . , pn as being sampled independently from a distribution D. While this assump-
tion is made mainly for ease of exposition, it allows us to avoid edge cases and obtain
robust results.

Delegation Models

Our goal is to identify delegation models that satisfy (probabilistic versions of) pos-
itive gain and do no harm. Our first technical contribution, in Section 6.2.1, is the
formulation of general conditions on the model and competence distribution that are
sufficient for these properties to hold (Lemma 6.2.3). In particular, to achieve the
more difficult do no harm property, we present conditions that guarantee the maxi-
mum weight max-weight(Gn) accumulated by any voter is sub-linear with high prob-
ability and the expected increase in competence after delegation is at least a positive
constant times the population size. These conditions prevent extreme concentration of
power and ensure that the representatives after delegation are sufficiently better than
the entire population to compensate for any concentration of power that does happen.

Although the proof is straightforward, the benefit of this lemma is that it then suf-
fices to identify models and distribution classes that verify these conditions. A delega-
tion model M and a competence distribution D induce a distribution over delegation
instances that generates random graphs in ways that relate to well-known graph pro-
cesses, which we leverage to analyze our models. Specifically, we introduce three mod-
els, all shown to satisfy do no harm and positive gain under any continuous distribu-
tion over competence levels. The first models, upward delegation and confidence-based

5In LiquidFeedback, delegation cycles are, in fact, ignored.

145



delegation, are interesting but restricted case studies that demonstrate the robustness
of our approach. By contrast, the general continuous delegation model is, as the name
suggests, quite general. Moreover, it is realistic: its predictions are consistent with our
experiments.

Upward Delegation: In Section 6.3, we consider a model according to which the
probability p of delegation is exogenous and constant across competencies, q(pi) = p,
and delegation can occur only to voters with strictly higher competence (the weight
that any voter i puts on another voter j is φ(pi, pj) = I{pj−pi>0}. This model captures
the fact that there might be some reluctance to delegate regardless of the voter’s com-
petence but does assume that voters act in the interest of society by only delegating
to voters that are more competent than they are.

To generate a random graph induced by such a model, one can add a single voter
at a time in order of decreasing competence and allow the voter to either not delegate
(with probability 1 − p) and create their own disconnected component, or delegate
to the creator of any other component with probability proportional the size of the
component. This works because delegating to any voter in the previous components
is possible (since they have strictly higher competence) and would result in the votes
being concentrated in the originator of that component by transitivity. Such a process
exactly generates a preferential attachment graph with a positive probability of not
attaching to the existing components, also called an infinite Pólya urn process [187].
We can then show that, with high probability, no component grows too large so long
as p < 1 (see Section 6.1.1 for an overview of this step). Further, continuity of the
competence distribution ensures that enough lower competence voters delegate to
higher competence voters to sufficiently increase the average.

Confidence-Based Delegation. In Section 6.4, we consider a model in which
voters delegate with probability decreasing in their competencies and choose some-
one at random when they delegate. That is, the probability q(pi) that any voter i

delegates is decreasing in pi and the weight that any voter i gives to any voter j is
φ(pi, pj) = 1. In other words, in this model, competence does not affect the probabil-
ity of receiving delegations, only the probability of delegating.

To generate a random graph induced by such a model, one can begin from a ran-
dom vertex and study the delegation tree that starts at that vertex. A delegation tree
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is defined as a branching process, where a node i’s “children” are the nodes that del-
egated to node i. In contrast to classical branching processes, the probability for a
child to be born increases as the number of people who already received delegations
decreases. Nevertheless, we prove that, with high probability, as long as a delegation
tree is no larger than O(log n), our heterogeneous branching process is dominated by
a sub-critical graph branching process [3]. We can then conclude that no component
has size larger than O(log n) with high probability. Next, we show that the expected
competence among the voters that do not delegate is strictly higher than the average
competence.

General Continuous Delegation. Finally, we consider a general model in Sec-
tion 6.5 where the likelihood of delegation is fixed and the weight assigned to each
voter when delegating is increasing in their competence. That is, each voter i del-
egates with probability q(pi) = p and the weight that voter i places on voter j is
φ(pi, pj), where φ is continuous and increases in its second coordinate. Thus, in this
model, the delegation distribution is slightly skewed towards more competent voters.

To generate a random graph induced by such a model, we again consider a branch-
ing process, but now voters j and k place different weights on i per φ. Therefore,
voters have a type that governs their delegation behavior; this allows us to define a
multi-type branching process with types that are continuous in [0, 1]. The major part
of the analysis is a proof that, with high probability, as long as the delegation tree
is no larger than O(log n), our heterogeneous branching process is dominated by a
sub-critical Poisson multi-type branching process. In a manner similar to Confidence-
Based Delegation, we also show that there is an expected increase in competence after
delegation.

Component Sizes in Infinite Pólya Urn Processes

Recall that to prove that upward delegation satisfies do no harm, we show that the
largest component in an infinite Pólya urn process is sub-linear with high probability
(Lemma 6.3.2). We briefly expand on the proof as this result was, to the best of our
knowledge, not previously known in the random graph literature, and may be of in-
dependent interest. We begin by focusing on the first tγ bins (for a suitably chosen
γ depending on the attachment probability p) and derive an upper bound on the ex-
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pected size of these bins. This allows us to use Markov’s inequality and union bound
over all bins to show that simultaneously all of them are sublinear in size with high
probability.

Second, we take care of the remaining bins by observing that each additional bins’s
growth is isomorphic to a classic Pólya urn process with two bins, whose limiting dy-
namic follows a Beta distribution. We analyze the rate of convergence, which allows
us to give sufficiently strong bounds using Chebyshev’s inequality after exactly t − tγ

steps, and union bound over all of these bins, concluding that all are sublinear with
high probability.

Consistency With Experiments

Lastly, we conduct six experiments to statistically estimate the functions q and φ,
and test the overall effectiveness of liquid democracy. Participants were presented
with several yes or no questions on various topics. We call the set of questions related
to each topic a task. For each task, participants could either choose to vote directly
or delegate their vote (for all questions) to another participant. They only saw the
questions in a task if they chose to vote directly. In a later phase, they were asked to
answers the questions they had delegated (and not seen) to see how they would have
voted. This setup allows us to do a few things. First, it induces a matched-pair design
where, for each task and experiment, we can compare the accuracy of voting under
liquid and direct democracy. Second, we use the answers to all questions to estimate
participants’ competencies. Using this information, we study how delegation behavior
depends on competence and investigate whether it is consistent with the theoretical
findings.

Results suggest that (i) competence is inversely correlated with the chance of dele-
gation, and (ii) the likelihood of delegating to another voter increases with their com-
petence. The results, therefore, support the assumptions and predictions made by the
confidence-based and general continuous-delegation models. Taken together, these re-
sults exhibit a regime in which liquid democracy is overall more likely to pinpoint the
truth than direct democracy.
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6.1.2 Related work

The most closely related paper is that of Kahng et al. [115], which was discussed in
detail above. It is worth noting, though, that they complement their negative result
with a positive one: when the mechanism can restrict the maximum number of delega-
tions (transitively) received by any voter to o(

√
log n), do no harm and positive gain

are satisfied. Imposing such a restriction would require a central planner that mon-
itors and controls delegations. Gölz et al. [86] build on this idea: they study liquid
democracy systems where voters may nominate multiple delegates and a central plan-
ner chooses a single delegate in order to minimize the maximum weight of any voter.
Similarly, Brill and Talmon [37] introduces a process that allows voters to specify or-
dinal preferences over delegation options and possibly restricting or modifying dele-
gations in a centralized way. Caragiannis and Micha [40], and then Becker et al. [22]
also consider central planners; they show that, for given competencies, the problem of
choosing among delegation options to maximize the probability of a correct decision
is hard to approximate. In any case, implementing these proposals would require a
fundamental rethinking of the practice of liquid democracy. By contrast, our positive
results show that decentralized delegation models can be inherently self-regulatory,
which supports the effectiveness of the current practice of liquid democracy.

More generally, there has been a significant amount of theoretical research on liq-
uid democracy in recent years. To give a few examples: Green-Armytage [88] studies
whether it is rational for voters to delegate their vote from a utilitarian viewpoint;
Christoff and Grossi [50] examine a similar question but in the context of voting on
logically interdependent propositions; Bloembergen et al. [31], Zhang and Grossi [212]
and Dhillon et al. [62] study liquid democracy from a game-theoretic viewpoint.

Next, our work builds on the random graph literature, as our delegation processes
are related to well-known stochastic graph processes. Upward delegation can be viewed
as a generalization of the preferential attachment model where agents do not attach
to the existing component(s) with a fixed probability. Classical preferential attach-
ment models assume that a new node attaches to an existing node n0 with probability
(parameterized by an attachment function) depending on the degree of n0 [20, 64].
In our framework, a new component may be created with sfixed probability, a setup
introduced by Simon [187] and usually referred to as an infinite Pólya urn process.
Others have studied the distribution of degrees [63], the distribution of the number of
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components with k people at time t [51], and the conditions for the emergence of infi-
nite components [53]. However, to the best of our knowledge, the existing results do
not allow us to derive bounds on the size of the largest component with high probabil-
ity after a finite amount of time.

In terms of our experiments on liquid democracy, ours is the first paper to conduct
experiments with human subjects. Previous papers have studied different aspects of
liquid democracy through experiments in corporate [101] and political environments
Independent of and essentially cooncurrent with our work, Campbell et al. [39] tested
a game-theoretic formulation of liquid democracy. Unlike our experiments, they used
online platforms to gather participants who did not know each other. Participants
were assigned a probability of being correct and asked whether they would want to
delegate to others, with experts (those with the highest probability of being correct)
being publicly known. The delegations were randomly assigned to the pre-determined
experts in one set-up, and through the random dot kinematogram task in another one.
The group sizes considered are 5 people with one expert, 15 people with 3 experts and
125 people with 25 experts. While this study reveals interesting connections between
individuals’ perceived competence and delegation behavior, it cannot investigate how
experts are (or are not) identified endogenously through interpersonal knowledge em-
bedded in a social networks, since the participants do not know each other.

Last, our work relates to recent advances in managerial studies that consider novel
forms of governance, such as corporate governance [e.g., 106], blockchain technolo-
gies [e.g., 26, 137], and prediction markets [e.g., 13, 47].

6.2 Model

There is a set of n voters, denoted [n] = {1, . . . , n}. We assume voters are making a
decision on a binary issue with possible answers 0 and 1; there is a correct alternative
(1) and an incorrect alternative (0). Each voter i has a competence level pi ∈ [0, 1]

which is the probability that i votes correctly. We denote the vector of competencies
by p⃗n = (p1, . . . , pn). When n is clear from the context, we sometimes drop it from
the notation.

Delegation graphs A delegation graph Gn = ([n], E) on n voters is a directed
graph with voters as vertices and a directed edge (i, j) ∈ E denoting that i delegates
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their vote to j. Again, if n is clear from context, we occasionally drop it from the no-
tation. The outdegree of a vertex in the delegation graph is at most 1 since each voter
can delegate to at most one person. Voters that do not delegate have no outgoing
edges. In a delegation graph Gn, the delegations received by a voter i, delsi(Gn), is
defined as the total number of people that (transitively) delegated to i in Gn, (i.e.,
the total number of ancestors of i in Gn). The weight of a voter i, weighti(Gn), is
delsi(Gn) + 1 (the number of delegation they received plus their own weight) if i votes
directly, and 0 if i delegates. We define max-weight(Gn) = maxi∈[n] weighti(Gn) to
be the largest weight of any voter and define total-weight(Gn) =

∑n
i=1 weighti(Gn).

Since each vote is counted at most once, we have that total-weight(Gn) ≤ n. However,
note that if delegation edges form a cycle, then the weight of the voters on the cycle
and voters delegating into the cycle are all set to 0 and hence will not be counted. In
particular, this means that total-weight(Gn) may be strictly less than n.6

Delegation instances We call the tuple (p⃗n, Gn) a delegation instance, or simply
an instance, on n voters. Let Vi = 1 if voter i would vote correctly if i did vote, and
Vi = 0 otherwise. Fixed competencies p⃗n induce a probability measure Pp⃗n over the
n possible binary votes Vi, where Vi ∼ Bern(pi). Given votes V1, . . . , Vn, we let XD

n

be the number of correct votes under direct democracy, that is, XD
n =

∑n
i=1 Vi. We

let XF
Gn

be the number of correct votes under liquid democracy with delegation graph
Gn, that is, XF

Gn
=
∑n

i=1 weighti(Gn) · Vi. The probability that direct democracy and
liquid democracy are correct are Pp⃗n [X

D
n > n/2] and Pp⃗n [X

F
Gn

> n/2], respectively.

Gain of a delegation instance We define the gain of an instance as

gain(p⃗n, Gn) = Pp⃗n [X
F
Gn

> n/2]− Pp⃗n [X
D
n > n/2].

In words, it is the difference between the probability that liquid democracy is correct
and the probability that majority is correct.

Randomization over delegation instances In general, we assume that both
competencies and delegations are chosen randomly. Each voter’s competence pi is

6This is a worst-case approach where cycles can only hurt the performance of liquid democ-
racy, since this assumption is equivalent to assuming that all voters on the cycles vote incor-
rectly.
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sampled i.i.d. from a fixed distribution D with support contained in [0, 1]. Delegations
will be chosen according to a model M . A model M = (q, φ) is composed of two parts.
The first q : [0, 1]→ [0, 1] is a function that maps competencies to the probability that
the voter delegates. The second φ : [0, 1]2 → R≥0 maps pairs of competencies to a
weight. A voter i with competence pi will choose how to delegate as follows:

– With probability 1− q(pi) they do not delegate.

– With probability q(pi), i delegates; i places weight φ(pi, pj) on each voter j 6=
i and randomly sample another voter j to delegate to proportional to these
weights. In the degenerate case where φ(pi, pj) = 0 for all j 6= i, we assume
that i does not delegate.

A competence distribution D, a model M , and a number n of voters induce a prob-
ability measure PD,M,n over all instances (p⃗n, Gn) of size n.

We can now redefine the do no harm (DNH) and positive gain (PG) properties
from Kahng et al. [115] in a probabilistic way.

Definition 6.2.1 (Probabilistic do no harm). A model M satisfies probabilistic do no
harm with respect to a class D of distributions if, for all distributions D ∈ D and all
ε, δ > 0, there exists n0 ∈ N such that for all n ≥ n0,

PD,M,n[gain(p⃗n, Gn) ≥ −ε] > 1− δ.

Definition 6.2.2 (Probabilistic positive gain). A model M satisfies probabilistic pos-
itive gain with respect to a class D of distributions if there exists a distribution D ∈ D

such that for all ε, δ > 0, there exists n0 ∈ N such that for all n ≥ n0,

PD,M,n[gain(p⃗n, Gn) ≥ 1− ε] > 1− δ.

7

7Note that positive gain and do no harm relate to the notion of concentration of the
weighted sum

∑n
i=1 weightiVi. Indeed, the probability of direct democracy being correct ap-

proaches 1 as n increases when the average competence is strictly above 1/2. As a result, do
no harm is satisfied by a delegation model exactly when the probability that liquid democracy
is correct also approaches 1. This happens when the competence after delegation remains
strictly above 1/2, and the weighted sum

∑n
i=1 weightiVi concentrates. Positive gain also

holds if there exists a setup where the average group competence is strictly below 1/2, and
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6.2.1 Core Lemma

Next, we give a key lemma, which provides sufficient conditions for a model M to
satisfy probabilistic do no harm and probabilistic positive gain with respect to a class
D of distributions. This lemma will form the basis of all of our later results.

Lemma 6.2.3. If M is a model, D a class of distributions, n a number of persons,
and for all distributions D ∈ D, there is an α ∈ (0, 1) and C : N→ N with C(n) ∈ o(n)

such that

PD,M,n [max-weight(Gn) ≤ C(n)] = 1− o(1) (6.1)

PD,M,n

[
n∑

i=1

weighti(Gn) · pi −
n∑

i=1

pi ≥ 2αn

]
= 1− o(1), (6.2)

then M satisfies probabilistic do no harm. If in addition, there exists a distribution
D ∈ D and an α ∈ (0, 1) such that

PD,M,n

[
n∑

i=1

pi + αn ≤ n/2 ≤
n∑

i=1

weighti(Gn) · pi − αn

]
= 1− o(1), (6.3)

then M satisfies probabilistic positive gain.

Proof. We establish the two properties separately.

Probabilistic do-no-harm: We first show that a model M that satisfies conditions (6.1)
and (6.2) satisfies probabilistic do no harm. Fix an arbitrary competence distribu-
tion D ∈ D and let α and C be such that (6.1) and (6.2) are satisfied. Without
loss of generality, suppose that C(n) ≤ n for all n, as replacing any larger values
of C(n) with n will not affect (6.1) (since max-weight(Gn) ≤ n for all graphs Gn

on n vertices). Fix ε, δ > 0. We must identify some n0 such that for all n ≥ n0,
PD,M,n[gain(p⃗n, Gn) ≥ −ε] > 1− δ.

We will begin by showing there exists n1 ∈ N such that for all instances (p⃗n, Gn) on
n ≥ n1 voters, if both

max-weight(Gn) ≤ C(n) and (6.4)

the average competence after delegation remains strictly above 1/2 and the weighted sum∑n
i=1 weightiVi concentrates. In turn, these established benchmarks are directly mapped to

existing results in social choice theory on the convergence of weighted majorities [91].

153



n∑
i=1

weighti(Gn) · pi −
n∑

i=1

pi ≥ 2αn, (6.5)

then
gain(p⃗n, Gn) ≥ −ε. (6.6)

Since (6.4) and (6.5) each hold with probability 1 − o(1) by (6.1) and (6.2), for
sufficiently large n, say n ≥ n2, they will each occur with probability at least 1 − δ/2.
Hence, by a union bound, for all n ≥ n2, they both occur with probability at least 1−
δ. By taking n0 = max(n1, n2), this implies that probabilistic do no harm is satisfied.

We now prove that, for sufficiently large n, (6.4) and (6.5) imply (6.6). First, we
will show that

gain(p⃗n, Gn) ≥ −Pp⃗n [X
D
n > XF

Gn
]. (6.7)

Indeed, we have that

Pp⃗n [X
D
n > n/2] = Pp⃗n [X

D
n > n/2, XF

Gn
> n/2] + Pp⃗n [X

D
n > n/2, XF

Gn
≤ n/2]

≤ Pp⃗n [X
F
Gn

> n/2] + Pp⃗n [X
D
n > XF

Gn
]

where the first transition holds by the law of total probability, and the second because
the corresponding events are contained in each other. That is,

{XD
n > n/2, XF

Gn
> n/2} ⊆ {XF

Gn
> n/2}

and
{XD

n > n/2, XF
Gn
≤ n/2} ⊆ {XD

n > XF
Gn
}.

Re-arranging the terms above yields (6.7).
Hence, for our purpose, it suffices to show that (6.4) and (6.5) imply

Pp⃗n

[
XD

n > XF
Gn

]
≤ ε.

Intuitively, we will use (6.5) to show the expected value of XD
n is well below the ex-

pected value of XF
Gn

. Then we will show both XD
n and XF

Gn
concentrate well around

their means, where for the latter we will need (6.4). Together, these observations im-
ply that XF

Gn
> XD

n with high probability.
Fix an instance (p⃗n, Gn) on n voters satisfying (6.4) and (6.5). We will show that
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for sufficiently large n,

Pp⃗n

[
XD

n <

n∑
i=1

pi + αn

]
> 1− ε/2 (6.8)

and

Pp⃗n

[
XF

Gn
>

n∑
i=1

weighti(Gn) · pi − αn

]
> 1− ε/2. (6.9)

Note that since (6.5) holds for this instance,
∑n

i=1 pi+αn ≤
∑n

i=1 weighti(Gn) ·pi−αn.
Therefore, when both events whose probability is considered in (6.8) and (6.9) hold,
XD

n ≤ XF
n . Hence,

Pp⃗n [X
D
n ≤ XF

Gn
] ≥ Pp⃗n

[
XD

n <
n∑

i=1

pi + αn,XF
Gn

>

n∑
i=1

weighti(Gn) · pi − αn

]
> 1− ε

where the last inequality holds by a union bound. This implies that Pp⃗n [X
D
n ≤ XF

Gn
] <

ε, as needed.
It remains to be shown that (6.8) and (6.9) hold for sufficiently large n. For (6.8),

this follows directly from Hoeffding’s inequality. To prove (6.9), first note that, as
shown in Kahng et al. [115],

Varp⃗n
[
XF

Gn

]
=

n∑
i=1

weighti(Gn)
2 · pi(1− pi)

≤ 1

4
·

n∑
i=1

weighti(Gn)
2

≤ 1

4
·
⌈n/C(n)⌉∑

i=1

C(n)2

< nC(n) ∈ o(n2),

where the first inequality holds because p(1 − p) is upper bounded by 1/4, the second
because

∑n
i=1 weighti(Gn) ≤ n with each weighti(Gn) ≤ C(n) so the value is max-

imized by setting as many terms to C(n) as possible, and the final inequality holds
because C(n) ≤ n.
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Hence, by Chebyshev’s inequality,

Pp⃗n

[
XF

Gn
≤ Ep⃗n

[
XF

Gn

]
− αn

]
≤

Varp⃗n [X
F
Gn

]

(αn)2
.

This bound is o(1) because the numerator is o(n2) and the denominators is Ω(n2).
This implies that for sufficiently large n, it will be strictly less than ε/2, so (6.9) holds.

Probabilistic positive gain: Fix a distribution D ∈ D and an α ∈ (0, 1) such that
(6.3) holds. We want to show that M satisfies probabilistic positive gain. Since D ∈
D, it also satisfies (6.1) for some C. We show below that there exists an n3 such that
all instances (p⃗n, Gn) with n ≥ n3 voters satisfying (6.4) for which

∑n
i=1 pi + αn ≤

n/2 ≤
∑n

i=1 weighti(Gn) · pi − αn, we have that gain(p⃗n, Gn) ≥ 1 − ε. As with the
DNH part of the proof, since the events of (6.1) and (6.3) each hold with probability
1 − o(1), for sufficiently large n, say n ≥ n4, they each occur with probability at least
1 − δ/2. Hence, by a union bound, for all n ≥ n4, they both occur with probability
1− δ. For n0 = max(n3, n4), probabilistic positive gain is satisfied.

It remains to show that that if (6.1) and (6.3) hold for a specific instance (p⃗n, Gn),
then gain(p⃗n, Gn) ≥ 1 − ε for sufficiently large n. Since D ∈ D, (6.8) and (6.9) are
both satisfied for sufficiently large n. When

n∑
i=1

pi + αn ≤ n/2 ≤
n∑

i=1

pi − weighti(Gn) · αn

is satisfied as well, we get that Pp⃗n

[
XD

n > n/2
]
< ε/2 and Pp⃗n

[
XL

Gn
> n/2

]
> 1− ε/2,

so gain(p⃗n, Gn) > 1− ε is immediate.

In words, condition (6.1) ensures that, as the number of voters grows large, the
weighted number of correct votes under liquid democracy will concentrate around its
expectation,

∑n
i=1 weighti(Gn) · pi. Standard concentration results already imply this

holds for direct democracy. Condition (6.2) ensures that these expectations are suffi-
ciently separated. So with high probability, liquid democracy will have more correct
votes than direct democracy, which is sufficient to guarantee DNH. Finally, Condi-
tion (6.3) ensures that in some cases, the expectations for direct and liquid votes will
be below and over half the voters, respectively, which after applying concentration
means there will likely be a large gain.
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In the following sections, we investigate natural delegation models and identify con-
ditions such that the models satisfy probabilistic do no harm and probabilistic posi-
tive gain. In all instances, we will invoke Lemma 6.2.3 after showing that its sufficient
conditions are satisfied.

6.3 Strictly Upward Delegation Model

We now turn to the analysis of a simple model that assumes that voters either do not
delegate with fixed exogenous probability or delegate to voters that have a compe-
tence greater than their own.

Formally, for a fixed p ∈ [0, 1] we let MU
p = (q, φ) be the model consisting of

q(pi) = p for all pi ∈ [0, 1], and φ(pi, pj) = I{pj>pi} for all i, j ∈ [n]. That is, voter
i delegates with fixed probability p and puts equal weight on all the more competent
voters. In other words, if voter i delegates, then i does so to a more competent voter
chosen uniformly at random. Note that a voter with maximal competence will place 0

weight on all other voters, and hence is guaranteed not to delegate. We refer to MU
p

as the Upward Delegation Model parameterized by p.

Theorem 6.3.1 (Upward Delegation Model). For all p ∈ (0, 1), MU
p satisfies prob-

abilistic do no harm and probabilistic positive gain with respect to the class DC of all
continuous distributions.

The proof of the theorem relies on novel bounds we drive on the largest bin size
in an infinite Pólya urn process [51, 187]. We first formally define the process and
present our bound in Lemma 6.3.2. A Pólya urn process with attachment probability
p begins at time t = 1 with one ball in one bin. At each timestep t > 1, a new ball
arrives. With probability 1− p, a new bin is created and the new ball is placed in that
bin; with probability p, the ball joins an existing bin, and it does so with probability
proportional to the number of balls in the bins, i.e., if there are three bins containing
1, 2, and 3 balls respectively, it joins each with probability 1/6, 2/6, and 3/6 respec-
tively. We then have the following.

Lemma 6.3.2. For all p ∈ (0, 1) and t ≥ 1, let Lp
t be the random variable denoting

the maximum number of balls in any bin after running the infinite Pólya urn process
with new-bin probability p for t steps. Then, there exists δ < 1 depending only on p

such that for all T ≥ 1, Pr[Lp
T ≤ T δ] = 1− o(1).
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Proof. Fix the parameter p ∈ (0, 1). Choose γ to be a constant such that 3/4 < γ < 1;
note that p + (1 − p)γ < p + (1 − p) = 1. Choose δ (for the lemma statement) such
that p+ (1− p)γ < δ < 1. Notice that we can choose γ and δ such that δ is arbitrarily
close to 3/4 + p/4.

Let B(k) denote the k-th bin. Let U
(k)
t be the size of B(k) at time t. Since there are

at most t bins by time t, notice that Lp
t = max(U

(1)
t , . . . , U

(t)
t ). In general, our ap-

proach will be to analyze bins separately and show that U
(k)
T remains below T δ with

high enough probability so that we can union bound over all possible k ≤ T . That is,
we will show

T∑
k=1

Pr[U
(k)
T > T δ] = o(1),

which also implies Pr[Lp
T > T δ] = o(1). Hence, it will be useful to consider this

process more formally from the perspective of the kth bin, B(k). The kth bin B(k)

is “born” at some time t ≥ k, the kth time in which a ball does not join a pre-existing
bin, at which point U

(k)
t = 1 (prior to this, U (k)

t = 0). More specifically, the first bin
B(k) is guaranteed to be born at time t = 1 and for all other k > 1, B(k) will be born
at time t ≥ k with probability

(
t−1
k−1

)
(1 − p)kpt−k, although these exact probabilities

will be unimportant for our analysis. Once born, we have the following recurrence on
U

(k)
t describing the probability B(k) will be chosen at time t:

U
(k)
t =

U
(k)
t−1 + 1 with probability p·U(k)

t−1

t−1

U
(k)
t−1 with probability 1− p·U(k)

t−1

t−1 .

Let W
(k)
t be the process for the size of bin that is born at time k. That is, W (k)

k = 1,
and for k > t, W (k)

t follows the exact same recurrence as U
(k)
t . Note that since the

kth bin B(k) can only be born at time k or later, we have that W
(k)
t stochastically

dominates U
(k)
t for all k and t. Hence, it suffices to show that

T∑
k=1

Pr[W
(k)
T > T δ] = o(1). (6.10)

We split our analysis into two parts: the first consider the first T γ bins, while the
second considers the last T − T γ bins.

158



We first show that
∑T γ

k=1 P[W
(k)
T > T δ] = o(1). Note that the expectation of W (k)

n

E[W (k)
n ] =

Γ(n+ p)Γ(k)

Γ(p+ k)Γ(n)
(6.11)

for all k ≤ n, where Γ represents the Gamma function. Recall that W
(k)
k = 1 and we

have the following recurrence for all t > k:

W
(k)
t =

W
(k)
t−1 + 1 with probability p·W (k)

t−1

t−1

W
(k)
t−1 with probability 1− p·W (k)

t−1

t−1 .

By the tower property of expectation, for all t ≥ k + 1,

E[W (k)
t ] = E[E[W (k)

t |W (k)
t−1]]

= E[W (k)
t−1(1 +

p

t− 1
)]

= E[W (k)
t−1](1 +

p

t− 1
).

Thus, by a straightforward induction argument and the fact that E[W (k)
k ] = 1,

E[W (k)
T ] = E[W (k)

k ]

T−1∏
i=k

(1 +
p

i
) =

T−1∏
i=k

(1 +
p

i
).

Expanding this, we have

T−1∏
i=k

(1 +
p

i
) =

T−1∏
i=k

i+ p

i

=
1∏T−1
i=k i

·
T−1∏
i=k

(i+ p)

=
(k − 1)!

(T − 1)!
·
∏T−1

i=0 (i+ p)∏k−1
i=0 (i+ p)

=
(k − 1)!

(T − 1)!

Γ(p+T )
Γ(p)

Γ(k+p)
Γ(p)

=
Γ(T + p)Γ(k)

Γ(p+ k)Γ(T )
,
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where the fourth equality holds because Γ(x + 1) = xΓ(x) for all x ∈ R, and the last
uses the fact that Γ(n) = (n− 1)! for all n ∈ N. This proves (6.11).

Using this along with Gautchi’s inequality [81], (t + p − 1)p ≤ Γ(p+t)
Γ(t) ≤ (t + p)p,

to approximate the Γ terms, we can apply Markov’s inequality and use algebra to get∑nγ

k=1 P[W k
n > nδ] = o(1). can now use Markov’s inequality to show that for all k,

Pr
[
W

(k)
T > T δ

]
≤

E[W (k)
T ]

T δ
=

1

T δ
· Γ(T + p)

Γ(T )
· Γ(k)

Γ(k + p)
.

Hence,

T γ∑
k=1

Pr[W
(k)
T > T δ] ≤

T γ∑
k=1

1

T δ
· Γ(T + p)

Γ(T )
· Γ(k)

Γ(k + p)
=

1

T δ
· Γ(T + p)

Γ(T )
·
T γ∑
k=1

Γ(k)

Γ(k + p)
.

What remains to be shown is that

1

T δ
· Γ(T + p)

Γ(T )
·
T γ∑
k=1

Γ(k)

Γ(k + p)
= o(1).

To do this, we will use Gautschi’s inequality [81] which states that for all x > 0, since
p ∈ (0, 1),

(x+ p− 1)p ≤ Γ(p+ x)

Γ(x)
≤ (x+ p)p

We then have that

1

T δ
· Γ(T + p)

Γ(T )
·
T γ∑
k=1

Γ(k)

Γ(k + p)
≤ (T + p)p

T δ
·
T γ∑
k=1

1

(k + p− 1)p

=
(T + p)p

T δ
·

(
1

pp
+

1

(1 + p)p
+

T γ∑
k=3

1

(k + p− 1)p

)

≤ (T + p)p

T δ
·

(
1

pp
+

1

(1 + p)p
+

T γ∑
k=3

1

(k − 1)p

)

=
(T + p)p

T δ
·

(
1

pp
+

1

(1 + p)p
+

T γ−1∑
k=2

1

kp

)

≤ (T + p)p

T δ
·

(
1

pp
+

1

(1 + p)p
+

T γ∑
k=2

1

kp

)

160



≤ (T + p)p

T δ
·
(

1

pp
+

1

(1 + p)p
+

∫ T γ

1

1

xp
dx

)
=

(T + p)p

T δ
·
(

1

pp
+

1

(1 + p)p
+

x1−p

1− p

∣∣∣T γ

1

)
=

(T + p)p

T δ
·

(
T γ(1−p)

1− p
+

1

pp
+

1

(1 + p)p
− 1

1− p

)
.

Notice that asymptotically, this upper bound is O(T−δ+p+γ·(1−p)). By our choice of δ,
δ > p+ γ · (1− p), so this implies that it is is o(1), as desired.

Now consider the final T − T γ components. We will prove that Pr[W
(T γ+1)
T > T δ] =

o(1/T ). Since W
(k)
T stochastically dominates W

(k′)
T for all k′ ≥ k, this implies that

Pr[W
(k)
T > T δ] = o(1/T ) for all k ≥ T γ + 1. Hence,

T∑
k=T γ+1

Pr
[
W

(k)
T > T δ

]
= o(1).

To do this, we compare the W
(T γ+1)
t process to another process, Vt. We define V0 =

1, and for t > 0, take Vt to satisfy the following recurrence:

Vt =

Vt−1 + 1 with probability Vt−1

t+nγ

Vt−1 with probability 1− Vt−1

t+nγ .

This is identical to the W recurrence with t shifted down by nγ + 1 except without
the p factor. Hence, VT−T γ+1 clearly stochastically dominates W

(T γ+1)
T . For conve-

nience in calculation, we will instead focus on bounding VT which itself stochastically
dominates VT−T γ+1.

Next, note that the Vt process is isomorphic to the following classic Pólya urn pro-
cess. We begin with two bins, one with a single ball and the other with nγ balls. At
each time, a new ball is added to one of the two bins with probability proportional to
the bin size. The process Vt is isomorphic to the size of the one-ball urn after t steps.
Classic results tell us that for fixed starting bin sizes a and b, as the number of steps
grows large, the possible proportion of balls in the a-bin follows a Beta(a, b) distribu-
tion [67, 114, 140, 143, 164].

The mean and variance of such a Beta distribution would be sufficient to prove
our necessary concentration bounds; however, for us, we need results after exactly
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T − T γ steps, not simply in the limit. Hence, we will be additionally concerned with
the speed of convergence to this Beta distribution.

Let XT = VT
T and ZT ∼ Beta(1, T γ). From Janson [112], we know that the rate of

convergence is such that, for any p ≥ 1

ℓp(XT , ZT ) = Θ(1/T ) (6.12)

where ℓp is the minimal Lp metric, defined as

ℓp(X,Y ) = inf{E[|X ′ − Y ′|p]1/p | X ′ d
= X,Y ′ d

= Y },

which can be thought of as the minimal Lp norm over all possible couplings between
X and Y . For our purposes, the only fact about the ℓp metric we will need is that
ℓp(X, 0) = E[|X|p]1/p where 0 is the identically 0 random variable. Since ℓp is in fact
a metric, the triangle inequality tells us that ℓp(0, Xn) ≤ ℓp(0, Zn) + ℓp(Zn, Xn), so,
combining with (6.12), we have that

E[|XT |p]1/p ≤ E[|ZT |p]1/p +Θ(1/T ) (6.13)

for all p ≥ 1.
Note that since ZT ∼ Beta(1, T γ),

E[ZT ] =
1

1 + T γ
= Θ(T−γ)

and
Var[ZT ] =

T γ

(2 + T γ)(1 + T γ)2
= Θ(T−2γ).

Given these results, we are ready to prove that VT is smaller than T δ with probability
1 − o(1/T ). Precisely, we want to show that Pr[XT ≥ T δ−1] = o(1). By Chebyshev’s
inequality,

Pr[XT ≥ T δ−1] ≤ Var[XT ]

(T δ−1 − E[XT ])2
.

Inequality (6.13) with p = 1 along with the fact that XT and ZT are always nonneg-
ative implies that E[XT ] ≤ E[ZT ]+Θ(1/T ) = O(T−γ). Hence, T δ−1−E[XT ] = Ω(T δ−1)
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since δ − 1 > −1/2 > −γ. We can therefore write:(
T δ−1 − E[XT ]

)2
= Ω(T−2(δ−1)). (6.14)

Inequality (6.13) with p = 2 implies that
√
E[X2

T ] ≤
√
E[Z2

T ] + Θ(1/T ). Hence,

E[X2
T ] ≤ (Θ(1/T ) +

√
E[Z2

T ])
2

≤ (Θ(1/T ) +
√
E[ZT ]2 +Var[ZT ])

2

≤ (Θ(1/T ) +
√
Θ(T−2γ))2

= (Θ(1/T ) + Θ(T−γ))2

= Θ(T−γ)2

= Θ(T−2γ).

Next, note that Var[XT ] ≤ E[X2
T ], so

Var[XT ] = O(T−2γ) (6.15)

as well. Combining (6.14) and (6.15), we have that

Pr[XT ≥ T δ−1] ≤ Var[XT ]

(T δ−1 − E[XT ])2
= O

(
T−2γ+2(1−δ)

)
.

Since −2γ + 2(1 − δ) < 1, given our assumption that 3/4 < γ < δ, it follows that
Pr[XT ≥ T δ−1] = o(1/T ), which allows us to conclude that

T∑
k=T γ+1

Pr[W
(k)
T > T δ] = o(1).

Since we showed earlier that
∑T γ

k=1 Pr[W
(k)
T > T δ] = o(1), we have that

T∑
k=1

Pr[W
(k)
T > T δ] = o(1),

as needed.
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We are now ready to prove the theorem about Upward Delegation.

Proof of Theorem 6.3.1. To prove the theorem, we will prove that the Upward Del-
egation Model with respect to DC satisfies (6.1), (6.2), (6.3), which implies that the
model satisfies probabilistic do no harm and positive gain by Lemma 6.2.3.

Upward Delegation satisfies (6.1)
To do this, we will simply show that the component sizes in Gn sampled accord-

ing to PD,M,n have the same distribution as the bin sizes in a Pólya urn process with
attachment probability p, and hence max-weight(Gn) follows the same distribution
as Lp

n. Once we have shown this, (6.1) follows immediately from Lemma 6.3.2 as
nδ ∈ o(n).

To that end, fix some sampled competencies p⃗n. Recall that each entry pi in p⃗n is
sampled i.i.d. from D, a continuous distribution. Hence, almost surely, no two com-
petencies are equal. From now on, we condition on this probability 1 event. Now con-
sider sampling the delegation graph Gn. By the design of the model MU

p , we can con-
sider a random process for generating Gn that is isomorphic to sampling according to
PD,M,n as follows: first, order the competencies p(1) > p(2) > · · · > p(n) (note that
such strict order is possible by our assumption that all competencies are different)
and rename the voters such that voter i has competence p(i); then construct Gn itera-
tively by adding the voters one at a time in decreasing order of competencies, voter 1

at time 1, voter 2 at time 2, and so on.
We start with the voter with the highest competence, voter 1. By the choice of φ,

voter 1 places weight 0 on every other voter and hence by definition does not dele-
gate. This voter forms the first component in the graph Gn, which we call C(1). Then,
we add voter 2 who either delegates to voter 1 joining component C(1) with proba-
bility p, or starts a new component C(2) with probability 1 − p. Next, we add voter
3. If 2 ∈ C(1) (that is, if 2 delegated to 1), 3 either delegates to 1 (either directly or
through 2 by transitivity) with probability p or she starts a new component C(2). If
2 ∈ C(2), then 3 either delegates to 1 with probability p/2 and is added to C(1), or del-
egates to 2 with probability p/2 and is added to C(2), or starts a new component C(3).
In general, at time t, if there are k existing components C(1), . . . , C(k), voter t either
joins each component C(j) with probability p|C(j)|

t−1 or starts a new component with
probability 1− p. To construct Gn, we run this process for n steps. Notice that this is
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identical to the Pólya urn process with bins B(k) and balls replaced with components
C(k) and voters being run for n steps, as needed.

Upward Delegation satisfies (6.2)
We will show there exists α ∈ (0, 1) such that

∑n
i=1 weighti(Gn) · pi−

∑n
i=1 pi ≥ 2αn

with high probability, so (6.2) is satisfied. Note that in the present scheme, cycles are
impossible, so do need to worry about ignored voters.

Since D is a continuous distribution, there exists a < b such that πa := D[{p : p <

a}] > 0 and πb := D[{p : p > b}] > 0. Let Na,n(p⃗n) be the number of voters in
p⃗n with competence pi < a and Nb,n(p⃗n) be the number of voters with competence
pi > b. When we sample competencies, since each is chosen independently, Na,n ∼
Bin(n, πa) and Nb,n ∼ Bin(n, πb). By Hoeffding’s inequality and the union bound,
with probability 1− o(1), there will be at least πa/2 · n voters with competence pi < a

and πb/2 · n voters with competence pi > b. Indeed,

Dn[Na,n >
nπa
2

, Nb,n >
nπb
2

] = 1−Dn[{Na,n ≤
nπa
2
} ∪ {Nb,n ≤

nπb
2
}]

≥ 1− (Dn[Na,n ≤
nπa
2

] +Dn[Nb,n ≤
nπb
2

])

≥ 1− exp(−nπ2
a

2
)− exp(−

nπ2
b

2
),

(6.16)

where the first line comes from De Morgan’s law, the second from the union bound,
and the last from Heoffding’s inequality.

Conditioned on this occurring, each voter with competence pi < a has probabil-
ity at least pπb/2 of delegating to a voter with competence at least b. As they each
decide to do this independently, the number Nab,n of n voters deciding to do this
stochastically dominates a random variable following the Bin(πa/2 · n, p · πb/2) dis-
tribution. We can again apply Hoeffding’s inequality to conclude that with probability
1− o(1), at least πa · πb · p/8 · n voters do so. Indeed,

D[Nab,n >
npπaπb

8
| Na,n >

nπa
2

, Nb,n >
nπb
2

] ≥ D[Bin(nπa
2

,
pπb
2

) >
npπaπb

8
]

≥ 1− exp(−
np2πaπ

2
b

4
),

(6.17)

where the first inequality holds because Nab,n stochastically dominates the correspond-
ing binomial random variable and the second holds by Hoeffding’s inequality. Finally,
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using (6.16) and (6.17), we have

D[Nab,n >
npπaπb

8
] ≥ D[Nab,n >

npπaπb
8

| Na,n >
nπa
2

, Nb,n >
nπb
2

]

· D[Na,n >
nπa
2

, Nb,n >
nπb
2

]

≥ 1− o(1).

Under these upward delegation models, delegations can only increase the total com-
petence of all voters. Hence,

n∑
i=1

delsi(Gn) · pi −
n∑

i=1

pi ≥ (b− a)Nab.n.

Each of these πa · πb · p/8 · n voters results in a competence increase of at least b − a.
Hence, under these high probability events, the total competence increase is at least
(b − a) · πa · πb · p/8 · n. Indeed, since D[Nab,n > npπaπb

8 ] = 1 − o(1), this implies
D[
∑n

i=1 delsi(Gn) · pi −
∑n

i=1 pi >
npπaπb

8 ] = 1− o(1). By choosing α = pπaπb
8 (b− a), we

see that there is an α · n increase in competence with high probability, as needed.
We have proved that for any continuous distribution D, and for well-behaved real-

izations of p⃗n which occur with high probability, the graph generated from the ran-
dom delegation process yields an increase in the expected sum of the votes of at least
α · n. We can then conclude that MU

p satisfies Equation (6.2) with respect to the class
of continuous distributions.

Upward Delegation satisfies (6.3)
We now show that there exists a distribution D such that

∑n
i=1 pi + αn ≤ n/2 ≤∑n

i=1 weighti(Gn) · pi − αn with probability 1− o(1) for some α > 0. This implies that
the model satisfies probabilistic positive gain by Lemma 1.3.3, and will conclude the
proof.

We take D to be Dη, the uniform distribution U [0, 1 − 2η] for some small 0 < η <

p/512. Let α = η/2. Clearly, µDη , the mean of Dη, is 1/2 − η. Since each pi
i.i.d.∼ Dη,

the pis are bounded independent random variables with mean 1/2 − η, so Hoeffding’s
inequality directly implies that

∑n
i=1 pi ≤ n/2−nη/2 = n/2−nα with high probability.

Now consider EF , the event consisting of instances (p⃗n, Gn) such that
∑n

i=1 weighti(Gn)·
pi ≥ n/2 + nα. We denote by ED the event that

∑n
i=1 pi ≥ n/2 − 3nη/2. The same

reasoning as before implies that PrDη ,MU
p ,n(ED) = 1− o(1).
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Let a = 1/4 − η/2 and b = 1/2 − η, so we have that πa := Dη[pi < a] = 1/4 and
πb := Dη[pi > b] = 1/2. We proved in the preceding derivation that

∑n
i=1 weighti(Gn) ·

pi −
∑n

i=1 pi > npπ1πb
8 = np

64 (1 − η) with high probability. Hence, if both this and
ED occur, which is the case with high probability, by the union bound, it follows that∑n

i=1 weighti(Gn) · pi > n/2 + n( p
128(1− η)− 3η/2) with high probability.

Since η < p
512 < 1/2, we have that

p

128
(1− η)− 3η/2 >

p

256
− 3η/2 > 2η − 3η/2 = η/2 = α,

and we can conclude that EF occurs with high probability. Hence, MU
p satisfies Equa-

tion (6.3).

6.3.1 Missing Details from the Proof of Theorem 6.4.1

We show that the Confidence-based Model satisfies (6.3).

Confidence-Based Delegation satisfies (6.3)
We finally show there exists a distribution D such that

∑n
i=1 pi + αn ≤ n/2 ≤∑n

i=1 weighti(Gn) · pi − αn with probability 1− o(1). This implies that the model MC
q

satisfies probabilistic positive gain by Lemma 1.3.3.
Using the notation of the analogous proof in Section 6.3, let Dη = U [0, 1 − 2η] for

η ∈ [0, 1/2). Note that as a function of η, EDη [q
+]

EDη [q̄]
, the expected competence condi-

tioned on not delegating, is continuous. Moreover, if η = 0, then

ED0 [q
+]

ED0 [q̄]
> µD0 = 1/2.

Hence, for sufficiently small η > 0,

EDη [q
+]

EDη [q̄]
> 1/2 > µDη .

We choose Dη to be our distribution for this choice of η. As in the previous section,
let µ∗

Dη
=

EDη [q
+]

E[q̄] . Note that µDη = 1/2−η. Let γ = min(
1/2−µDη

2 ,
µ∗
Dη

−1/2

2 ) and α = γ.
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By the earlier argument for (6.2), we have that with high probability

n∑
i=1

pi ≤ n(µ+ γ) ≤ n/2− αn

and
n∑

i=1

weighti(G)pi ≥ n(µ∗ − γ) ≥ n/2 + αn.

By the union bound, we have that both occur simultaneously with high probability,
so (6.3) holds.

6.4 Confidence-Based Delegation Model

We now explore a model according to which voters delegate with probability that is
strictly decreasing (or, monotonically decreasing, that is x < y implies f(x) > f(y))
in their competence and when they do decide to delegate, they do so by picking a
voter uniformly at random. This models the case where voters do not need to know
anything about their peers’ competencies, but do have some sense of their own compe-
tence, and delegate accordingly.

Formally, for any q, let MC
q = (q, φ1) where φ1(pi, pj) = 1 for all i, j ∈ [n]. Voter i

puts equal weight on all the voters and hence samples one uniformly at random when
they delegate. We refer to MC

q as the Confidence-Based Delegation Model.

Theorem 6.4.1 (Confidence-Based Delegation Model). All models MC
q with mono-

tonically decreasing q satisfy probabilistic do no harm and probabilistic positive gain
with respect to the class DC of all continuous distributions.

Proof. We show that the Confidence-Based Model satisfy (6.1) and (6.2) here, and
relegate showing (6.3) to Appendix 6.3.1.

Confidence-Based Delegation satisfies (6.1)
Fix some distribution D ∈ DC . We show there exists C(n) ∈ O(log n) such that

(6.1) holds.
Note that when sampling an instance (p⃗n, Gn), the probability an arbitrary voter i

chooses to delegate is precisely p := ED[q]. To see this, consider how a voter i chooses
whether to delegate: they first sample a competence pi ∼ D and then sample whether
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or not to delegate from Bern(q(pi)). Treating this as a single process, it is clear that
the overall probability of choosing to delegate is exactly ED[q] by integrating out the
competence.

Further, since D is continuous and q is monotonically decreasing, p ∈ (0, 1). When
a voter does decide to delegate, they do so by picking another voter uniformly at ran-
dom. Hence, we can consider the marginal distribution of delegation graphs directly
(ignoring the competencies). We will show that when sampling a delegation graph, for
any specific voter i, with probability 1 − o(1/n), delsi(Gn) ≤ C(n), which implies
weighti(Gn) ≤ C(n). A union bound over all n voters implies max-weight(Gn) ≤ C(n)

with probability 1− o(1).
To that end, we will describe a branching process similar to the well-known graph

branching process [3], which has the property that the distribution of its size exactly
matches the distribution of delsi(Gn) for an arbitrary voter i. We will compare this
process to a known graph branching process that has size at most O(log n) with high
probability. We will show our process is sufficiently dominated such that it too has
size at most O(log n) with high probability. The branching process works as follows.
Fix our voter i. We sample which other voters end up in i’s “delegation tree” (i.e., its
ancestors in Gn) dynamically over a sequence of time steps. As is standard for these
processes, all voters V will be one of three types, live, dead, or neutral. Dead voters
are those whose “children” (i.e., voters who delegate to them) we have already sam-
pled. Live voters are voters who have decided to delegate, but whose children have
not yet been sampled. Neutral voters are still in the “pool” and have yet to commit
to a delegation. At time zero, i is a live voter, there are no dead voters, and all other
voters V \ {i} are neutral. At each time step, we take some live voter j, sample which
of the neutral voters choose to delegate to j, add these voters as live vertices, and up-
date j as dead. The procedure ends when there are no more live vertices, at which
point the number of delegations received by i is simply the total number of dead ver-
tices.

Let us now describe this more formally. Following the notation of Alon and Spencer
[3], let Zt denote the number of voters we sample to delegate at time t. Let Yt be the
number of live vertices at time t; we have that Y0 = 1. At time t, we remove one live
vertex and add Zt more, so we have the recursion Yt = Yt−1− 1+Zt. We let Nt be the
number of neutral vertices at time t. We have that N0 = n − 1, and Nt = Nt−1 − Zt.
Note that after t time steps, there are t dead vertices and Yt live ones, so this is equiv-
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alent to Nt = n− 1− t− Yt. To sample Zt, we fix some live voter j and ask how many
of the neutral voters chose to delegate to j, conditioned on them not delegating to any
of the dead voters. Note that when sampling at this step, there are t − 1 dead voters
and conditioned on the neutral voters not delegating to the dead ones, the probabil-
ity they delegate to any of the other n − t individuals (not including themselves) is
exactly p

n−t , equally split between them for a total delegation probability of p. Hence
Zt ∼ Bin(Nt−1,

p
n−t) ∼ Bin(n − t − Yt−1,

p
n−t). We denote by XD

n,p the random vari-
able that counts the size of this branching process, i.e., the number of time steps until
there are no more live vertices. Note that the number of delegations received by any
voter has the same distribution as XD

n,p.
Choose some constant p′ such that p < p′ < 1. We will be comparing the XD

n,p

to a graph branching process XG
n,p′ . The graph branching process is nearly identical,

except the probability each of the neutral vertex joins our component is independent
of the number of dead vertices and is simply p′

n . In other words, Zt ∼ Bin(Nt−1,
p′

n ). A
key result about this branching process is the probability of seeing a component of a
certain size ℓ decreases exponentially with ℓ. In other words, there is some constant c

such that
PD,MC

q ,n[X
G
n,p′ ≤ c log(n)] = 1− o(1/n).

Take C(n) = c log(n). Note that as long as t is such that p
n−t ≤

p′

n , the sampling in
the delegation branching process is dominated by the sampling in this graph branch-
ing process. Hence, as long as p

n−C(n) ≤
p′

n , P[XD
n,p ≤ c log(n)] ≥ P[XG

n,p′ ≤ c log(n)].
Since C(n) ∈ O(log n), this is true for sufficiently large n, so for such n, P[XD

n,p ≤
c log(n)] = 1 − o(1/n). By a union bound over all n voters, this implies the desired
result.

Confidence Based Delegation satisfies (6.2)
Let q̄ be such that q̄(x) = 1 − q(x), so q̄ represents the probability someone with

competence x does not delegate. Notice that ED[q̄] is exactly the probability an arbi-
trary voter will not delegate. Let q+(x) = q̄(x)x and let

µ∗ =
ED[q

+]

ED[q̄]
.

Expanding the definition, we see that µ∗ is exactly the expected value of a voter’s
competence, conditioned on them not voting. Let µD the mean of the competence
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distribution D. We first show that µ∗ > µD. Indeed, since both x and q̄(x) are strictly
increasing functions of x, the Fortuin–Kasteleyn–Ginibre (FKG) inequality [78] tells
us that ED[q

+] > ED[q̄] ·ED[x] = ED[q̄] ·µD. This implies that the expected competence
conditioned on not delegating is strictly higher than the overall expected competence.

Next, we will show that for any constant γ > 0, with high probability, both
∑n

i=1 pi ≤
(µ+ γ)n and

∑n
i=1 weighti(G)pi ≥ (µ∗− γ)n. If we choose γ = (µ∗−µ)/3 and α = γ/2,

it follows that, with high probability,

n∑
i=1

weighti(G)pi −
n∑

i=1

pi ≥ 2αn,

implying that (6.2) is satisfied.
Since the pis are bounded independent variables, it follows directly from Heoffding’s

inequality that
∑n

i=1 pi ≤ n(µ + γ) with high probability, so we now focus on showing∑n
i=1 weighti(G) · pi ≥ (µ∗ − γ)n with high probability. To do this, we will first show

that, with high probability, the delegation graph G satisfies delsi(G) ≤ C(n) for all i
and total-weight(G) ≥ n− C(n) log2 n.

We showed in the earlier part of this proof that delsi(G) ≤ C(n) with high probabil-
ity. We will now prove that PD,MC

q ,n[total-weight(G) ≥ n − C(n) log2 n | delsi(G) ≤
C(n)] = 1 − o(1). To do this, we will first bound the number of voters that, with
high probability, end up in cycles. Fix a voter i and sample i’s delegation tree. Voter
i will only end up in a cycle if i chooses to delegate to someone in this delegation tree.
Since we are conditioning on delsi(G) ≤ C(n), the maximum size of this tree is C(n).
Hence, the total φ weight that voter i places on someone in the tree is at most C(n),
while the total weight they place on all voters is n − 1. Hence, the probability that i

delegates to someone in their tree can be at most p ·C(n)/(n−1). Since this is true for
each voter i, the expected number of voters in cycles is at most np C(n)

(n−1) ∈ O(log n).

By Markov’s inequality, the probability that more than log2 n voters are in cycles is
at most np C(n)

(n−1) log2 n
= O(1/ log n) = o(1).

Next, since we have conditioned on delsi(G) ≤ C(n), no single voter, and in par-
ticular no single voter in a cycle, can receive more than C(n) delegations. So condi-
tioned on the high probability event that there are at most log2 n voters in cycles,
there are at most C(n) log2 n voters that delegate to those in cycles. This implies that
total-weight(G) ≥ n− C(n) log2 n+ log2 n with high probability.
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We now show that, conditioned on the graph satisfying these properties, the in-
stance (p⃗, G) satisfies

∑n
i=1 weighti(G) · pi ≥ n(µ∗ − γ) with high probability. Note

that the competencies satisfy that those that don’t delegate are drawn i.i.d. from the
distribution of competencies conditioned on not delegating, which has mean µ∗. Fix
an arbitrary graph G satisfying the properties. Suppose M is the set of voters that do
not delegate. Note that for each i ∈ M , weighti(G) ≤ C(n), by assumption. Further∑

i∈M weighti(G) ≥ n − C(n) log2(n). Hence, when we sample the non-delegator pis,
E[
∑

i∈M weighti(G) · pi] ≥ (n− C(n) log2(n)) · µ∗. Moreover,

Var[
∑
i∈M

weighti(G) · pi] ≤
∑
i∈M

weighti(G)2 ≤ C(n) · n.

This follows from the fact that Var[pi] ≤ 1 and that we have fixed the graph G and
hence weighti(G) for each i, so these terms can all be viewed as constants. In addition,
we know that, for each voter i, weighti(G) ≤ C(n), and

∑n
i=1 weighti(G) ≤ n. Hence,

we can directly apply Chebyshev’s inequality:

PD,MC
q ,n

[∑
i∈M

weighti(G)pi < n(µ∗ − γ)

]
<

Var[
∑

i∈M weighti(G)pi]

(E[
∑

i∈M weighti(G)pi]− n(µ∗ − γ))2

≤ nC(n)

(γn− C(n) log2(n)µ∗)2

∈ o(1),

where the final step holds because the numerator is o(n2) and the denominator is
Ω(n2). Hence,

∑
i∈M weighti(G)pi ≥ n(µ∗ − γ) with high probability, as needed.

To summarize, we have proved that, conditioned on delsi(G) ≤ C(n) for all i and
total-weight(G) ≥ n − C(n) log2 n,

∑n
i=1 weighti(G) · pi ≥ n(µ∗ − γ/3) occurs with

high probability. Given that, conditioned on delsi(G) ≤ C(n), total-weight(G) ≥ n −
C(n) log2 n occurs with high probability and that delsi(G) ≤ C(n) occurs with high
probability, we can conclude by the chain rule that the intersection of these events
hold with high probability. Given that the probability of any of this event is greater
than the probability of the intersection, we can conclude that

∑n
i=1 weighti(G) · pi ≥

n(µ∗ − γ/3) occurs with probability 1− o(1), as desired.
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6.5 Continuous General Delegation Model

Finally, we study a model in which voters delegate with fixed probability, and they do
so by picking a voter according to a continuous increasing delegation function. This
is a general model in which delegations can either go to more or less competent neigh-
bors but where more competent voters are more likely to be chosen over less compe-
tent ones.

Formally, let MS
p,φ = (qp, φ) where qp is a constant function equal to p, that is,

qp(x) = p for all x ∈ [0, 1], and φ(x, y) is non-zero, continuous, and increasing in y.
We then have the following.

Theorem 6.5.1 (Continuous General Delegation Model). All models MS
p,φ with

p ∈ (0, 1) and φ that is non-zero, continuous, and increasing in its second coordi-
nate satisfy probabilistic do no harm and probabilistic positive gain with respect to the
class DC of all continuous distributions.

Proof. Fix MS
p,φ and and D ∈ DC . Note that since φ is continuous and always posi-

tive on the compact set [0, 1]2, φ is in fact uniformly continuous and there are bounds
L,U ∈ R+ such that φ is bounded in the interval [L,U ]. Additionally, we can assume
without loss of generality that for all x ∈ [0, 1], ED[φ(x, ·)] = 1. Indeed, ED[φ(x, ·)] is
a positive, continuous function of x, so replacing φ by φ′(x, y) = φ(x, y)/ED[φ(x, ·)]
induces the same model and satisfies the desired property.

The Continuous General Delegation Model satisfies (6.1).
Our goal is to show there is some C(n) ∈ O(log n) such that, with high probability,

no voter receives more than C(n) delegations. To do this, just as in the proof of Theo-
rem 6.4.1, we consider a branching process of the delegations received beginning with
some voter i. We will show that under minimal conditions on the sampled competen-
cies (which all occur with high probability), this branching process will be dominated
by a well-known subcritical multi-type Poisson branching process [33], which has size
O(log n) with high probability.

For a fixed competence vector p⃗n, the branching process for the number of dele-
gations received by a voter i works as follows. We keep track of three sets of voters:
those that are live at time t (Lt), those dead at time t (Dt), and those neutral at time
t (Nt). Unlike in the proof of Theorem 6.4.1, where it was sufficient to keep track of
the number of voters in each category, here we must keep track of the voter identities
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as well, as they do not all delegate with the same probability. At time zero, the only
live voter is voter i and the rest are neutral, so L0 = {i}, D0 = ∅, and N0 = [n] \ {i}.
As long as there are still live voters, we sample the next set of delegating voters Zt

in time t by choosing some live voter j ∈ Rt−1 and sampling its children. Once j’s
children are sampled, j becomes dead, and j’s children become live. All voters that
did not delegate and were not delegated to remain neutral. The children are sam-
pled independently; the probability they are included is the probability they delegate
to j conditioned on them not delegating to the dead voters in Dt−1. For each voter
k ∈ Nt−1, k will be included with probability

p · φ(pk, pj)∑
k′∈[n]\(Dt−1∪{k}) φ(pk, pk′)

.

This is precisely the probability k delegates to j conditioned on them not delegating
to any voter in Dt−1. We continue this process until there are no more live voters, at
which point the number of delegations is simply the number of dead voters, or equiv-
alently, the total number of time steps. We denote by XD

p⃗n,i
the size of the branching

process parameterized by competencies p⃗n and a voter i ∈ [n].
Our goal will be to compare XD

p⃗n,i
to the outcome of a well-known multi-type Pois-

son branching process. In this branching process, there are a fixed finite number k

of types of voters.8 The process itself is parameterized by a k × k matrix M , where
Mττ ′ is the expected number of children of type τ ′ a voter of type τ will have. The
process is additionally parameterized by the type τ ∈ [k] of the starting voter. The
random variable Yt keeps track of the number of live voters of each type; it is a vec-
tor of length k, where the τth entry is the number of live voters of type τ . Hence,
Y0 = eτ , the (basis) vector with a 1 in entry τ and an entry 0 for all other types. We
sample children by taking an arbitrary live voter of type τ ′ (the τ ′ component in Yt−1

must be positive, indicating that there is such a voter), and sampling its children Zt,
which is also a vector of length k, each entry indicating the number of children of that
type. The vector Zt is sampled such that the τ ′′ entry is from the Pois(Mτ ′τ ′′) distri-
bution. That is, children of different types are sampled independently from a Poisson
distribution, with the given expected value. We have the recursion Yt = Yt−1+Zt−eτ ′ .

Note that this means that there is no “pool” of voters to choose from; in fact, it is
8In the literature, these are often called particles, but to be consistent with our other

branching processes, we call them voters here.
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possible for this process to grow unboundedly large (see [3, Section 11.6] for the classi-
cal description of the single-type Poisson branching process). Nonetheless, this process
will still converge often enough to remain useful. We denote by XP

M,τ the random vari-
able that gives the size of this branching process, parameterized by expected-children
matrix M and starting voter type τ ∈ [k]. Such a branching process is considered
sub-critical if the largest eigenvalue of M is strictly less than 1 [33]. In such a case,
if we begin with voter of any type τ ∈ [k], the probability of the branching process
surviving ℓ steps decreases exponentially in ℓ. Hence, there is some c such that for all
τ ∈ [k],

P[XP
M,τ ≤ c log(n)] = 1− o(1/n).

To compare these branching processes, we make a sequence of adjustments to the
original branching process that at each step creates a dominating branching process
slightly closer in flavor to the multi-type Poisson. In the end, we will be left with a
sub-critical multi-type Poisson process that we can bound.

Fix some ε > 0, which is a parameter in all of our steps. Later, we will choose ε to
be sufficiently small (specifically, such that p (1+ε)3

1−2ε < 1) to ensure that the Poisson
branching process is sub-critical. To convert from our delegation branching process to
the Poisson branching process, we take a voter’s type to be their competence (which
completely characterizes their delegation behavior). However, to compare to the Pois-
son process, there must be a finite number of types. Hence, we partition the interval
[0, 1] into B buckets, each of size 1/B, such that voters in the same bucket delegate
and are delegated to “similarly”. We choose B large enough such that all points in
[0, 1]2 within a distance of

√
2/B of each other differ in φ by at most L · ε. (Recall

that the range of φ is in the interval [L,U ].) This is possible since φ is uniformly
continuous. Further, this implies any points (x, y), (x′, y′) within a square with side
length 1/B have the property that φ(x, y) ≤ φ(x′, y′) + L · ε ≤ (1 + ε) · φ(x′, y′). Note
that B depends only on φ and ε, and hence is a constant with respect to the number
of voters n.

We say a voter i is of type τ if τ−1
B < pi ≤ τ

B for 1 ≤ τ ≤ B (with a non-strict
inequality for τ = 1, so 0 is of type 1). Let Sτ = ( τ−1

B , τ
B ] be the set of competencies

of type τ (except that, in the case that τ = 1, we take S1 to be the closed interval
[0, 1

B ]). Let πτ = D[Sτ ] be the probability that a voter has type τ . Since the types
form a partition of [0, 1], we have that

∑B
τ=1 πτ = 1.
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For any two types τ, τ ′, we define

φ′(τ, τ ′) = sup
(x,y)∈Sτ×Sτ ′

φ(x, y).9

We abuse notation by extending φ′ to operate directly on competencies in [0, 1] by
first converting competencies to types and then applying φ′. Then, φ′ has the prop-
erty that for any pi, pj ∈ [0, 1],

φ(pi, pj) ≤ φ′(pi, pj) ≤ (1 + ε)φ(pi, pj).

We have that for all τ , if x ∈ Sτ , then

B∑
τ ′=1

φ′(τ, τ ′)πτ ′ = ED[φ
′(x, ·)] ≤ (1 + ε) · ED[φ(x, ·)] = (1 + ε).

Hence, we define
φ̃(τ, τ ′) = φ′(τ, τ ′) · (1 + ε)∑B

τ ′′=1 φ
′(τ, τ ′′)πτ ′′

.

We again abuse notation to allow φ̃ to operate directly on competencies. We have
that φ̃(x, y) ≥ φ′(x, y) ≥ φ(x, y) for all competencies x, y ∈ [0, 1] and further, for all τ ,∑B

τ ′=1 φ̃(τ, τ
′)πτ ′ = 1 + ε.

The Poisson branching process we will eventually compare to is one with B types
parameterized by the expected-children matrix M , where

Mττ ′ = p
(1 + ε)2

1− 2ε
φ̃(τ, τ ′).

First, we show that M has largest eigenvalue strictly less than 1 (for our choice of ε),
so that the branching process will be subcritical. Indeed, M has only positive entries,
so we need only exhibit an eigenvector with all nonnegative entries such that the as-
sociated eigenvalue is strictly less than 1. The Perron-Frobenius theorem tells us this
eigenvalue must be maximal.

The eigenvector we consider is π⃗ = (π1, . . . , πB) (which has nonnegative entries, as
each πτ is a probability). We show it has eigenvalue p (1+ε)3

1−2ε , strictly less than 1 due

9Note that, because φ is increasing in its second coordinate, one can actually write
φ̃(τ, τ ′) = supx∈Sτ

φ(x, τ ′

B ).
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to our choice of ε. We show it has eigenvalue p (1+ε)3

1−2ε , strictly less than 1 due to our
choice of ε. Indeed, we have that

(Mπ⃗)τ =

B∑
τ ′=1

πτ φ̃(τ, τ
′)πτ ′ = πτp

(1 + ε)3

1− 2ε

by the definition of φ̃. Hence, π⃗ is our desired eigenvector.
Since XP

M,τ is sub-critical for all τ , we have that there is some c such that for all
τ ∈ [B], P[XP

M,τ ≤ c log(n)] = 1− o(1/n). We take C(n) = c log(n).
Now we consider our branching process, XD

p⃗,i. To make the comparison, we will
need some minimal concentration properties. We first show that the sampled com-
petencies p⃗ satisfy these properties with high probability, and then show that, condi-
tioned on these properties, the branching process XD

p⃗,i is easily comparable to a Pois-
son process. The properties are the following:

1. For each voter i ∈ [n],
∑

j ̸=i φ(pi, pj) ≥ (1− ε) · n.

2. For each type τ ∈ [B], the number of voters of type τ , |{i | pi ∈ Sτ}| ≤ (1 +

ε)πτn.

For the first property, fix the competence pi of a single voter i. Then when sam-
pling the pjs,

∑
j ̸=i φ(pi, pj) is the sum n − 1 independent variables, all in the in-

terval [L,U ], with mean 1. Hence, by Hoeffding’s inequality, for all competencies c,
Dn[

∑
j ̸=i φ(pi, pj) ≥ (1− ε)n | pi = c] = 1− o(1/n), where the o(1/n) term is indepen-

dent of c. By the law of total probability, this implies that even when pi is sampled as
well, the 1− o(1/n) bound continues to hold. By a union bound over all n voters, this
holds for everybody with probability 1− o(1).

For the second property, note that the number of voters of type τ follows a Bin(n, πτ )
distribution. A simple application of Hoeffding’s inequality implies that for this τ ,
|{i | pi ∈ Sτ}| ≤ (1 + ε)πτn (note that this holds even in the extreme cases where
πτ = 0 or πτ = 1). As the number B of types is fixed and independent of n, a union
bound over all B types implies this holds for all τ with probability 1− o(1).

Now fix some voter competencies p⃗ such that both properties hold. We will first
upper bound the probability a voter of type τ delegates to a voter of type τ ′. Hence,
we can compare our branching process to one with these larger probabilities, and this
will only dominate our original process.
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To that end, since |Dt−1| = t− 1 ≤ t (recall that Dt−1 consists of the dead voters at
time t− 1), using the first property, we have that for all i ∈ [n],∑

j∈[n]\(Dt−1∪{i})

φ(pi, pj) ≥ (1− ε)n− U · t.

Hence, as long as t ≤ εn/U ,
∑

j∈[n]\(Dt−1∪{i}) φ(pi, pj) ≥ (1− 2ε)n.
Including the fact that φ(pi, pj) ≤ φ̃(pi, pj) for all pi and pj , we have that for all

time steps t ≤ εn/U,

p · φ(pi, pj)∑
k′∈[n]\(Dt−1∪{k}) φ(pi, pk′)

≤ p

n
· φ̃(pi, pj)
(1− 2ε)

.

Note that for sufficiently large n, C(n) ≤ εn/U , so from now on we restrict ourselves
to such n.

Further, note that by the second property, there will never be more than (1 + ε)πτn

neutral voters of type τ . Hence, if we take a voter of type τ ′ at time step t ≤ C(n),
the number of children it will have of type τ will be stochastically dominated by a
Bin((1 + ε)πτn,

p
n ·

φ̃(pi,pj)
(1−2ε) ), and this is independent for each τ . As n grows large, this

distribution approaches a Pois(p (1+ε)
1−2ε φ̃(τ, τ

′)). In particular, this means that for suffi-
ciently large n, it will be stochastically dominated by a Pois(p (1+ε)2

1−2ε φ̃(τ, τ ′)) distribu-
tion (note the extra (1 + ε) factor). Hence, if voter i is of type τ , up to time t ≤ C(n),
XD
p⃗,i is dominated by XP

M,τ , so

PD,MS
p,φ.n

[XD
p⃗,i ≥ C(n)] ≥ PD,MS

p,φ.n
[XP

M,τ ≥ C(n)] = 1− o(1/n).

A union bound over all n voters tells us this is true for all voters simultaneously with
probability 1− o(1), as needed.

The Continuous General Delegation Model satisfies (6.2).
To show (6.2) holds, we first show the following.
Let µD be the mean of the competence distribution D. For a fixed x, let φ+

x (y) be
the function φ(x, y) · y. We show that there is some c > 0 such that for all x ∈ [0, 1],

ED[φ
+
x ] ≥ µD + c. (6.18)

Indeed, if we view ED[φ
+
x ] as a function of x for x ∈ [0, 1], first note that it is a con-
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tinuous function on a compact set, and hence it attains its minimum. Further, for all
x ∈ [0, 1], since φ(x, y) and y are both increasing functions of y, by the FKG inequal-
ity [78],

ED[φ
+] > ED[φ(x, ·)] · µD = µD,

since, by assumption, ED[φ(x, ·)] = 1. Hence, this attained minimum must be strictly
larger than µ, implying (6.18).

Since φ(x, y) is normalized so that Ey∼D[φ(x, y)] = 1, Ey∼D[φ(x, y) · y] is the ex-
pected competence of the voter to whom someone of competence x delegates to (prior
to other competencies being drawn). Hence, (6.18) tells us that “on average”, all vot-
ers (regardless of competence) tend to delegate to those with competence strictly
above the mean. Ideally, we would choose α ≈ c/2 and hope that some concentration
result tells us that the weighted competencies after delegation will be strictly above
µ + c/2 (the mean of all competencies will be close to µ by standard concentration
results). However, proving this concentration result is surprisingly subtle, as there
are many dependencies between different voter delegations. Indeed, if one voter with
high competence and many delegations chooses to delegate “downwards” (that is, to
someone with very low competence), this can cancel out all of the “expected” progress
we had made thus far. Hence, the rest of this proof involves proving concentration
does in fact hold. We prove this by breaking up the process of sampling instances into
much more manageable pieces, where, in each, as long as nothing goes “too” wrong,
concentration will hold.

In particular, we will prove that for all γ > 0, with high probability,

n∑
i=1

weighti(G) · pi −
n∑

i=1

pi ≥ (c(1− p)− γ)n. (6.19)

Fix such a γ. As in the previous part, fix ε > 0 which will paramaterize our steps.
We will later choose ε sufficiently small to get our desired result (precisely ε such that
6ε + ε2 < γ). By choosing γ < c(1 − p), this value is positive, so we can choose
α = c(1−p)−γ

2 which proves Equation (6.2)
To that end, we define a sequence of six sampling steps that together are equivalent

to the standard sampling process with respect to D and MS
p,φ. In each step, we will

show that with high probability, nothing “goes wrong”, and conditioned on nothing
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going wrong in all these steps, we will get the α improvement that we desire. The six
steps are as follows:

1. Sample a set M ⊆ [n] of voters that choose not to delegate. Each voter is in-
cluded independently with probability p.

2. Sample competencies pi for i ∈ [n] \M . Each pi is sampled i.i.d. from D.

3. Sample competencies pj for j ∈M . Each pj is sampled i.i.d. from D.

4. Sample a set R ⊆ [n] \M of delegators that delegate to those in M . Each voter
i ∈ [n] \M is included independently with probability

∑
j∈M φ(pi,pj)∑

j∈[n]\{i}φ(pi,pj)
, that is,

the total φ weight they put on voters in M divided by the total φ weight they
put on all voters.

5. Sample delegations of voters in [n] \ (M ∪R). At this point, we are conditioning
on such voters delegating, and when they do delegate, they do so to voters in
[n] \M . Hence, for each i ∈ [n] \ (M ∪ R), they delegate to j ∈ [n] \ (M ∪ {i})
with probability φ(pi,pj)∑

j′∈[n]\(M∪{i}) φ(pi,pj′ )
.

6. Sample delegations of voters in R. At this point, we are conditioning on such
voters delegating to those in M . Hence, for each i ∈ R, they choose to delegate
to j ∈M with probability φ(pi,pj)∑

j′∈M φ(pi,pj′ )
.

We now analyze each step, describing what could “go wrong”. Let E1, . . . , E6 be the
events that nothing goes wrong in each of the corresponding steps. We define these
events formally below. Our goal is to show that PD,MS

p,φ,n
[E1 ∩ · · · ∩ E6] = 1− o(1).

• Let E1 be the event that (p−ε) ·n ≤ |M | ≤ (p+ε) ·n. Note that M is the sum of n
independent Bernouilli random variables with success probability p. It follows directly
from a union bound over both variants of Hoeffding’s inequality that

PD,MS
p,φ,n

[(p− ε) · n ≤ |M | ≤ (p+ ε) · n] = 1− o(1).

• Let E2 be the event that
∑

i∈[n]\M pi ≤ n(µ+ ε)(1− p+ ε). Note that
∑

i∈[n]\M pi

is the sum of n − |M | i.i.d. random variables with mean µ. Conditioning on event E1,
|M | is lower bounded by n(p − ε), implying that n − |M | ≤ n(1 − p + ε) as well. It
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follows from Hoeffding’s inequality that

PD,MS
p,φ,n

 ∑
i∈[n]\M

pi ≤ n(µ+ ε)(1− p+ ε)

∣∣∣∣∣∣ E1
 = 1− o(1)

which, combined with PD,MS
p,φ,n

[E1] = 1 − o(1), proves that E1 ∩ E2 occurs with proba-
bility 1− o(1).
• Let E3 be the event consisting of all instances (p⃗, G) such that∑

j∈M φ(pi, pj) · pj∑
j∈M φ(pi, pj)

≥ (1− ε)

(1 + ε)
(µ+ c)

for all i ∈ [n] \M .
We show E3 occurs with high probability conditional on E1 and E1 (conditioning on

E2 is unnecessary. but makes the final statement easier). Fix a set of voters M and pi

for i ∈ [n] \ M satisfying E1 and E2. For each i ∈ [n] \ M , we will show that with
probability 1− o(1/n), when we sample the pjs for j ∈M , they satisfy∑

j∈M
φ(pi, pj) ≤ |M |(1 + ε) (6.20)

and ∑
j∈M

φ(pi, pj) · pj ≥ |M |(1− ε)(µ+ c). (6.21)

(6.20) follows from the fact that
∑

j∈M φ(pi, pj) is the sum of |M | bounded inde-
pendent random variables

with mean Ey∼D[φ(pi, y)] = 1. By Hoeffding’s inequlaity, since |M | is linear in n,∑
j∈M φ(pi, pj) is at most |M |(1 + ε) with probability 1− o(1/n).
(6.21) follows from the fact that

∑
j∈M φ(pi, pj) · pj is also the sum of |M | bounded

independent random variables with mean ED[φ
+
pi ]. Again, since we have conditioned

on E1, |M | is lower bounded by (p − ε)n, which by Hoeffding’s inequality implies that∑
j∈M φ(pi, pj)pj is at least |M |(1− ε)ED[φpi ] with probability 1− o(1/n).
Finally, we can conclude via a union bound that

∑
j∈M φ(pi,pj)·pj∑
j∈M φ(pi,pj)

≥ (1−ε)
(1+ε)(µ+ c) with

probability 1− o(1/n) for any i ∈ [n] \M . Hence, by another union bound over the at
most n voters i ∈ [n] \M ,

∑
j∈M φ(pi,pj)·pj∑
j∈M φ(pi,pj)

≥ (1−ε)
(1+ε)(µ + c) for all i ∈ [n] \M with high

probability.
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By the law of total probability, E3 conditioned on E1 and E2 occurs with probability
1 − o(1), which proves that E1 ∩ E2 ∩ E3 occurs with probability 1 − o(1) by the chain
rule.
• Let E4 be the entire sample space. Nothing can “go wrong” during this sampling

step. So trivially, E1 ∩ E2 ∩ E3 ∩ E4 occurs with probability 1− o(1).
• Let E5 be the event that delsi(G) ≤ C(n) for all i ∈ [n] \M and total-weight(G) ≥

n − C(n)2 log(n) in the subgraph G sampled (i.e., with delegations only from voters
not in R or M). We will show E5 occurs with high probability even when we sample
a full delegation graph (that is, samples delegations for all voters), which implies it
continues to hold even when we sample only some delegations (recall that at this step
we have only sampled delegations from voters in [n] \ (M ∪R)).

The proof of this is very similar to the one in Theorem 6.4.1, with one extra step to
allow for different φ weights.

It was proved in the previous part of this proof that, for all voters i, we have that
delsi(G) ≤ C(n) with probability 1− o(1) (not conditioned on anything) when we sam-
ple entire delegation graphs, so we can safely condition on this fact. We now prove
that PD,MS

p,φ,n
[total-weight(Gn) ≥ n−O(log3 n) | delsi(G) ≤ C(n)] = 1− o(1).

We begin by bounding the number of voters that end up in cycles. Fix some voter
i, and let us begin by sampling their delegation tree.

Since we are conditioning on the tree having size at most C(n), the most weight
that voter i can place on all of the voters in i’s delegation tree is U · C(n). The min-
imum weight that i can place on all voters is L(n − 1). Hence, the probability that
i delegates to someone in i’s tree conditional the delegation tree having size at most
C(n) is at most p · U ·C(n)

L·(n−1) . Since i was arbitrary, this implies that the expected num-
ber of voters in cycles can be at most n · p · U ·C(n)

L·(n−1) ∈ O(log n).
Applying Markov’s inequality just as in the analogous proof in the previous section,

the probability that more than log2 n voters are in cycles is at most np UC(n)

L(n−1) log2 n
=

O(1/ log n) = o(1). Further, the total number of people that could delegate to voters
in cycles is at most C(n) times the number of voters in cycles. Hence, with probabil-
ity 1 − o(1), there are at most C(n) · log2 n voters delegating to those in cycles. This
implies the desired bound. Hence, we have proved that PD,MS

p,φ,n
[E5] = 1− o(1). Since

we have already shown that PD,MS
p,φ,n

[E1 ∩ E2 ∩ E3 ∩ E4] = 1 − o(1), a union bound
implies that E1 ∩ E2 ∩ E3 ∩ E4 ∩ E5 occurs with probability 1− o(1) as well.
• We now consider the sixth step. To define E6, we need some new notation. Fix
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competencies p⃗ and a partial delegation graph G such that (p⃗, G) is in the first five
events. We define Qi for i ∈ R to be the random variable representing the competence
of the voter to whom i delegates. Since we know i delegates to a voter in M , note
that

Qi(G) = pj with probability φ(pi, pj)∑
j′∈M φ(pi, pj′)

for all j ∈M.

Let E6 be the event consisting of all instance (p⃗, G) such that that
∑

i∈R delsi(G) ·
Qi(G) ≥ (1−ε)2

1+ε (µ+c)(1−p−2ε) ·n. We show that PD,MS
p,φ,n

[E6 | E1∩· · ·∩E5] = 1−o(1).
This, combined with the the fact PD,MS

p,φ,n
[E1 ∩ · · · ∩ E5] = 1 − o(1) (shown earlier),

implies that PD,MS
p,φ,n

[E1 ∩ · · · ∩ E6] = 1− o(1). It follows from the definition of Qi that

E[Qi] =
∑
j∈M

φ(pi, pj)∑
j′∈M φ(pi, pj′)

· pj =
∑

j∈M φ(pi, pj) · pj∑
j∈M φ(pi, pj)

.

By conditioning on E3, we have that E[Qi] ≥ (1−ε)
(1+ε)(µ + c) for each i ∈ R. Hence,

E[
∑

i∈R delsi(G) · Qi] ≥ (n − |M | − C(n)2 log(n)) · 1+ε
1−ε · (µ + c), since we are condi-

tioning on E3 and E5. Further, for sufficiently large n, C(n)2 log(n) ≤ εn; since we are
conditioning on E1, |M | ≤ (p+ ε)n, so we have that for sufficiently large n,

E[
∑
i∈R

delsi(G) ·Qi] ≥ (1− p− 2ε) · 1 + ε

1− ε
· (µ+ c) · n ∈ Ω(n).

Next, consider Var[
∑

i∈R delsi(G)·Qi]. Since each Qi takes on values in [0, 1], Var[Qi] ≤
1. Further, each summand is independent, as each Qi is independent and we have
fixed G, so we can can view delsi(G) as a constant. Hence, Var[

∑
i∈R delsi(G) · Qi] ≤∑

i∈R delsi(G)2 ∈ o(n2) since, for all i, delsi(G) ≤ C(n) ∈ O(log n) and
∑

i delsi(G) ≤
n. Hence,

PD,MS
p,φ,n

[
∑
i∈R

delsi(G) ·Qi <
(1− ε)2

1 + ε
(µ+ c)(1− p− 2ε) · n]

≤ PD,MS
p,φ,n

[
∑
i∈R

delsi(G) ·Qi < (1− ε)E[
∑
i∈R

delsi(G) ·Qi]]

≤
Var[

∑
i∈R delsi(G) ·Qi]

ε2 · E[
∑

i∈R delsi(G) ·Qi]2
∈ o(1)

where the second inequality is due to Chebyshev’s inequality, which is o(1) because

183



the numerator is o(n2) and the denominator is Ω(n2). This implies the desired result.
Finally, we show that for all instance (p⃗, G) ∈ E1 ∩ · · · ∩ E6, (6.2) holds, and hence

so does (6.19). We have that
∑n

i=1wi(G) · pi =
∑

i∈R delsi(G) · Qi(G) +
∑

j∈M pj ,
because in G each voter i ∈ R delegates all of their delsi(G) votes to the voter in M

with competence Qi(G). Hence,
∑n

i=1wi(G) · pi −
∑n

i=1 pi =
∑

i∈R delsi(G) · Qi(G) −∑
i∈[n]\(M∪R) pi. Since (p⃗, G) ∈ E2, we have that

∑
i∈[n]\M pi ≤ n(µ + ε)(1 − p + ε).

Since (p⃗, G) ∈ E6, we have that
∑

i∈R delsi(G) · Qi(G) ≥ (1−ε)2

1+ε (µ + c)(1 − p − 2ε) · n.
Hence, this difference is at least

((µ+ c)(1− p− 2ε)− (µ+ ε)(1− p+ ε))n ≥ (c(1− p)− 3εµ− 2εc− (1− p)ε− ε2)n

≥ (c(1− p)− 6ε− ε2)n

where the second inequality holds because, c, (1 − p), µ ≤ 1. By choosing ε such that
6ε+ ε2 ≤ γ (ε = min(γ/7, 1) will do), (6.19) follows.

The Continuous General Delegation Model Satisfies (6.3)
We now show that there exists a distribution D and α > 0 such that

∑n
i=1 pi+αn ≤

n/2 ≤
∑n

i=1 weighti(Gn) ·pi−αn with probability 1−o(1). This implies that the model
MS

p,φ, n satisfies probabilistic positive gain by Lemma 1.3.3.
As in earlier arguments, let Dη = U [0, 1− 2η] for η ∈ [0, 1/2). Note that

f(η) = inf
x∈[0,1]

{EDη [φ
+
x ]} · (1− p)− 3η/2

is a continuous function of η.
Moreover, f(0) > 0. Hence, for sufficiently small η > 0, f(η) > 0.
Consider Dη for some η > 0 such that f(η) > 0. Let α = min(η/2, f(η)/2). Since

µDη = 1/2 − η, by Hoeffding’s inequality,
∑n

i=1 pi ≤ (1/2 − η/2)n ≤ n/2 − αn with
high probability.

Next, note that we can choose c = infx∈[0,1]{EDη [φ
+
x ]} in order to satisfy (6.18).

Hence, by choosing γ = f(η)/2, it follows from (6.19) that

n∑
i=1

weighti(G) · pi −
n∑

i=1

pi ≥ (c(1− p)− f(η)/2)n = (3η/2 + f(η)/2)n ≥ (3η/2 + α)n

with high probability. Further, by Hoeffding’s inequality,
∑n

i=1 pi ≥ (1/2 − 3η/2)n
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with high probability, so by the union bound applied to these inequalities,

n∑
i=1

weighti(G) · pi ≥ n/2 + αn

with high probability, as needed.

6.6 Liquid Democracy in Experiments

In six experiments, we statistically estimate the functions q and φ to assess the real-
world implications of our theoretical findings. These experiments rely on a novel de-
sign measuring the vote n anon-strategic, non-incentivized liquid democracy stting,
while simultaneously estimating voters’ competence. Our empirical result are con-
sistent exhibits a regime in which liquid democracy enhances collective intelligence,
leveraging interpersonal knowledge embedded in social networks and identifying di-
verse sets of experts. Data and code are available at http://tinyurl.com/osf-liqdem.10

6.6.1 Experimental Design

Experiments and Material

We conducted E = 6 experiments after an initial pre-test11 between March 21st
and November 27th, 2022.12 In each experiment e, a group of participants13 per-
formed |Te| tasks14 Each task consisted of 8 questions on the corresponding topic that

10Full link: https://osf.io/skxwg/?view_only=3671d431bcfd4a9cb94ded5aa86a0a95
11A description of the setup and results from the pre-study can be found in Appendix L of

the full version and initial results can be found in [172].
12Our protocol E-3948 was approved and exempted by the university Committee on the Use

of Humans as Experimental Subjects.
13Note that liquid democracy depends on the potential for beneficial delegation. It is there-

fore necessary to work with participants that have at least a passing familiarity with each
other. Experiments were conducted in places such as classrooms and company workshops,
where pre-existing group structures guaranteed such conditions. While significant preparation
was needed to ensure correct experimental set-ups for these environments, this design did have
the benefit of producing high-quality data with few missing entries and minimal drop-out.

14|Te| = 4, except for experiment e = 6 in which |Te| = 12: the final experiment was con-
ducted over a longer period of time, allowing more tasks to be completed.
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were primarily taken and adapted from the work of Simoiu et al. [186].15 A total of
N = 168 individuals participated. They hailed from over 30 countries; 33% were fe-
male, 1% were non-binary, 64% were male, and 2% preferred to self-describe. Each ex-
periment e had a number of participants Ne ranging between 14 to 50. A description
of the settings and group sizes are presented in Appendix C, and the survey material
can be found in Appendix D of the full version.

Survey Flow

Participants began by providing informed consent and inputting their name. Next,
they completed the following steps.

First experimental stage: Participants were presented with a task and could either
answer a series of questions related to that theme or delegate the task to a peer. For
instance, a task read: “You will be shown images of architectural landmarks from
around the world, and asked to select the country where the landmark is located,”
followed by “Do you want to vote yourself or delegate your vote to a trusted peer?”
If they chose to vote themselves, they were taken to the 8 questions contained in the
task. If they chose to delegate, they were asked to select the name of their delegate
and then immediately directed to the next task. Importantly, when deciding whether
or not to delegate, participants did not see the questions.

Second experimental stage: Participants were then asked to answer “additional
questions.” These were all the questions corresponding to tasks they had chosen to
delegate in the first stage. We collected this data at the end of the experiment so as
not to prime the participants on the exercise.16

Finally, optional background questions were asked on the last page. Note that the
order in which tasks, questions within each task, and the “True/False” options ap-

15To be consistent with the theoretical setup under study, we converted all categorical ques-
tions into binary questions. For example, for a question from Simoiu et al. [186] of the form
“Where is this famous landmark from?” with four options (Italy, Tibet, Greece, or Brazil),
we selected a possible answer (e.g., Brazil) to reformulate the question as: “Is this famous
landmark from Brazil?” In more detail, we first randomly selected which questions would be
correct (to avoid the sense that most questions are incorrect) and then, for the incorrect ones,
drew a wrong option at random. We found multiple inconsistencies in the Simoiu et al. [186]
data that we corrected, and the prediction questions pertained to events that had passed, so
these were replaced with new ones.

16We validated this approach with a robustness check on the time spent by participants as a
function of how often they delegated (see Appendix K.1 of the full version).
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peared were all randomized. The entire flow is summarized in Appendix D of the full
version.

Data Collected

Let [N ] be the set of N participants and let [E], the set of E experiments. Each ex-
periment e ∈ [E] has Ne participants so that N =

∑
e∈[E]Ne. [Ne] denotes the subset

of voters in experiment e and T is the set of tasks surveyed (|T | = 15). For each task
t ∈ T there is a set Rt of 8 corresponding questions. We let R =

⋃
tRt be the set of

all questions. For each participant i, e(i) ∈ [E] is the experiment they participated in;
for each question r, t(r) ∈ T is its corresponding task.

In the experiments, we collect (i) the direct vote to each question i answered vi,r ∈
{0, 1} where 1 means correct and 0 means incorrect and (ii) the binary signal δi,t
equal to 1 if i delegated on task t and 0 otherwise (note that δi,t is constant at the
task level), along with which voter they delegated to. From this collected data, we
can compute wi,t, the weight of voter i on task t. This is i′s total weight after adding
up all transitive delegations; it is set to 0 when i delegates. Figure 6.1 provides an
example of a collected delegation graph.

In rare cases, a delegation could not be included for a couple of possible reasons.
First, if a participant delegated to somebody who did not complete the survey. In this
case, we would simply ignore the delegation (assuming they directly voted). Second,
in an instance of a cycle (e.g., participant i delegated to participant j who delegated
to participant i). These were also ignored (i.e., assumed that no voter on the cycle
delegated). In many real-world implementations, such participants would be notified
of the cycle and asked to choose a new delegate or vote directly.

6.6.2 Delegation and Competence Statistics

Over the 1096 (participant/task) pairs, we observed a total of 505 delegations mean-
ing participants delegated 47% of the time (std = 0.49) The rate varied across exper-
iments from 32% (std = 0.49) in experiment 2 to 54% (std = 0.50) in experiment
5 and across tasks from 22% (std = 0.50) in task T8 to 80% (std = 0.40) in task
T15. Among those who voted directly, 15% received only one delegation besides their
own (hence had weight 2 in the decision), 6% received two delegations, and just about
5% received five or more delegations. However, in one experiment, over half the votes
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Figure 6.1: Delegation graphs for task T7 (”You will be given upcoming European men soccer
games and asked to predict the games’ outcome.”) from Experiment 6. Each node is a voter and
the node’s number represents the rounded expertise ηi,t of a given voter i for task t, computed
using Item Response Theory, (see Appendix E of the full version).

were delegated to a single participant. Additionally, throughout all the experiments,
we observed only four delegation cycles, and all were only of size two (where a dele-
gates to b, and b delegates back to a). These occurred in Experiment 4 with N4 = 27,

and in Experiment 6 with N6 = 50. Examples of additional delegation graphs can be
found in Appendix F of the full version.

Estimating Competence

In order to evaluate how delegation behavior relates to competence, we need to esti-
mate participants’ competence. We denote by ηi,t the estimated competence of par-
ticipant i in task t. Naively, participants’ competence per task could be estimated
by averaging the number of correct answers given on all 8 questions of that task,
ηnaive
i,t =

∑
r∈Rt

vi,r

|Rt| . However, such a computation does not account for the questions’
heterogeneity. We thus estimate ηi,t using the Item Response Theory framework
(IRT) [133], which provides a widely used parametric model to estimate competence
ηi,t and question difficulty from repeated measurements. We explain the parametric
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estimation in Appendix E of the full version.17

Gender-based statistics

While we might worry that delegation patterns vary across gender due to significant
differences in confidence [e.g., 68, 177], we actually find no significant differences in
these experiments, neither in measured competence in tasks nor in propensity to del-
egate. ANOVA tests for the propensity to delegate (resp. competence) across gender
shows no significant differences with p = 0.464 (resp. p = 0.112). Tukey tests for pair-
wise mean comparison further validate the absence of significant differences across the
different genders (see Appendix G of the full version).

6.6.3 Estimating the Probability of Delegating as a Function of Com-
petence

We now turn to estimating q and φ as a function of voters’ competence. Recall that
q(η) represents the probability that somebody of competence η chooses to delegate.
We have observations δi,t encoding participant i′s delegation choice for task t, and an
estimate ηi,t of i’s competence on task t. We use these to estimate the relationship
between competence ηi,t and the probability of delegating q(ηi,t).

Methods

To estimate q, we fit a logistic model, regressing δi,t against ηi,t. The following equa-
tion shows the relationship we wish to fit, where α0 is the intercept and βq is the ef-
fect size we measure:

log

(
Pr[δi,t = 1]

1− Pr[δi,t = 1]

)
= α0 + βqηi,t + εi. (6.22)

To account for potential correlation in the error term within participants’ answers,
when estimating the parameters in Equation (6.22), we cluster standard errors at the

17While ηnaive
i,t takes on one of nine values (multiples of 1/8), ηi,t (computed using IRT) is a

continuous variable that can take on arbitrary values in R. We normalize so that ηi,t ∈ [0, 1],
and assume this to be the competence, the probability of being correct. Note that these differ-
ent methods yield a correlation between ηnaive

i,t and ηi,t of more than 94%.
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participant level. We also test for the data normality; results for these test can be
found in Appendix H of the full version.

We repeat the procedure above on data sets filtered by task, this time having a
distinct βt for each task t to measure the task-specific estimates. Additionally, we run
these with fixed-effects for individuals and tasks to more directly measure the impact
of competence (rather than just looking at population trends). Appendix I of the full
version.

Results

We find βq = −2.24, with standard error s.e. = 0.42, statistics z = −7.12 and p-value
p = 10−7. In turn, we estimate that q(ηi,t) = P̂r[δi,t = 1] = 1

1+exp−(−1.39−2.24×ηi,t)
,

suggesting that the probability of delegating decreases with competence. We can also
test for monotonic dependence through a model-free method using a Pearson corre-
lation test and its associated p-value. We find a correlation coefficient of −0.17 and
p < 5× 10−8.

6.6.4 Estimating Weight Function Used to Delegate

Recall that in the theoretical model, a voter with competence η1 delegates to another
with competence η2 with probability proportional to φ(η1, η2).

Methods

We first bucket the observed competence levels into B clusters c1, . . . , cB. We assume
that φ is constant across inputs in the same bucket, and fit it based on bucket “cen-
ters,” η1, . . . ηB, which are simply taken to be the mean values of the competences in
each bucket, i.e., ηℓ =

∑
i,t:ηi,t∈cℓ

ηi,t

|{(i,t)|ηi,t∈cℓ}| . This means we can estimate φ(x, y) using the
number of delegations from any competence x′ to competence y′ where x′ and y′ fall
in the same bucket as x and y, respectively. Finally, we determine the Kendall tau
rank correlation coefficient between φ(x, y) and y with its associated p-value to test
for monotonic relation between φ and its second coordinate.

Bucketing strategies. We discritize the segment [0, 1] into B buckets. We do so
using several methods (to ensure the robustness of our approach); we describe here
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the k-means clustering procedure and discuss the rest in Appendix J.1 of the full ver-
sion.

To bucket using k-means, we optimize for B clusters, c1, . . . , cB, that minimize∑B
k=1

∑
ηi,t∈ck

(
ηi,t −

∑
ηi,t∈ck

ηi,t

|ck|

)2

. In words, we compute a partition of the [0, 1]

segment such that the total squared distance from elements to their cluster centers
is minimized. We use the standard k-means clustering algorithm to find the clus-
ters [102].

Estimation of φ for a given delegation graph. Next, we wish to fit a func-
tion φ. For given experiment e and task t, we estimate φe,t(ηℓ, ηk) for each ℓ, k ∈ [B],

so for conciseness, we write φℓ
e,t(ηk) := φe,t(ηℓ, ηk).18

Observe that the experiment can then be viewed as a multinomial trial: from the
perspective of an ℓ−participant, there are B choices to pick from, where the proba-
bility of picking a k−participant is proportional to all the φℓ

e,t(ηk) for k ∈ [B] and
the number of participants of each competence level. We observe instances of these
choices, the zℓk that are the observed number of times that someone of type ℓ dele-
gated to someone of type k. It then suffices to find the maximum likelihood estima-
tors for φℓ

e,t(ηk) as a function of zℓk, nk and nℓ. We provide more technical details in
Appendix J.2 of the full version.

Testing for monotonic dependence of φ in its second coordinate. Fi-
nally, we test for potential monotonic dependence of φℓ

e,t(ηk) as a function of ηk visu-
alizing the φℓ

e,t(ηk) in Figure 6.2 and computing the Kendall tau rank correlation co-
efficient between φℓ

e,t(ηk) and ηk for a fixed ℓ. and its associated p-value. The Kendall
tau rank correlation coefficient evaluates the similarity between two vectors of rank –
its form and significance is detailed in Appendix J.3 of the full version.

18Note that because the number of participants in each bucket changes for different experi-
ments/tasks, it is difficult to fit a single function. Instead, we first found the most likely φ to
have generated each experiment/task and then combined these to find an overall best fit.
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Results

We show here the results for using k-means bucketing with B = 4.19 Additional re-
sults for other strategies and other numbers of buckets can be found in Appendix J.5
of the full version. Descriptions of these four buckets can be found in Table 6.1.

Table 6.1: Bucket Descriptions

Bucket Interval Mean competence Proportion of participants
c1 [0.00, 0.514] 0.43 16%
c2 [0.515, 0.674] 0.60 32%
c3 [0.677, 0.814] 0.75 35%
c4 [0.818, 1.00] 0.88 17%

In Figure 6.2, the blue crosses in each column show the φℓ
e,t(ηk) for all (e, t) (for a

particular ηℓ in the four plots on the left and for all combined in the right plot) as a
function ηk. The pink points represent the average across all experiments and tasks
for a given ηk, and the regression line corresponds to an ordinary least square regres-
sion on the mean values. We show this both pooled only for those in the same bucket,
as well as all grouped together.

To test the significance of the trends observed in Figure 6.2, we test whether the
Kendall tau rank correlation coefficient between φℓ

e,t(ηk) and ηk signals significant
associations, both at the overall level and when fixing ℓ, or ηℓ, the first coordinate
in φe,t(ηℓ, ηk). Table 6.2 shows the resulting correlation coefficients and significance
tests. Both the trends observed in Figure 6.2 and in Table 6.2 confirm that there is
a statistically significant increase in φe,t(ηℓ, ηk) as a function ηℓ across all expertise
levels,confirming that voters behave according to the general continuous delegation
model. We further note that these significant trends are valid at the granularity of
three of the four buckets (the third bucket c3 exhibits non-statistically significant pos-
itive Kendall tau rank correlation.) We also run the same tests partitioned into tasks.
The results can be found in Appendix J.4 of the full version. We last check that these
results are not sensitive to the bucketing strategy in Appendix J.5 of the full version.

19This was the optimal number found using the Kneedle algorithm [178]
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(a) Estimated values separated by input bucket.
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Figure 6.2: Pooled estimates of φℓ
e,t, both for each bucket individually, and grouped together.

The blue crosses show the values computed for φℓ
e,t(ηk). The pink dots show the average across

all values for that ηk, and the pink lines correspond to a linear regression over the mean val-
ues. We observe increasing trends across the board, with slope (coefficient of determination)
being 0.53(0.90), 0.28(0.46), 0.29(0.47) and 0.60(0.92), respectively, for individual buckets, and
0.38(0.85) for the pooled test. The shaded area represents the 95% confidence interval.

6.6.5 Experimental Conclusions

We found that voters’ likelihood to delegate decreases with their competence (as sug-
gested by the confidence-based model). In addition, voters are more likely to delegate
to someone of increasing competence (as suggested by the general continuous model).
Note that, in fact, the general continuous model can be generalized to allow monotoni-
cally decreasing q as well (indeed, it suffices to consider the expectation of q(pi) taken
over the distribution of competence as the constant probability of voting). Our empir-
ical results are hence consistent with a general continuous delegation model. Unsur-
prisingly, the upward-delegation model we described based on [40, 115] that leads to
a catastrophic concentration of power is not consistent with experimental data: vot-
ers do not delegate only to higher-competence agents, and we do not observe constant
delegation competence.
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Table 6.2: Summary of correlation effects

Overall For fixed ℓ

c1 c2 c3 c4

Correlation 0.17∗∗∗∗ 0.29∗∗ 0.12∗ 0.11 0.28∗∗∗

P-value 2× 10−5 2× 10−2 9× 10−2 1× 10−1 3× 10−3

Note: ∗p<0.1; ∗∗p<0.05; ∗∗∗p<0.01; ∗∗∗∗p<0.0001

6.6.6 Additional Results

In Appendix K of the full version, we run additional tests and check other properties
of the collected data. These include comparing the frequency of correctness between
liquid and direct democracy, analyzing the increase in competence, and analyzing
the concentration of power, using both the maximum weight, and the power of small
coalitions. Note that the latter results are particularly relevant to the concentration
of power in liquid democracy, a topic that was extensively discussed in previous work.
Recall that, while previous work exhibited scenarios in which concentration of power
occurs, our work is concerned with measuring whether such an extreme concentration
of power is likely. In all but one of the 32 instances, we found no evidence of concen-
tration of power. Anecdotally, we further observe that a number roughly the square
root of the number of voters controls half of the votes.

6.7 Discussion

Our paper relies on a set of assumptions and modeling choices that are worth dis-
cussing.

First, a prominent feature of our model is that there is no underlying social net-
work, that is, there is no restriction on whom a voter may delegate to. As we ex-
plained in Section 6.1, we believe this is realistic in a variety of scenarios. But we can,
in fact, extend our results to a model where a directed social network is first sampled,
and then a (q, φ)-model is followed. The social network must be sampled such that
the neighbors of each voter are chosen uniformly at random, although the number of
such neighbors could follow any small-tailed distribution. Intuitively, delegation pro-
portional to weighting the neighbors of i (rather than the entire population) is equiv-
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alent to a possibly different weighting over the entire population. 20An open research
direction is to consider graph topologies not covered by these dynamics.

Second, building on Kahng et al. [115], we assume that there exists a true best al-
ternative. Needless to say, this assumption is necessary if we wish to “defend” liquid
democracy against their conclusions. It is also an extremely well-studied assumption
that dates back to the 18th century [210]. The existence of a ground truth is easily
justified in the contexts of prediction markets or corporate governance, where alterna-
tive policies can be measured in terms of concrete metrics like “estimated revenue in
five years,” and these metrics can be communicated to voters. That said, some deci-
sions inherently rely on other subjective criteria that we do not capture.

Third, again like previous papers [22, 40, 115], we assume that voters vote indepen-
dently. Admittedly, this is not a realistic assumption; relaxing it, as it was relaxed for
the classic Condorcet Jury Theorem [91, 153], is a natural direction for future work.

Fourth, our models do not take strategic behaviors into account. In the same vein,
our experiments do not involve explicit incentives and, while we do not have reasons
to believe that significant strategic voting occurs, studying it these issues is beyond
the scope of this work. It would be of interest to extend our results to a more game-
theoretic setting, and relate them to work focusing on game-theoretic issues in liq-
uid democracy [31, 62, 212]. Along those lines, experiments with monetary incentives
would be interesting.

Fifth, our framework for stochastic delegations open interesting directions for more
research. For instance, one could characterize all the delegation models satisfying pos-
itive gain and do no harm. One may also consider more general local-delegation mod-
els that would depend on the competences of all voters.

More generally, our work aims to provide a better understanding of a prominent
shortcoming of liquid democracy: concentration of power. But there are others. For
example, any voter can see the complete delegation graph under current liquid democ-
racy systems — a feature that helps voters make informed delegation decisions (be-
cause one’s vote can be transitively delegated). This may lead to voter coercion, how-
ever, and the tradeoff between transparency and security is poorly understood.

Finally, to summarize, we have introduced a general framework to investigate stochas-
20This extension does not carry over to undirected networks, since if voters have a small

number of neighbors, we would expect many 2-cycles to form after delegation, which, under
the worst-case cycle approach, may not be canceled out by the overall increase in competence.
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tic dynamics in liquid democracy and proved new conditions for the convergence of
weighted majorities; we then identified regimes in which liquid democracy leads to cor-
rect outcomes with high probability. In that sense, our work is to liquid democracy
what the Condorcet Jury Theorem is to direct democracy. There are many reasons to
be excited about the potential of liquid democracy [32]. We believe that our results
provide another such reason and hope that our techniques will be useful in continuing
to build the theoretical and empirical understanding of this compelling paradigm.
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7
Discussion

This thesis set out to bridge the rich heritage of social choice theory with the evolv-
ing challenges of modern collective decision-making. It extends and adapts classical
principles of fairness, representation, and efficiency to contemporary contexts shaped
by emerging technologies, such as AI alignment, large-scale online participation, and
novel democratic processes.

While meaningful progress has been made, the journey from theoretical insight to
practical deployment remains ongoing. As with all modeling efforts, our frameworks
rest on assumptions — some arguably too weak, others perhaps too strong. Rather
than viewing these as flaws, we see them as opportunities for deeper exploration. Al-
though each chapter addresses immediate extensions, this concluding reflection takes
a broader view to outline several promising directions for future research.

The principled study of AI alignment, as explored in Part I, is still in its early
stages, even as AI systems grow increasingly pervasive and impactful in everyday life.
Our axiomatic and definition-driven approach to specifying the desirable properties of
aligned systems offers a promising foundation. However, significant challenges remain.
Alignment, as currently pursued, conflates multiple objectives. On one hand, it is used
to ensure safety and factual accuracy. On the other, RLHF is also a cornerstone in
producing models that are more helpful and user-aligned. Balancing these dual aims,
objective correctness and subjective alignment, remains an open and important prob-
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lem. Moreover, while formal theory provides valuable guidance in simplified settings,
the real world, with its biased, noisy datasets and intricate model architectures, poses
a fundamentally harder problem.

In Part II, we considered the problems of aggregation under limited information.
Perhaps our approach, specifically in Chapter 3, was too conservative in avoiding
structural assumptions about individual preferences. It is plausible that preferences
are much more structured, say, lying in relatively low-dimensional latent spaces. If
such structure exists, it could enable more efficient algorithms with stronger guaran-
tees. At the same time, some assumptions may have been overly idealized. For in-
stance, treating participants as being randomly sampled fails to capture how arrival
time and self-selection might correlate with underlying preferences. These dynamics
pose critical challenges to fairness and representativeness, and designing systems that
remain robust under such conditions is an important direction for future work.

Further, the goals of summarization and aggregation are highly context-dependent.
When a single decision must be made, broad consensus may be the priority; however,
when multiple outcomes can coexist, ensuring a diversity of viewpoints appear in the
summary becomes more important. Minority priorities may be easily accommodated
with minimal impact on others, yet such considerations may be overlooked by ap-
proaches solely focused on broad consensus. This highlights the risk of one-size-fits-all
systems and the need to consider downstream applications.

Finally, in Part III, we turned to the comparison of democratic systems, with a fo-
cus on liquid democracy. A central challenge here lies in identifying realistic assump-
tions about voter behavior. Social choice theory is replete with impossibility results in
the worst-case. This part showed that under plausible, semi-random delegation mod-
els, some of these barriers can be circumvented. Still, the question of what constitutes
a reasonable model of preferences or behavior remains foundational, and largely unre-
solved. Many theoretical guarantees hinge on exactly these assumptions, making their
careful justification all the more important.

Looking ahead, I hope the gaps identified — and partially bridged — in this thesis
inspire future research into richer theoretical models and more practical, end-to-end
systems. As automated decision-making increasingly shapes our world, social choice
theory offers a critical lens for keeping human preferences at the core. With continued
effort, we can build systems that are not only capable, but also provably inclusive,
adaptable, and fair.
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